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Abstract. We give necessary and sufficient conditions for sequences in the space AP(R) of 
continuous almost periodic functions on the real line to converge in the weak topology. The 
abstract results are illustrated by a number of examples which show that weak convergence 
seems to be a rare phenomenon. We also characterize the weakly compact subsets in AP(R). In 
particular, earlier statements made in the monograph by Dunford and Schwartz are refined 
and completed. We close with some open problems. 


Keywords. Almost periodic functions; weak convergence and weak compactness in spaces of 
continuous functions. 


1. Introduction 


In the investigation of classical Banach spaces the characterizations of weakly conver- 
gent sequences and weakly compact subsets have always been considered an integral 
part of the desirable knowledge about these spaces [7, р. 374—379]. It is well-known 
that the investigation of weak compactness has led to some of the deepest results in 
functional analysis. In particular, spaces such as the space of the Bochner integrable 
functions, the problem has been under research for more than twenty years and it seems 
only now that a satisfactory answer has been obtained [4]. 

In this paper we call the reader's attention to the problems of characterizing weak 
convergence and weak compactness in the space AP(R) of the complex valued 
continuous almost periodic functions on R. In spite of the extensive literature about 
AP(IR) written over several decades these questions seem to have been addressed only 
in the treatise of Dunford and Schwartz [7, p. 379]. Asfor weak compactness, the reader 
is referred to a criterion for relatively weakly compact subsets in the space B(S) of all 
bounded functions on an arbitrary set S [7, p. 280], which is not appropriate for AP(R); 
weak convergence is characterized by one condition in an exercise [7, p. 345], which is 
not easy to apply. Earlier, W F Eberlein had termed sequential convergence in C,(R) 
“refractory” [8, p. 232]; this remark has retained its truth equally for the subspace 
AP(R). In fact, a characterization of weak convergence or weak compactness in AP(R) 
faces the following difficulties: 


1. The reduction of the problem to C(S) (S being a compact Háusdorff space) with the 
help of the isometric isomorphism AP(R) = C(R^) (where R^ is the Bohr compactifica- 
tion of R) is not illuminating because of the involvedness of R*. 

2. It seems to be impossible to make use of the representation of the dual APC d 


obtaining a hatural sufficient condition for weak convergence OE 
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a theorem for passing to a limit under the integral sign where the integral is taken with 
respect to a finitely additive measure, and the status of the theory of finitely additive 
measures [15] gives enough evidence that the question poses insurmountable 
difficulties. 


With the intention to fill the gap in the literature we reinvestigate these problems. 
Our study shows, that, as for weak convergence, the main problem is to find conditions 
under which a bounded sequence ( f,) in AP(R) which converges pointwise on R, 
converges to a limit fin AP(&). Considering the corresponding sequence ( f,) in C(R°), 
we need to find conditions under which the pointwise convergence of the ( f,) on the 
dense subset R leads to pointwise convergence оп the compact Hausdorff space IR^ to 
a limit in С(К). Lemma 2.1 of $ 2 answers this question in a more general situation. In 
Theorem 2.3, we characterize weak convergence in AP(R) by eight conditions. A tool 
which is used here is the concept of a Bohr net in R. 

We have made particular efforts to give conditions for sequences in AP(R) as 
functions on R rather than as sequences in C(R^). According to Arzelà's Theorem [7, p. 
268] the limit of a bounded pointwise converging sequence in C,(R) is continuous iff 
the convergence is quasiuniform on every compact subinterval. In a similar spirit, we 
characterize these sequences in AP(R) for which the convergence is quasiuniform and 
at the same time the pointwise limit belongs to AP(R); this is done in Lemma 2.2. 

Section 3 contains the main theorem on weak compactness. In $ 4 we illustrate the 
abstract results by a number of examples and counterexamples which may have interest 
of their own. Weak convergence is studied here also with a look at the e-periods of the 
involved functions (the reader may compare Examples 4.6 and 4.7 with the somewhat 
surprising Proposition 4.8). Using the representation for the characters on R by v. 
Neumann and a theorem of Lindemann-Weierstrass-K ronecker on the linear inde- 
pendence of a certain class of real numbers over the rationals, we disprove weak 
convergence for some natural candidates of sequences. The given examples create the 
impression that weak convergence aside from trivial (e.g. norm convergent or uniform- 
ly periodic) examples seems to be a rare phenomenon. 

In $ 5 we collect some open questions which we hope might appeal to readers 
interested in classical real analysis. 

Тһе standard notation and terminology of [7] and of the literature on almost 
periodic functions (see e.g. [1], [3], [5], [11]-[13], [16]) has been used. In particular, 
AP(R) is the Banach algebra of complex valued continuous almost periodic functions 
on the real line R and R^ is the Bohr compactification of IR. For feAP(R), f is its 
continuous extension to [R^ and for te R, f,(x):= f (x + t) will be its translate. C, (IR)is the 
Banach space of bounded continuous functions on R. For f € C,(R) | f || will be || f ||, . 


2. Weak convergence 


It follows from the characterization of weak convergence in C(S) for a compact 
Hausdorff space $ that a sequence ( f,) = AP(R) tends to a limit fe AP(R) weakly if and 
only if it is bounded and f, —+f pointwise on R“, which implies f, —»f pointwise on 
a dense subset of R^. In the following lemma we treat a more general situation. One may 
compare the proof with that of [7, Theorem 14, p. 269]. 


Lemma2.1. Let T be a dense subset of a compact Hausdorff space S and let (h,) c C(S) be 


nce converging pointwise on T to a limit function h: T — C. Let e, be the 
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evaluation functional at seS. Then the following conditions are equivalent: 


(a) h has an extension he C(S) and h, — Ё pointwise on S. 
(b) h has an extension hie C(S) and for all nets (t€ T with t, —s for some seS the 
following double limits exist and are equal: 


lim lim h,,(¢,) = lim lim h,,(¢,). 


n x 2 п 


(c) For all nets (t,) = T with t, —— s for some seS one has 


e > e, quasiuniformly on {h,:neN}. 


f, 


(d) For all sequences (t,) = T such that lim, , , h,(t,) = L, exists for neN one has e, —»e, 
quasiuniformly on (h,:neNj for all s such that L, = h,(s), neN (and such s exist). 
(e) For all sequences (t,) = T and all seS such that 


lim h(t) =h,(s), neN 


rx 


the limit lim, , A(t,) exists and 


lim Ai(t,) = lim A,(s). 


rx n= 7 


(f) Every sequence (t,) c T contains a subsequence (t;) such that 


lim h(t) = lim lim A,(t;). 


rx п— x rx 


Proof. (a)<>(b) is obvious and (a) = (с) follows from Arzelà's Theorem [7, p. 268]. 
(c) = (9): Let éo be the filter generated by the sets E, = {t,,t,,,,--.}, reN, in S and 
& = (K,:x€ Aj be the ultrafilter refining 66. There exists seS with 6 — s. For all xe A, 
E, OK, ¥ ф. Hence there exists some r(z)eN with г, „ЄК,. If we define x < f to mean 
K, > K, then (1,,)),., is a net in T. We show that tpa — 5. In fact, if U is a neighbour- 
hood of s there exists x9€4 such that U = К, and for all «> x, we have 
t,,£K,c К, =U and the assertion follows. Now for neN, Ah,(t,)) — L, Hence 
h,(65) э L, апа A,(6) — L,. On the other hand, 6 — s and h,(6) —5h,(s) by 
continuity. Hence L, = h,(s). Let e > 0 and roEN. Then there exists x) with Е, = K,.. 
Hence by (c) there exist 2,,...,2, > 20 such that for all neN there is je(1,..., k) with 


Ih, (ts) — һ„(5)| < €. For je{l,...,k} we define r; = r(zj) and hence 
ty = 1,236 K, c K, —E,. 
Hence r; Z ro, j = 1,...,k. Thus we have shown that there exist r5,...,r, > ro such that 


for all neN there exists je[1,..., kj with lh, (t; ) — h,(s)| < e, which is (d). 


(9) = (е): Any subsequence of (h„) contains a further subsequence (again denoted by 
(h,)) such that lim, _., h,(s) =:L exists. Let £ 0 and rg > 0. Then by (d) there exist 
rj... 2 rg Such that for every neN there is je{1,...,m} with Ih, (t, ) = һ„(5)| < 8/3. 
Furthermore there exists j,¢N such that for all n > jọ and for all je(1,..., m] we have 
Ih, (t, ) — h(t, )| < 2/3. Also there exists ipeN such that |A,(s) — L| < 2/3 for all n > ig. 
Hence there ЧНУ Көр ‚УРГА Polection Pire! {GS Jantje USt follows that 
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there exists a subsequence (tt) of (t,) such that A(t’) —— L. This implies that 


lim A(t, = L= lim А, (5). 


But then this is true for the original sequence (h,) also. This shows (e) to be true. 


(е)= (f): Let (г) © T. There exists a subsequence (t;) such that lim, , л,() = h,,(s) 


exists for neN for some 5є5 (see the proof of (c) => (d)). By (e) we have 


lim A(t;) = lim A, (s) = lim lim А, (t’). 


This is (f). 
(f)2» (e): Consider (t,) = T, seS such that 


lim h,(t,)=h,(s) forneN. 


r=% 


Let (2) be any subsequence of (t,). By (f) there exists a further subsequence (t”) such that 


lim h(t’) = lim lim A, (t7) = lim А, (5). 


roa noo r- o n со 


This shows that lim, , „ h(t,) exists and is equal to lim h, (s). 


ro n- œ n 


(е)= (a): First let 5 be metrizable. Let seS and choose (г) c T such that t, — s (such 
sequences exist by denseness of T). Then ,(t,) А, (5), neN and the conclusion of (e) 
implies (a). The general case is reduced to the first case by considering the compact 
metric quotient 5 = S/ ~ with respect to the equivalence relation s ~ s' iff h,(s) = А, (s') 
for neN. The canonical surjection 0:5 > $ is continuous. The set T= øT is dense in S, 
the sequence (Л) c C(S) given by h, (os) = h, (35) converges pointwise оп T to the limit 
h: T— С given by h(os) = h(s). (h,) satisfies (е) on $ and (a) follows for (h,) which implies 
that (a) holds for (h,) on S. 

Before applying Lemma 2.1 we note the following result which is in the spirit of 
Arzela’s Theorem. 


Lemma 2.2 Let(f,) c AP(R) be a bounded sequence converging pointwise on R to a limit 

function f :R — €. Then the convergence is quasiuniform and f e AP(R) iff the following 

condition holds: 

(A) Vg» 031> 0 VaeR3se[a,a, +1] V ngeN 3n,,..., ng > ny VxeR 
3ije(1,2,...,k) with |f, (x) —f C9] < eand |f, (x) — f, (x + т)| < e. 


Proof: If f eAP(R), then Ve > 0 31> 0 VaeR3«e[a,a +1]: 17, — f || < /3. If the con- 
vergence is quasiuniform, then YnoEN 3n;,..., n, > no VxeR Зі, je(L..., kj with 


ISONE and |7, (х +0) f (9I 


This implies |f, (x) —f,,(x + т)| < e and proves (A). Conversely, (A) implies that the 
convergenceisquaskanjtokmeang dal «Gu (t), Берое hag dM (RB), let x e R. By (A), 
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for all peN there exist n, ,n; Ж p such that 
OSOE 17, COL, (x + | < 6 


which gives | f, (x +t) — f (x)| < 2e. We may ЭО <n, < <n To as p> оо. 
Since JE (х+т) )of(x + т) as p> co it follows that - 


[f(x + 9)—f(x) 2s for xeR. 
This proves that f eAP(R). 
The nets (x,) c R which converge to some СЄ in R^, will be called Bohr nets. 


Obviously, a net (x,) c Ris a Bohr net iff for all fe AP(R), ( f(x,)) converges, or for all 
A€R, (e'^*) converges in C, which means 


Ve203ó02-0VAeR d3ag—a$6(6,2) Va, B > to: 
|å (x, — xg)| < ó (mod 2л). 
For all £e R^ there is a Bohr net (x,) converging to ЄК in К“. Furthermore, one sees 
that a net (x,) c Risa Bohr net iff (x,) is a Cauchy net in the precompact uniform space 
(Е, 2), where the translation invariant uniformity W is generated by the sets 
{(s, HER x R:| f, — Sill < =) for feAP(R) and e> 0. 
The proof of the following theorem which characterizes weak convergence in AP(R) 


is clear from the preceding two lemmas. The condition (g) is similar to the one given in 
[7, Theorem IV. 6.31, p. 281]. 


Theorem 2.3. A bounded sequence ( f,) = AP(R) is weakly convergent iff (f,,) converges 
pointwise оп a dense subset D of R to a limit f : D > C and one of the following conditions is 
satisfied: 


(a) f has an extension in AP(R) and f, +f pointwise on R°. 
(b) f has an extension in AP(R) and for all Bohr nets (x,) the following double limits exist 
and are equal: 


lim lim f, (х,) = lim lim f,(x,). 


n a a n 


(c) For every Bohr net x, э € for some €€R* one has 
e,, — e, quasiuniformly on ( f,:neN}. 

(d) For all sequences (x,) < D such that lim,» f,(x,) =: L, exists for neN one has 
e, эе; quasiuniformly on (f ineN) 

for all EER? such that L, = f (č) ne N (and such č exist). 


(e) For all sequences (x,) = Rand all če R* such that lim 
lim,_, f (x,) exists and lim, „w f(x,) = lim, , fn (č). 
(f) Every sequence (x,) = D contains a subsequence {x4} such that 


f. (x) =f, (č), neN, the limit 


т— со 


lim f(x) = lim lim f, (x;). 


гт = n— со r— oo 
(g) f, >f quasiuniformly on D together with all subsequences. 


(h) Every subseguelka RL NAE isfies on опон (A) of Lemma 2:2. oundation USA 


xs adiu з. Ае 
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3. Weak compactness 


We can characterize the relatively weakly compact subsets in AP(R) as follows. 


Theorem 3.1. For a bounded subset F c AP(R) the following conditions are equivalent: 


(i) F is relatively compact in the weak topology of AP(R). 
(ii) For all Bohr nets (x,) with x, — č one has e, > e; quasiuniformly on Ё. 
(iii) For all countable subsets Fo © Е, all sequences (x,) c R such that lim, ,, f (X,) =: Ly 
exists for f eFo, one has e, >e; quasiuniformly on Ё for all £cR^ such that 
L, = f(£) for f € F, (and such € exist). 
(iv) Every sequence in F which converges pointwise on R (equivalently, on a dense subset 


of R) is weakly convergent in AP(R). 


Proof. To prove (iy)=>(i) we remark that each sequence ( f) = F contains a subsequence 
which converges pointwise on the set Q of rationals and is weakly convergent by (iv). 
The other implications follow from arguments already given in the proof of Lemma 2.1. 


4. Further results and examples 


This section is devoted to miscellaneous results and examples which throw some light 
on the nature of weak convergence in AP(R). 


Example 4.1. For a sequence (a,) c R, let f,(x) =e’, xeR, neN. If a, >а for some 
ac R, f (x) = e'^* is the pointwise limit of /,. By Theorem 2.3, f, >f weakly in AP(R) iff 
for all Bohr nets (x,) 


lim lim е" = lim e'^*, 
equivalently, х(а,) > x(a) for every character y of R. According to a general device given 
by v. Neumann [13, Example IV, 15.4] a discontinuous character у on R can be 
constructed as follows. Let B be a basis for R over the set Q of rationals. B contains 
exactly one rational which we may take as 1. Define 


x(t) = exp((u, + --- + u,)), 
ift = ut, + +u,t, witht, €B,u,eQ,i=1,...,r is the unique representation of reR. 


` A . a 
There exists ae B\ (2nz + 1, neZ) and a sequence (а,) in Q with a, TU and we have 


X(a,) = её" e^ + e"? = y(a[2). 


For this sequence (a,), (e") does not converge weakly in AP(R) to 24012; 


The following example shows that even for a sequence of periodic functions the 
concept of quasiuniform convergence and quasiuniform convergence together with all 
subsequences are two distinct concepts. It also illustrates the condition (h) of Theo rem 
2.3. For aeR and 4 > 0, ¢,,, will denote the function in C,(R) vanishing outside [a — 4, 


a+ 4] witbobeu(«)idgand lineae Am Ве. Digitized by S3 Foundation USA 
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Example 4.2. Consider the sets 


M — (EL E Shar Sh aE far)... 


E: 


= (3, +9, + 15, +21, + 27,...! 


S 
Un 
1 


BES} anas aoc y 


and define the sequence ( f,) as follows: 


EY = » фу» 


JEM,,,, 


Љ.= У Фу», пећ. 


jeM,, 
This sequence has the following properties: 


(1) f, —0 pointwise on R. 

(2) For all m,neN, supp f2, supp f 2,,+ , = 0, hence min(f,,,fom+1)=0 and f, +0 
quasiuniformly on R. 

(3) If m, neN are both even or both odd, then for n < m,supp f, > supp fm and f, =f, on 
supp fm Then /,, ; , 70 quasiuniformly on R. In fact, for arbitrary odd numbers 
n, <n: «n, and for xeR with /, (x) = 1, one also has f, (х) — li — 1,..., k. 
Similarly, f,,, 20 quasiuniformly on R. 

(4) fa #9 weakly in AP(R). This follows from Theorem 2.3: One can use (g) or disprove 
(h) for the sequence with odd indices, = = 1 and a= 1: For all 1> 0 there exists an 
odd n, such that for te[1, 1 + /] and all odd n > no one has supp f, supp f, , = 0. 
Together with (3) it follows that for all odd т> nz nọ there exists xeR with 
Lf) — fux + т)| = 1. 

(5) The sequence of periods of the f, tends to infinity. 


Let ( f,) c AP(R) be a bounded sequence which is pointwise convergent to f :R >C. 
Such a sequence is strongly convergent iff it is equicontinuous and equi-almost 
periodic, which means 


() (ce R: I f, = < e} 


neN 


is relatively dense in R [7, p. 345]. The equicontinuity implies the uniform convergence 
on every compact subinterval and then the equi-almost periodicity gives uniform 
convergence on R. If one weakens equicontinuity to quasi-equicontinuity and replaces 
equi-almost periodicity by the following condition (B) one gets weak convergence of 


(fj) in AP(R).accerding to the fol OWING рор дьа by з Foundation USA 
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PROPOSITION 4.3 


Let (f,) c AP(R) be bounded and converge pointwise to f:R—C. Let (fu) be quasi- 
equicontinuous on every compact interval and satisfy the following condition 


id -03L-2L()»0VzcN finite, VxeR3y,(x)e[0, L] V nez 
07, = £909) = (fn Л) < €. 
Then f,—f weakly in AP(R). 


(B) 


Proof. Because the assumptions of the proposition are satisfied by any subsequence it 
is sufficient to show that f,—f quasiuniformly оп R. Let S c К be any compact 
interval. Because ( /,) is quasi-equicontinuous on S, f is continuous on 5 by Lemma 2.1 
(with T= S) and hence on R. In particular f, +f quasiuniformly on [0, L]: 


Ve» 0VngeN3n,,...,n, > no V ye[0, L]3ie(1,..., k} with | f, (v) —f(y)| <. 
Hence by (B) we have 

Ve» 0VnyeN3n,,..., nz nyV xeR3iell,..., k} with |(f,, — f )(x)| < 2e. 
This means f, +f quasiuniformly on R. By Theorem 2.3, f, >f weakly in AP(R). 


One can verify easily that the condition (B) is satisfied if (f, =f) is equi-almost 
periodic. This is the case if ( f) is equi-almost periodic, f, +f pointwise on R and f is 
continuous on R. Hence we have 


COROLLARY 4.4 


Let ( f,) c AP(R) be bounded and equi-almost periodic and converge pointwise to fe C,(R). 
Then f >f weakly in AP(R). 


The following example shows that (B) is not necessary for weak convergence. 


Example 4.5. Consider the sequence (/,) where 


x 
у= » Qir 1327125 NEN. 
joies 


Then ( f;) has the following properties: 


(1) f, has period 2" for all ne N. 

(2) For all L > 0 there exists nyeN such that for all n > no we have f, = 0 on [0, L]. 

(3) Forall n, meN, n z m, inf ( f, fm) = 0, because the sets ((2i + 1)2" ^ !,jieNj, neN, are 
pairwise disjoint. 

(4) f, > 0 quasiuniformly on R together with all subsequences and hence f, > 0 weakly 
in AP(R). 

(5) For all L > 0 there exists n; € N with /, = 0 on [0, L]and x,€R with f, (ху) = 1 and 
hence the condition (B) is not satisfied. 

The following two examples show that boundedness, equicontinuity and pointwise 


convergence to a limit f eAP(R) together with the periodicity of the functions having 
periods converging to a limit in R or diverging to infinity do not ensure weak 


convergéiíce БАКР Kori University Haridwar Collection. Digitized by S3 Foundation USA 
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Example 4.6. Define ф:= Znz n+ 1,2, ,;;. Then there exists a sequence (4,) c R such 
that 4, {1 and the functions /,, neN, defined by f,(x) = ф(х/2,) have the following 
properties: 


(1) (f,,) is equicontinuous. 

(2) f, > Фф pointwise on R. 

(3) f, Фф quasiuniformly on R and hence f, 2 ф weakly in AP(R). In fact, let 4, = 2. 
There exist two odd positive numbers p;, q, such that if we let 2, = p,/q>, then 
1 < 4; < +=. Then by induction we can define two sequences (p), (4) of odd 
positive integers such that the sequence (/,) defined by 7; = (p;/q))4;-, satisfies 
1 «4; < Hes, i —2,3,.... It then follows that A, | 1. Now let t, = Pk Py—1--- P24, = 
PuPy—1-++P34242 777 = Q4, 1... d2744. Clearly tjeN +4. Hence by periodicity, 
olt) = (5) = 1. But t,/4,€N and hence f,(t,) = $(t,/2,) =0 for all nef1,..., k}. 
Hence the convergence is not quasiuniform. 


Example 4.7. Let ф be as above, f,(x) = ф(х/2"), neN. Then 


(1) (Ja) is equicontinuous. 

(2) f,, > 0 pointwise on R. 

(3) f, #0 quasiuniformly on R. To prove this, let t, = 22* for k > 0. Then it is easy to see 
that t, = +2 (mod 2) according to k is even or odd. Hence for all k >n we have 
Salt) = $($2 7") = dlt,- = (+ 3) = 2. Now take e= 3 and let n,,n5,...,n, be 
arbitrary in N. Suppose n = max(n,,..., n,) and k >п. Then f, (t,) وما ل ف کے‎ 
This shows that the pointwise convergence f, — 0 is not quasiuniform on R. 


Examples 4.6 and 4.7 show that the pointwise convergence of a bounded, equi- 
continuous sequence of periodic functions to a continuous periodic limit function may 
not even imply quasiuniform convergence on R. However, the periods of the differences 
7, — f in the examples tend to infinity. If these periods are bounded, опе at once gets 
uniform convergence by the following proposition. Here for feAP(R) and e > 0, I( f, г) 
denotes the infimum of all the ¢-periods of f. 


PROPOSITION 4.8 


Suppose (f,,) = AP(R) is equicontinuous on compact intervals and f, — f pointwise on 
R with feAP(IR). Suppose further that for every e>0, (ғ) = sup,. , l( f, — f, ғ) < со. 
Then f, +f uniformly on R. 


Proof. Assume || f, — f || +0. For convenience let A, = f, — f. Then for e > 0 there exists 
(п) © N and (г) = R such that 
ІА, (29122 for all ieN. (1) 


Now for every ieN there exists с;є[ — t; — t; + L(e/2)] with || A, (^ + o) — А, || < &/2, 
which together with (1) gives 


ІА, (t; +o)|>e—e/2=e forallieN. (2) 


Since 0 < t; + o; € L(e/2) for all i > n, there exists a ує[0, L(e/2)] and a subsequence 
(т + tj) with c; + t; > y as k co. Since A, > 0 pointwise, there exists KEN with 


| Avg Gyon flanga malle zwar ыд. Digitized by S3 Foundation USA i (3) 
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Now by assumption ( f,) and therefore jv )is equicontinuous on [0, L(c/2) ]. Hence for 
all sufficiently large K, I^, (о; + ti) — А, O)| < £/4. Then (3) gives |А, ( (c, + t) |< 5 for 
sufficiently large k, which contradicts n This completes the proof. 


Example 4.9. Let peC(R) have period 27. Let ф(0) = 0 and assume ф(х) zx 0 in (0, 27). 
Let (4,) be a sequence of positive numbers with /, > oc. Define f, on R by 
Ju (X) = $(x/A,), n > 1, xeR. Assume: 3óe(0, 1) VieN Эт, ER MADE i 


(C) р — n| < ón(mod 2л). 


À 


"n 


Then f, > 0 pointwise on R, but not quasiuniformly. 


Proof. f, +0 pointwise on R is trivially true. For the second assertion observe sete for 
a fixed ieN there exist j,,...,j;¢Z with the following property: if we define д, = — 
7 + 2nj,, then |б„| < бл, nlm Hence {OLN = 1, s i 


PACA TE \ф(т{/5„)| E |ф(л at: (| 
> inf (|$(x + х)|:|х| < дл} =e. 


Then e> 0 since ф(х) 40 in [r —ör,r + дл]. Thus we have shown that 38 0 
VieN3r;eR Yn 1,...,i we have | /,(т,)| > =, which proves the assertion. 


Remark. In the light of Kronecker's theorem [11, Theorem 3.1] the condition (C) is 
satisfied if (4,:neN] is linearly independent over the rationals. The existence of 
sequences satisfying (C) is then guaranteed, for example, by the theorem of Lin- 
demann- Weierstrass- K ronecker [2, Theorem 1.4]. 


We conclude this section with an example which shows that if F c AP(IR) is weakly 
compact, the set of all its translates may not be so. This is in contrast with the 
corresponding norm case. 


Example 4.10 [10]. Let ( f,), n > 2, be the sequence of continuous periodic functions of 
period 1 defined on R by 
SAX) = 15.9 0 € x € 2/n 
=0 2/n < x <1, 


and extended by periodicity. Then f, —0 weakly in AP(R) but the set of its translates 
f ain > 2, aER} is not relatively weakly compact. 


Proof. It is easy to see that f, —0 pointwise and quasiuniformly on R together with all 
subsequences. Hence f, > 0 weakly in AP(R). For the other assertion observe that for 
all п > 2, we have (/,), „(= 2) = 0 while ( f;),,, (0) = 1 so that lim,,.. (/,), „ is not even 
continuous. 


5. Open questions 


5.1 Let (f,) = AP(R) be bounded, f e C,(R) and f, ¬ f pointwise on R. Give necessary 
and Sifficient tenias foTe(id'ardisitetieh atiofizoA GR J-oundation USA 
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Give a nontrivial illustration of condition (B) of Proposition 4.3. 

Is it true that for all 2, > co and the sequence (/,) of Example 4.9 one has f, #0 
quasiuniformly on R? 

Give nontrivial examples of equi-almost periodic families in AP(R), which are not 
relatively norm compact. 

Find a Bohr net not converging in R. 

Does there exist a strictly monotone sequence (а,) c R such that a, >a in R and 
e'^ —, ela weakly in AP(R)? 
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Abstract. We study the absolute Euler summability problem of some series associated with 
Fourier series and its conjugate series generalizing some known results in the literature. Also, it 
is shown that absolute Euler summability of rth derived Fourier series and rth derived 


conjugate series can be ensured under local conditions. 


Keywords. Absolute Euler summability; Fourier series; summability factor; local property. 


1. Introduction 


1.1. DEFINITION 1 
Let У, ou, be an infinite series with the sequence of partial sums {U, } and let 
1 es fie p. : 
v, = — — PT 002200), (1) 
G+ s (0) 


If¥ v, is convergent, we say that the series У и, of the sequence {U „} is summable(E, д), 
q > 0([7], [11]) and in short we write 


У и,(ог {U, })e(E,q), q»0 


If Y: v, is absolutely convergent, we say that the series X u, or the sequence (U, j is 
absolutely summable (E, q) and in short we write 


Y u(or(U,D)elE ql 4290. 


1.2. Let f(t) be a periodic function with period 2л and integrable in the sense of 
Lebesgue over (— л, л). We assume without loss of generality that the constant term in 
the Fourier series of f (t) is zero. Thus 


Ji f(t)dt =0 


f(t) ~ У { (a, cos nt + b, sin nt) = Y A, t). (2) 


п= 1 п=1 


апа 


The series conjugate to the Fourier series of f at t — x is 
oo oo 
Y, (b,cosnx — a,sinnx) & У B,(x). (9) 
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The rth derived series of (2) at t = x and rth derived series of (3) are respectively 


x d r = 
У 1 (=) 4,00) = У AQ) (4) 
n=1 dt =x п= 1 

апа 
oc d r oc 
Ў, 8 Bo | = У B,,,(x) (5) 
n= и=х п= 1 

We write 


ét) - 5176 د‎ ge с =й) = ЖУ. 


where S is a function of x. In particular if f is a continuous function at f= x then S is 
taken to be f (x). 


1 
V0 (6 0— f 0) 
1-6 
g(t) = 9(0 (7) 
2 —ó 
h(t) =W(0) (toe) 


2.07 rs |, (t—uy-!ó(u)du а> 0 


Ф,(0 = ф(ї) 
ф.(0) = (a + 1)t °Ф,(0), «20 
по yes 
izo i! 


where 0; for i = 0, 1,...,(r — 1) are arbitrary. 


po- E OEREN 


E TO AO yif -0-PC-0j. 


DR 2t" 


1.3. In 1968, Mohanty and Mohapatra [11] began the study of absolute Euler 
summability of Fourier series and its conjugate series in proving the following 


theorems: 


Theorem A. For0<6<1 


2010 7єВ/(0, à) YA GJelE,d, 4>0. 


Theorem B. For 0 <ê < 1 


ыу 
Vh 0) =0апа | log-|dy(t)| < oo Y B,(x)e|E,ql, а> 0. 
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The above two theorems were also independently obtained by Kwee [9] in 1972. 
Further Kwee [9] proved 


Theorem C. The condition $(t)log(1/t)e BV (0,6), 0<6<1 in Theorem A cannot be 
replaced by the weaker assumption: 


1\" 
p(t) (los) eBV(0,0), 0<5 <1 for any n <1. 


K wee [9] first studied the absolute Euler summability of derived Fourier series and his 
result reads as follows: 


Theorem D ([9], Theorem 6). If (+0) = 0 and 


ó 
| u ?|dy(u|«oo for0<5 <1 (6) 


о 


then X2 ,nB,(x)e| E, ql, q > 0. Further (6) cannot be replaced by the weaker assumption 


д 
| u "|dv(u) «oo for any n <2. 


0 


Subsequently several authors such as Chandra [4], Chandra and Dikshit [5] have 
obtained number of results on the absolute Euler summability of Fourier series, 
conjugate series, first derived Fourier series and first derived conjugate series. Chandra 
and Dikshit [5] have obtained the following result which is an improvement of an 
earlier work due to Kwee (Theorem D of the present paper). 


Theorem E ([5], Theorem 4(i)). Let 0 < ô < r, д> 0. Then 


" DeBv(,0)-. > nB,G9el E. ql: 


п= 1 


Concerning the absolute Euler summability factors of Fourier series, Tripathy [15] 
and Chandra [4] have independently proved the following. 


Theorem UO ODE Y с 


Е, а, 420. 
2 BETE |E,q. 4 


Also Tripathy [16] proved the following 


Theorem G. If $,(t)e BV(0, л), 0 < a < 3/2 then 


Yn^A,(XelEg, 420 
where 
A> тах(х — 1/2, 1/2). 


Ray and Patra [13] improved upon Theorem G by proving the following: 


Theorem Н. 


A,,(x) 
п“! 2 


$,(t)e BV(0,9)0 < <л= У e|lE ql q»0 for0<a<2. 
n=1 
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Concerning the absolute Euler summability factors of conjugate series Chandra ([4], 
Theorem 3,4) proved the following theorems: 


Theorem I. 


= — Bx) € 
W(+0)=0 and V (t)e BV(0, л) = 2 rda sid q >0. 


Theorem J. 


y) e _ B,(X Я 
V (t)e BV(0, л) and | € L(0, п) => 3 E jE! Eal а> 0. 


п= 1 5 


2. Theorems 


2.1. The purpose of the present work is manifold as detailed below from (I) to (IV). 


(I) The conditions taken on the respective generating functions in proving Theorem F. 
Theorem Гапа Theorem J are non-local in character. We wish to show that | E, q], q > 0 
summability of 


= А„(х) 
— O кс «c 7 
2 (log(n + 1)}°” OSES (7 
апа 
о В z 
nl) 0<5<1 (8) 


n=, Пор(п+ 1))?* 


can be ensured by imposing local conditions on the respective generating functions. То 
be more exact, we prove 


Theorem 1. Let 0 <c < 1 and 0 < ó« 1. If g(t)e BV(0,c) then the series (7) is summable 
|E, q], а> 0. 


Theorem 2. Let 0 <c «1 and 0 < ö < 1. If h(t)log(2x/t)e BV(0,c) and h(t)/te 10, c) 
then the series (8) is summable | E, q|, а> 0. 


(II) We wish to point out that Theorem I of Chandra [4] is not true. In this context, we 
prove 


Theorem 3. There exists a function f (t) of the class L such that 
k 
W(t) log loge BV(0, n) where k > er 


but the series XZ , B,(x)/log(n + 1) is not summable by any regular summability method 
and a fortiori not summable | E, q|, q > 0. 


We observe that (+ 0) = 0 and v(t)e BV(0, л) whenever V (t)log log(k/t)e BV (0, л) 
and hence Theorem I turns out to be false by an appeal to Theorem 3. The defect in the 


an be explained as follows. 
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We shall adopt a technique already developed by Kuttner (see Chandra [3]). We 
know that (see [4], p. 1015) when w(+ 0) = 0 = y (7) 


x 


ES MS mtdy (t) (9) 


тт 
B,,(x) = 


af (cos mt — 1)dy (t). (10) 


тл 


Kuttner [3] while remarking on a paper [2] pointed out that if E, and Е, are two 
disjoint intervals (or finite sums of intervals) whose union is [0, л], it is not in general 
true that 


2 2 
B,(x)2 — cos mt dy (t) + — | (cos mt — 1)аш(ї). (11) 

тп Je, тл Je, 
On p. 1016 (Chandra [4]) after splitting the sum 


r= > + 5 


n=1 n=Ti +1 


Y, c5 _ (2 – Dy, B,(x) 


т=1 


where v^... , (n — 1) = (1 + 2(7) Р" ^", Vm = [log(m + 1)]~! and T, = [2z/r]. Chandra 


has used (10) and (9) respectively in the sums 7L , and XZ y, + , while expressing B, (х) 
asan integral. By doing so the integrand (cos mt — 1) has been taken when n < 2z/t (i.e., 
0 « t € 2л/п) and cosmt when n > 2z/t (i.e., t > 2z/n) while expressing B,,(x) as an 
integral. This is equivalent to assuming (11) with E, = (2z/n, x) and Е, = [0,2x/n] and 
hence the proof of Theorem I is erroneous. 

(III) It is known that ([7], p. 364) the method (E, q) is not Fourier effective, i.e., the 
Fourier series of a continuous function need not be summable (Е, q), q > 0. We may 
therefore ask about |E,q|, q > 0 summability factors of Fourier series, that is to say, 
a sequence (4, ) to be obtained such that 


У А„А„(х)є|Е,д|, q >0 
whenever f (x) is continuous at t = x. In this connection, we prove 


Theorem 4. If | 
f \ф(и)|4и = O(t) & E 


A e». 
(in particular when $(t)/te L(0, x)) then У, "n E z is summable |E, q|, q > 0. Clearly 


the mentioned series is summable | E, q|, а > 0 almost everywhere. 


Theorem 5. If 


чо L(0,c), 0<с<1 


then 


A,(x) 


Y 1/2 EG ql, q 0. 
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- AE 
It is known that [6], if (12) holds then >L , Коро TE 


every € > 0. It was shown by Wang [14] that the factor {log(n + 1)} 9/? * cannot be 
replaced by (log(n + 1)} ??. In Theorem 5 the factor 1/n'^? is best possible in the sense 
that it cannot be replaced by 1/n'/? ^* for 0 < e < 1/2. In this connection, we prove 


is summable |С, 1| for 


Theorem 6. There exists a function f(t) of the class L such that $(t)/te L(O, x) but the 
series XL , (A, (x)/n'? °) is not summable | E, q|, q > 0 for 0 < e< 1/2. 


It is worth mentioning that Theorem 6 still holds when = = 1/2 by a result of Kwee 
([9], Theorem 3) who proves that the condition $(t)/t"e L(0, x) where у < 2, does not 
ensure that УА (х) is summable | E, q|, q > 0. As (13) implies (12), we may remark that 
the factor 1/(n'!/?-*) in Theorem 4 cannot be replaced by 1/(n/? =€), 0 < e < 1/2. It is 
natural to ask whether Theorem 4 remains valid when € = 0. As we have not been able 
to answer this question it remains as an open problem. 

(IV) Itis known that ([9], also see Theorems D and E of the present paper) | E, q|, q > 0 
summability of first derived Fourier series and first derived conjugate series hold under 
local conditions. We prove 


Theorem 7. The absolute Euler summability of rth derived Fourier series (4) is a local 
property of its generating function. 


Theorem 8. The absolute Euler summability of rth derived conjugate series (5) is a local 
property of its generating function. 


3. Notations, order estimates and lemmas 


3.1 Notations. Let 


eper сая з nal 
eS TA TÉ у= [EH] 


V(n,v) = (1 + q) " (э q' ,v&n 


v 


S,(t)— Y, V(nk)coskt, v < n 
1 


к= 
500) = Y, V(n,k)sin kt, v <n 
k=1 


1 + q? + 2qcost)!/? sint 
MOREM cos. ® = tan” i 
1+9 q + cost 
Let {/,} be a non-increasing sequence of positive numbers such that 
(i) (n'4,) is increasing for some non-negative integer i. 
(ii) {n/A/,} is increasing for some non-negative integer j, 
where AA, = 4, — 4441- 


n 
g(n,A,t)= У V(n, v)2, cos vt 
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gs(n, 4, t) = У V(n,v)A,sin vt 
К _ [' gs n7! (log(n + 1))7?,u) 
ы eno d 


(„п | Ir logn  1)75,u) 
dover u(logz/u)) -? 


du 


é*(n, t) = | СЕ тү gs(n, (log(n + 1)) 7°, и)аи 


& 2n Y 3 
n*(n, t) = lose g,(n. (log(n + 1)) ^, u)du 


3.2. Estimates. We need the following estimates: 


Clearly 
ens end Vrs ri) NE Vin+1,m+1) (14) 
m=0 п+ 1 
V(n,m) = O(V(n, N)) = O(n "2), m<n (15) 
{p"(t) CS 2 iJ (16) 
500-1 oe 1+4 
O(t !n- 2) (17) 
= Otp"(t)) (18) 
0 (19) 
О(5„) (20) 
g-(n, A, t) = 4O(t ^! A4,) + O(n 21714.) (21) 
= Е eM | 
O(t^  Aà,) + Olp 0012) 4) (22) | 
O (ntÀ,) (23) 1 
gs(n, A, t) ={O(t~'AA,) + O(n 121714.) (24) E 


O(t^ AÀ,) + 0(2,0"(0)) 
g.(n,n70/2** у = S, (O(N + 1) 0/** Oft 1n-G/28 


ó-2 
(п, t) = ой (108%) (log ns} 
6-2 
пъ) = 041"? (12) ЖЕСЕ 
8-2 
+0 fror j (22) ec 


MAS HN | 
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8 

&*(n,t) = O fe 39) повну") (29) 
1 =2 

eee 30 

eae 0(:7 2), O<t<nx (30) 

I4 О<г<л (31) 


It is known that ([7], p. 214) V(n,m) attains its maximum value when m= № and 
V(n, N) = O(n") and hence (15) follows. 


Proof of (16) and (18). Taking p(t) and Ф as in $3.1, we get 


CRAS ч \оі q y 
S, (t) + iS, (t) = 2 V(n,v)e (: zi ) 
Eo 
EVEN 4+1 
= p"(t)(cos n® + isin nd) — (22). (32) 
4+1 


from which (16) and (18) follow at once. 


Proof of (17) and (19). As V(n,k) attains its maximum value when К = М, we get 


р, 
У cos kt 


L 


15,(01< V(n, N) max 


1«L.L' «n 
= O(V(n, №): ! 
zO(t in 1?) 
using (15). Similarly (19) can be derived. 


Proof of (20), (21) and (22). There exists a non-negative integer i such that (n'4,j is 
increasing. After this choice of i, we have by using (14) 


g.(n, À, t) = » V (n, k) A, cos kt 


k=1 


aa y (4 +1)! - Ee 
Е Dow Dn 2) D 2 Vin 4- i,k + i)(k + 1)(k +2)... 


(k + i) 4, cos kt 


=0(4,) Y, V(n- i, k + i), as {k'A,} is increasing 
k=1 


=O(a,) Y Vintik +i) 


k= >i 
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as the last sum is unity. By Abel's method of partial summation 


g (n, 2,0) LX V (n, v) 4,cos vt 
v=1 


пы 


= у AL, S(t) + A, S, (t) 


v=1 


RE 


D AA, S,(t) + Y AA,S,(t) + 4,S, (t) 


v=N+1 


1 


N n— 
= Y AAS (+ T AA, |s0- » Von eos kt | 55,0 


1 v=N+1 k=v+1 


= » AA, S v(t) ar 5 „(0)(4 “М+1 TT An) 


v=1 


n-1 n 
— Y AA J, V(nk)coskt + 4,5,(0) 
v=N+1 


k=vtl 


N n-1 n 
= Y AAS) + Aye, ДО Ж ДА COSA 
v-l 


v=N+1 k-7vtl 


= T, + Т, Ta. 


(33) 


As V(n,k) is monotonic increasing for k < N, we get 


N 
| У бы. 


у=1 


Yn, k) cos kt 
к= 1 


N 
< Y ДА, И(п, у) max 


у=1 1<L.L’<v 


L' 
у cos kt 


L 


N 
= O(t~') i Ad, V(n,v) 


v=1 


= O(t^ ! Aà,), 


by Соу Буну argument similar to those used in proving (20). Ву (16) and (17) 


n q 7 
MIC 


OA PR 


Eu pub. 


As V(n;k) is monotonic decreasing for k > М, we have 


VÀ 


PA [T te 


С (asa. a 


n -^* 
= ы 1 2 Ka wor 
= 0(7) У AA, V(n,v) = O(t^ A2,), 
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IT,|& Y, AAV(mv) тах 


v=N+1 vtl<M.M'<n 


п 1 
= 0)71) Y АА, V(nv) 


v=N+1 
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using the technique employed in proving (20). Now using the estimates for Т,, Т, and 
T; in (33) we obtain (21) and (22). 


Proof of (23), (24) and (25). We have 


g,(n, 4, t) = Y, V(n k)4,sin kt 
к= 


=1 


=0 ( y V(n, k)k А) =O(tnz,), 
k=1 


using the technique employed in proving (20). The proof of (24) and (25) are similar to 
those of (21) and (22). 


Proof of (26). Taking 4, = n !/?** in the proof of (21) and (22) we get 


5 [ 2 
To O(t-!n- Ge) T, = augen T, = O(t^ ! n- G/2*:) 


and hence using these results in (33) we obtain 
ge(n, n2t = T + T, T, 


5,(0) E. 
Bees: Ои оо) 


Proof of (27). Using (23), we get 


_ [gm n^ * (logm + 1)) ^u) 
SOLET 


^ { du h 2672 
p. \| o (log Teer) Е 0} 08 9 (1087) | 


Proof of (28). By mean value theorem for some t < t' = t'(n) < c 


_ [ amr ‘login + 1) 5,u) 
ae et 


du 


du 
DA 2n 6—23 (nn - à 
=t log g,(n,n^ ' (log(n + 1)) 7°, u)du 
t 


6-2 
=t"! (ioe) {g.(n, n^ ? (log(n + 1)) °, t) 


— g (n, n^? (log(n + 1)) 5, t)). 
Now using (22) we get (28) at once since г! « t^! and p(t’) < p(t). 


Proof of (29). Using (23), we get 


1 ő 
č*(n,t)= | (ie) g,(n,(log(n + 1)) 7°, u)du 


CC-0. Gurukul Kangri Univ rey aridwar Collection. Digitized by S3 Foundation USA 


Absolute Euler summability £o 56, : E 
1 24 NÓ y m 4 
=o {нов | u (e) 7 Ee 
0 и P ` 
5 
I0) f (10) n(log 20; 


Proof of (30) and (31). Using the expression for p(r) as given in $3.1, we get 
"i: 1 + 24соѕг+ 4? |^! 
1-220) | == ешш 
[1 — p^(0] | E 
Uta cor | P 
` 2q(1— cost) 4qsin2(1/2)r б 2 
from which it follows that 


(1+4)? > 1 m(l+q)? , ES 

Áo 7 < 2)‏ < ڪڪ 

à t = are Ай t 0ct&m (35) ! 

as г/л < sin(1/2)t < 1/2 whenever 0 < t < л. Writing 1/(1 — p(t)) = (1 + p(t))/(1 — pn es 

and making use of the fact that 1 < 1 + p(t) < 2 for all 0 < t < r, we obtain 

2 2 2 
(1 + 4)? 27 1 ЖА +) [2 
q 1 —p(t) 2q 

Now (30) and (31) follow at once from (36) as q is a fixed positive constant : 

(1 + q)?/q > 4 for all q > 0. 


Оя 


3.3. Lemmas. We need the following lemmas: 


Lemma 1 [10]. If п> 0, then necessary and sufficient conditions that (i) h(t) Іов (2л It) 
should be of bounded variation in (0, п) and (ii) h(t)/t should be integrable L in (0, 1) ar е that 
j E 
|, log апо < со and h( + 0) = 6 
0 


o2 


Lemma 2. (i) [| (log (2x/t))! sin nt dt ~ (lon v. all B > 0. 


(ii) Ji (27) sip — for all f. ЗЫ 
б t t 2 po 


The proof is similar (merely replace л by c) to the proof of Lemma 3( 


z sinnt (— 1)" 
dise шшш. 2 20 UN. 
Lemma [ loglog(k/t)._ nloglog(k/z) ^ 
where 


0, ~ 1/(nlog logn). 


We omit the proof of Lemma 3 as tican prov si ents similar to those 


ا و ا usedi ip‏ 
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Lemma 4. 
- (12 ) +O(p"(t)), for r=0 
(i) E Ss, ()= Ц 
O(n’ p" "(t)), ПОТА: 
(ii) E JB (t) = O(n p" "(t)). HO? гр ОЙ n. 
Proof. Put 
оо E RET EE 
— 1 == 2 
n j- q + 1 59 ul q e 
y d b 1 d i 
р = 1 — | и, и = | — | и. 
АКЕ oo (ау - 
Using (32) we get 
= q+ e" T n inh __ п 
w= (2. г) = р"(0)е" = O(p"(t)). 
Clearly 
ni (qte"\"") „ 3, 
"cL e" = O(n p" ! (t)). . (37) 
Let us assume that 
w,=0{n" p" "(t)} forr=0,1,2,...,k. (38) 
From (32), we get 
wu = niwe". (39) 


Differentiating k times both sides of (39) with respect to t, we obtain 


lk s AK 
Walt У, ر‎ =Й! ЭЎ (5). е" 


у=1 у=0 


Using (37), we get 


k k k 
"aum o( X 2 оь » C) К-у (o o) 
у=1 = 
= O(n** 1 on k(t) 


as the first term in each of the above sums dominates over the remaining terms. Since 
|u| =(1 + q)p(t), we have 


Wea = O(n** 1 [og ! (£)). 
which is in conjunction with (38) gives 
w,=0(n p" "(t)) forr-0,1,2,3,...,(k + 1). 


Hence by induction principle 


forr 
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This completes the proof of the lemma. 
Lemma 5. For r = 1,2,3,... 
Yn(—1"e|lEq|, q»0. 
Proof. Case (1) Let r be odd, ie, r=2m+1, m=0,1,2,.... Clearly n'(—1) = 


[(d/dr)?" * ! sin nt]... 
So the series »n'( — 1)"e|E, q| 


У |У V (n, К) Є =) sin J 
k=1 (=x 
d 2m+1 | 
0 so], 
By Lemma 4 


d pu. EE m+1 „n—2m-1 =, r |1 — 4l "d ї 
IB &o| -ow (os «) = O(n (524) ) 


and hence (40) follows at once. 


= 


< со 


< o0. (40) 


Case (II). Let r be even, i.e., r = 2m, m = 1,2,3,....С]еапу 


2m 
п'(— 1)" = ($) cos "| ү 


So the series Y n'(— 1)"e| E, q| 


y V (n, К) I cos «| 


« oo. ар a 


oo 


= ж 


п=1 


< со 


By Lemma 4 


d Y^ 3. т n—2m = (4 1—4!|\' 
C 


which ensures the validity of (41). е 
This completes the proof of the lemma. 


Lemma 6. (Bosanquet and Kestelman [1]). Suppose that f. (X) is measurable in (a, b) i 
where b — a < œ, for п = 1,2,3.... Then a necessary and sufficient condition. that o 
every A(x)e L(a, b) the function У.(х)А(х) should Бе L(a, b) and 


Ji A(x) fn(x)dx 


<K 


n=1 


is that 
Y IK 


where K is an absolute consta 


r almost ever nt. 
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4. Proof of theorem 1 


4.1. Proof of theorem 1. We havefornz 1 
п 5 COS nt em 
A= |) ج جج‎ | 
2 n(X) К Tozer —® t+ |. ф(ї)со$з nt dt 
=4, + Pn: (42) 


The series È q| 


; (lo Sind Dy* ein 


S5 ф(ї)соз kt 
ix » V (n, of (log + y D) а < o 


z cos kt 
V (n, k) ——— _ 
» (log(k + 1))° 


DS op 


n=1 


= loto] » lg.(n, login + 1))7°, Ide. (43) 


n=1 


In the case 6 > 0, using (22) and (30) 


z em 1 x P) 
e(n, log(n + 1)) 5,0] = ; Бр х 
» 1g. (n, log(n + 1)) 0| = о(: p n(log п)?" ) + of 2, e) 


п= 


x q n Же 
О д 
ОСУ 


=0(-)+0( 


1 ? 
+ O(1)=O(t 7). 
а) A 


COEG) @ 


1 
= 0{ —— }+0(1)=0(r-?). 
(; =) (1) (ШШ) 
Using these results in (43), we get 


х, =0( lu) - oq. 


which ensures that D 


Eor ô= 0, using (16) and (30) 


_ ge (log(n + 1)) ^) = 


Toga e D^ 
Next, integrating by parts 


= gc sinne 1—0 (c) c sinnt j 
2» = (logQz/o) ^^ п n 9$'9 | rüogOz/Dy -° 


1 [* sinnt 1—ó (*f [' sin nu 
EL A QUE GO) 
O 0) 000 75 | (стр 5 u) í 
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When 6 = I, the terms 002 and 2 drop out and hence it is enough to study the absolute 
Euler summability of 


P 263) 
dorm ED and rogi F D for 0 < ö < 1 
and that of 
gO a) 
31 _ and Y —+*—_, for0<d< 1. 


(log(n + 1))? 


g 
For0xóxl, Norme „q| if and only if 


Y, lg. G1 n7! (log(n + 1) 7°, €) < co. (45) 


п= 1 


Ву (24), џ,(п, пт '(log(n + 1)) 7°, с) = O(n 2/2(1ор п) 7 °) and hence (45) follows. The 
(3) 


x a, 
series X Tlog(n + Dp ql, if and only if 


5 | dg(t) g,(n, n^ ' (log(n + 1)) 5,1) 
И (log(2z/t))! ° 


Since fọ |dg(t)] is finite, it remains to show that 


x 2n M 7$ 
» los login D) O | in0«t«c. (46) 


п= 1 


Using (23), (25) апа (30) 


» lg, (n, n^ ‘(log(n + 1) *,0| = У [g,(n пт (log(n + 1)) ° "3 


n- nsr 


+ У Ig,Q, n^ ‘(log(n + 1)) °, 0) 


п>т 


=0 ( 5 (ogm) + o( У e) 
x 1 
0 ( 2, п? (log =) 
-5 
-0 СЭ) \ (47) 


x "(t) zi 1 5 2n 
Ў, етю log = 370 0 (ios А ) 


For 0 < § <1, by Lemma 2(ii) 


a2 


H 


since 


ЕТ, —ó)g(e) 
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2) 


Sothe series У, los + DJ is absolutely convergent and hence a fortiori it is summable 
|B, q]. 
a) 
For 0 <6 <1 the series У dogm 0312 ql, if and only if 


КА 


z (п, К) S t SAU 
mme Id a Sh ИНИА i 
D k {log(k + 1))? || g(t) [ u(log(2n/u)? * 9" <= 


п= 1 


< 00. (48) 


| dg(t) £(n, t) 
0 


Since fo |dg(t)| is finite for the validity of (48) it is enough to show that in 0 «t «c 


1¢(n, | = O(1). (49) 


ó-2 NEN 
У (п, 0| =0 f (ioe) УЙ logn} =0 3 !. (50) 
nst hst t / 


У £09 У 1&0 с) — n(n, | 


n>t 


ims 


Using (27) 


Now 


< Y |ё(п,с)+ У Inn tI. (51) 


By simple verification, we have 
202) 0 2 
\ (log + e Pdl if and only if Y' |£(n, c)| < oo. 
2) 
The series ies Doane OT is known to be summable | E, q| and hence 


. 3 5ا‎ x |£n, |= oq). (52) 


n»t 


Usihg (28), we have 


6-2 
> Inn, )| = 0 s (ioe) у (log п)” ‘) 
(202 S рч) 
+0 (lost DE Б ш, 
bi 2n S2 n Е E 
+0 f (ic 3 рУ (= ) п^?(1ор п) 
-2 6-2 
ou) [ror we) t *(logr) z ғо) 
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sofr (10s) eon" » (4 
t п= 1 4+1 


e) 


as Уи ,p"(r) = 1/(1 — p(t)) = Q(r7?) by (30). 
Now (49) follows immediately from (50), (51), (52) and (53). This completes the proof 
of Theorem 1. j 


5. Proof of theorem 2 


5.1. By Lemma 1, Theorem 2 is equivalent to 


Theorem 2(а). Let O«c«l, If h(+0)=0 and fs ldhtnllog 27 < о then 


B, (x) 
Toe FI 8 P db ЕП 
TOE 2616.4. 4> 0 for 0 <ê < 


Proof of theorem 2(a). For n > 1, we write 


В,(х) 
ae asl. шлаг + | (sin ne dr | 


= ay, fi, (54) 
XB,e| E. ql, 9 > 0 if and only if 


ia [X Уи Ji VERIS npa Sce ; 
Now 
E " "уш У Vt rtr ® 
КОЛО ЫЫ 
by (24) and (30) vi 12 
p Ig.(n, (log(n + 1)) ^,0)| = О t 1 X "i + ol: = 


` 


-0(7)40 ( » ro) = 0(7). ^ = 


Er 
pum 


Using this estimate in (55), we Bet. 


а, ) =o, 


E 
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We have 


c ó 
„= | h(t) (ioe) sin nt dt 
0 t 
с с 2 ó 
= | ano | (кет) sin nu du, 
0 t и 


the integrated part vanishes as h( + 0) =0 and f (log(2z/u))’ sin nu du = O(1). The 
series Xa,e| E, 4|, if and only if 


oo t d d 2n V sinku 
35 2 7, V (n, k) | dh(t) | (ios z) Meki jj; d" « o. 
(56) 
Clearly 
© с с 2л 5 
»- » | ano | (122) g,(n, (log(n + 1)) °, 
n=1 0 t 


o 
= 
n=1 


| dh(t)n*(n,0) 
0 


© 


< | rano Y, (rl. 


п=1 


Since fo |dh(f)| log(27/t) is finite for the validity of (56) it is enough to show that in 
0<t<c 


Y In*(n, t)| = O (ioe). (57) 
n=1 


By Lemma 2(i), we get 


&*(n,c) = $ V(n, k) (log(k + 1)} ° [ (tos) sin ku du 
k=1 0 


-o( $ К - 0(n^!), (58) 


=1 


-using the technique used in proving (20). 
Now by (58) and (29) 


У, In*( l= У, |&*(п,с)— č*(n,t)| 


nst nst 


< У lé*(no)|+ У, |2*(п, 0)| 


nst nst 
1 2n ^n 
-\40 272 gh AL > 
> ;) 3 Í (vs 3 2, ise 


2n 
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Now for some t' = t'(n) with t < t' < t'(n) <c, we have 


с 2n ӧ 
тд | (log) g. (n, (log(n + 1)) °, u)du 


2 д 
= (10%) 1g. (1, n7 log(n + 1)) 91) — д. (n, n^ ! (log(n + 1))72,')}. 


Using (22) for the estimates of g.(n, n ‘(log g(n + 1)) 7°, г) and g.(n,n7 ! (log(n + 1)) 9, t^) 
and taking note of the fact that t71 «t^ !, we obtain 


2) ó ó 
n*(n,t) = О fi- (ios) ЖОО + 04 (1o8=) n '(logn) ? ror 
о (ао E 
УС ов |n '(logn 


2n V : 
+0 {(tos=) n '(logn) 7 ?p"(t' |. (60) 
Using (60), we get 
ó 
Y In*(n, 020507! (27) D ЖОО 
2n\? p"(t) 
ee is =) 2, ов 


Deve ep Ne 1 
us (e7) n (; + ) igi] 


ó p(t’) 
2 n(log ^) 
1 1 
Ес, Ol loos 
err (1 92 т)" (Sal 
Hee (61) 


since (1 — p(t)) ! = O(t 72), (1 — -1 2 Q(r'7?) and (^! «t^ !. Now (57) follows 
immediately from (59) and (61) x E completes the proof of Theorem 2(a). 
6. Proof of theorem 3 
6.1. Proof of theorem 3. Let y be odd and 27-periodic function defined by 
Б 
5 (lotos?) , O<t<x 
W(t) = 


0 ‚ 1610, л! 


where k > xe. By Lemma 3 


B(x) = Ге sinnt . sinn ны = ЖҮ ы 
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where 
1 
" mloglogn. 
The series D AGE, ql, if and only if 
nloggn-1) ^ ° 


=f an a 0 соѕ Кл A 
b Ig. (n, n^  (log(n + 1))~', x)| = p by V(n, Шо 3-1) EET < со 
(62) 


Using (21), we have 0, (л, n '(log(n + 1)) ', x) = O(n 7 3(logn) 7 ') and hence (62) 
fallows at once. 


) 
Lastly Yn is not summable by any totally regular method as 


0 1 


login+ 1)  nlognloglogn 


This completes the proof of Theorem 3. 


7. Proof of theorems 4, 5 and 6 


7.1 Proof of theorem 4. For nz 1, we write 


l/n R 
34, = | o(t)cos nt dt + | ф(ї)со$ nt dt 
0 


1/п 


=a, + Ba 


а, 
mel E, q|, if and only if 


l/n 
| $(t)g.(n, п 0 ?"* tdt 


« со, 


Using (20), we have 


© 


» 


n=1 


l/n 
| ПОЛК 
0 


(0) ( » g^ 0/2-« | еш) 


-o( у 2 = 0(1) 
n=1 


which ensures that Уо, (n^? **)e| E, 4]. 
Next Xf, /(n''?**)e|E, ql, if and only if 


Ў | (Og n уа] < o. (63) 
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Using (21), we get 
Гл 


| Ф(г)д (п, п 0/?-* t)dt 
1/п 


СА 


= fx А 
-o( У im e 
= In 


n=1 


"infit ови) = 0(1). 
This completes the proof of Theorem 4. 


7.2. Proof of theorem 5. For n 2 1, we have 


T 1, (x) М p(t) tdt 
=A, (x) = p(t)cos nt dt. 
2 Ie 


The series y МО A X) ПЕ, q|, if and only if 


^x 


| $ (t) g. (n, n ^! 2, t)dt| < оо. (64) 
о 


£ 


уз 


п= 1 


Since ġ(t)/te L(0. л), for the validity of (64) it suffices to show that in 0 < t < r 


У 9 n~! p = 0(:7). (65) 


e: 


Using (20) and (22), we get for T = [:7 2] 


У, ACL EDN У CDN Y. [gi (nn 1272) 


п= 1 nzT n>T 


-o( X vn) +0 »3 vm) 
nsT п> Т 


ا 


= O ^) 


which ensure (65) and this completes the proof of the theorem. 


7.3. Proof of theorem 6. The series 
A,(x) 


У n12- ~am El Bal 


if and only if 


х Ц. $ (t) д (п, п '/?** t)dt| < oo. (66) 


n=1 
By an appeal to Lemma 6, we note that necessary and sufficient condition for (66) to 
hold whenever O(t)/te L(0, л) is that 


essbd Y t|g,(n,n-"** )] < К for0<t<n (67) 


where K is an absolute constant. 
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Thus for the proof of our theorem, it suffices to show that 
t Y Ig (n n 017208 0| 2 + co at t +0 + (68) 
From (26), we get 


(Ку 
(М + 1/2) 


t n s ! 
"greg oes nd — (=) | + О(п GAS 


tp"(t)cosnd EU. 4 J | ES. 
ج‎ he ا ل‎ t E 2 1 О (3/2)+e ; 
күте: + О fen Pr jan (n ) 


av aya GS + O(n- 9/2* 2) 


As the series Xn '/?(q/q + 1)" and Xn 9/2) ** 0 <= < 1/2 are both convergent, we 
need only show that 
(t)|cos пф| 


з=) (Na Tae? + 00 481-90 + (69) 


п= 1 ( 
We have 
t)cosnp 


* 
У 2I Б” © D 


е рд t & p"(t)cos 2nd 
=+}. (70) 


n 


prt). а ег 
Аѕ zum; 1S а Monotonic decreasing function of n for fixed t 


M' 
Y, cos2nó 


M 


<S > тах 
= 1I<M.M'<% 


XI — tp) (71) 


^ 2sin ф 


since sin t = (1 + q)p(t)sin ф. 
Using (31), we obtain as 10 + 


„ 1 Г((1/2)+®) 
руте 


=0(1) 


SC 


where C is some positive constant. Therefore 
yto>+oast70+. (72) 
Now (69) follows immediately from (70), (71) and (72) and this completes the proof of 
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8. Proof of theorems 7 and 8 E 
8.1. Proof of theorem 7. We assume that g*(r)e L(0, л). 
For r > 1, we have ([8], Theorem 1) » 
л 1 а r ‚ж 
A, e) ==(— 1 z (f(x 0-4 (— I f(x —0} ( —) cosntdt 
o2 dt z 
2 sf dY | 
SS y >) руе = 
=A 1) | z PO-( ly P(—1)j 8 cos nt dt 
2 .[* .( dX t 
RE 1) | g*(t)t ($) cosntdt 
= a, + B,. (73) 
We first proceed to show that Yx,e| E, q|. q > 0. 
Case I. Let r be odd, i.e., r = 2m + 1 (m = 0,1, 2,...), then 
2 z] d 2m+1 
s--i[ dici) cos nt dt 
کے 1+( )2 د‎ D Pauci ua ! sin nt dt 
л | (26 — 1)! | 4 
2 n2 1 05,- 1 t 
ре (a )" т+ асу 1 п = 1 p = 
(=! La man 3 (Б) ч 
(2и — 1)! 2u—2p41 EE. 4 
в = p)! $ 
ает Y cruci gaaet, (14) 4 
= psi re (gm — oy! 


Case II. Let r be even, i.e., r = 2m (m = 1, 2,...), then 


2 r1 d 2m 
по cos nt dt 


= > onl, t?" cos nt dt 
r2 m п?" 05. wl n < LN ZEND - 
= ie i z Quy P A А Qu — 2р + 1)! 


Dre раї 0 
== үүд 1)" +e- 1 n2"- 2p 2u 
x 1) 2. (>n » „(2u — 2p + 0! 


Taking o, as given in (74) and (75), we see that i Lemma 5 the series У; 
Next, we write for any ers constant c, however small j 


д2и-2р+і 
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The absolute Euler summability of rth derived Fourier series becomes a local property 
of its generating function, if 


g*()e Щ0,л)= У B,.€lE.gl, q>0. (76) 


п= 1 


Now УВ, e| E, ql, if and only if 


n d r 
» veh | * (r)t ОРТ 


k=1 


Je (t)t” (2) S | 


=0 О) j 


| » gos by Lemma 4 
=1 
4 


ч 


у= 


n=1 


« oo. 


rf 


| |g* ШЕТ ar scam 
E гад. O(1), 
t 


since g*e L(0, л) and this completes the proof of the theorem. 


=0 


82. Proof of theorem 8. We assume that h*(t)e L(0, л). 
For r > 1 ([8], Theorem 2) 


В, (x) = 4i (— у» {/(х+)—(— 1) /(х — 0)! ОЁ nt dt 
2 at r 
ER 1)" | 5 (P(t) —(— ty P(— 10) (£) sin nt dt 


2 л d г 
3e RC TY] ЛӘ si 
zi ) | (t)t (5) sin nt dt 


= o, f, (77) 
We claim that Y'z,e|E,q|, q 0. 


Case I. Let r = 2m + 1 (m— 0,1,2,.. ), then 


D fm] des 
| jo eco) (5) sinnt dt 
0 

2 m*i С 0; j mt 

va А" 1282" +1 cos nt dt 

-icay" y CD E 

л = En = (Оут), n^ 

LAS; » (Е) тота 278-1 V O24 qu-2vtl (78) 
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Case II. Let r = 2m (m = 1,2,3,...), then 


2) n 1 а 2m Р 
a, == | z(P()—P(—0)|—) sinntdt 
Te Jig 2 dt 


2 3 n 0, n 
(= ر(‎ 1 | (27  sinntdt 
л > (2и — 1)! Jo 


s к (Qu T) 7 


ә 
EXE 1» 2m 24—1 руи 
zi ДЕР DY Oi! Wis iy 


aie Ке (2u— 20+ ШЙ 5s?! 


D m y m 0 
Ex Lj S d mtvtliy2m-2v*] 2и-— 1 2и-2у+1. 79 
2 2. Cd) > (24 — 2v + 1)! s 07 


We observe that for both odd and even л the series x, €|E.q|, q > 0 by Lemma 4. 
Next, we write for 0 «c «zx 


B, = EX (= Шу (|+ |" Є -) sin nea 


= B. ar ВЕ 


Using the pus similar to those used in the proof of Theorem 7, we can show that 
i*(r)e 100, л) 9 У В, ,e|E,ql. 4>0. 


This shows that absolute Euler summability of rth derived conjugate series is a local 
property of its generating function. 
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Abstract. In this paper an attempt has been made to give a very simple method of extending 
certain results of Ramanujan, Evans and Stanton on obtaining the asymptotic behaviour of 
a class of zero-balanced hypergeometric series. A more recent result of Saigo and Srivastava 
has also been used to obtain a Ramanujan type of result for a partial sum of a zero-balanced 
4F (1) and similar other partial series of higher order. 


Keywords. Asymptotic behaviour; zero-balanced hypergeometric series; Kampé de Feriét 
function. 


1. Introduction 


A number of results exist in the literature which express the sum of the first n terms of an 
ordinary hypergeometric series, with unit argument, in terms of an infinite series of the 
type 4F,. The earliest of such results are due to Hill and Whipple [6,7,8] but new 
interest was aroused in them by a theorem due to Ramanujan [2; p. 92(10.4.1)]. Various 
generalizations of Ramanujan's result have been given from time to time by Whipple 
[2; p. 94 (10.4.4)], Hodgkinson [2, p. 94 (10.4.5)], Bailey [2, p. 93 (10.4.3)], Agarwal 
[1, p. 442 (2.5)] and others. 

Ramanujan [9 Ch. XI Theorem 1] stated an asymptotic formula as m ¬» oo for the 
mth partial sums of a zero-balanced (ie. when d + e = a + b + c) hypergeometric 


) а,Ь,с; 
series |, °” 
Е d,e 


proof of this asymptotic formula and extended his method to obtain a similar result for 
a zero-balanced basic hypergeometric series ;Ф,. Evans [4, p. 556 (Theorem 22)] has 
also given a proof for the asymptotic formula for a zero-balanced sF, series stated by 
Ramanujan [9; Entry 6] alongwith several other particular results. It would be 
interesting if one could extend Ramanujan's results to series of higher order series also. 

More recently Saigo and Srivastava [10] have studied the behaviour of a zero- 
balanced hypergeometric series „F,_ , near the boundary point z = 1 of its region of 
convergence. They have investigated the behaviour by considering a transformation 
connecting a „Ё„_ , (x) with another ,_,F,_,(x) and a Kampé de Feriét type of series 
ЕРЕ 31 (x, 1). They have shown that special cases of their result yield the behaviour of 
zero-balanced ,F,(1) and ,F (1) series. 

Our approach in the present paper is markedly different. Our objective is to obtain 
a Ramanujan type of result [9; Chapter XI, Theorem I and Chapter X, Entry 6] for 
a partial sum of a zero-balanced „Е, (1) and similar other partial series of higher order. 

In our analysis, incidently we get a direct generalization of the results of Ramanujan, 
Evans and Stanton [5, Theorem 3]. The present method has the advantage of giving on 
explicit expression for the order terms also [see (4.2), (4.3), (7.1)] which are not available 


as such in the results of Saigo and Srivastava. 
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By repeated iteration of our result one can lead to the behaviour of a zero-balanced 
3r+ 3F 5,4 2 (1) and 3r+ sF3,+4 (1) series. 

In § 7 of paper the partial-sum method is applied to a transformation between two 
pF ,-, Sand a Kampé de Feriét function given by Saigo and Srivastava [10] to derive 
the behaviour of a zero-balanced „ЕЁ . (1). 


2. Definitions and Notations 


Let (a), = (x + 1) (a+ 2): (x +n — 1), n > 0 (a); = 1. 
An ordinary hypergeometric series is then defined as 


F NI |: z (61), (Gan (&, 4.1), 2" 
*1 = 2 
DEC Di Po D п=0 (Di) (02), 7 (p), n! 


The series converges when |Z|<1 and also when E provided that 


Re[Z(p,) — X(x,,,)]» 0. The series (2.1) shall be called a zero-balanced series if 
X(p,) = E(a,, |). 


By 
Ti ESOS ERN 
is м Ze 
we shall denote the partial sum 


= (21), (2), (2. is z" 


n=0 (2 n (95), (p,), n! à 


A Kampė de Feriét series is defined as 


seul pousse Pi ан v» 


(2.1) 


В, дае Ва, Ук e 


Jl. (B — n Qm 


Xp-1 p- HG 1 p)mX x y 3 (2.2) 
=з Ne (B,- EL 15а "OMNIUM dn nim! рс) 
where, for convergence, max (|x|, |y|) < 1. 


We shall use the following two resuits of Ramanujan [9; Chapter XI Theorem I and 
Chapter X Entry 6; See also [3] Theorem I, p. 70 and Entry 6, p. 12] stated without 
proof. The asymptotic formula for a zero-balanced hypergeometric series 4F; as: 

If a + b -- c 2 d +e and Ri(c) > 0, then for 


=) ore ae (2.3) 
Г(4@+К)Г(е+К)Г((+К) k+1 
zy CS (d— o), (e с), (2.4 
ا‎ + (bk ` ) 
Me) 


with у, the Euler's constant and (x) = we have, as m — oo 


Г(х) 


"ца DDA TA ; 
к= (4), (ek! — F(a)F(b)T (c) {ogm + L+ yj + o(=) ( .5( 


Gphererthe kmplied.eogstant. depends; опо: 5а буф т. 
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The asymptotic formula for a zero-balanced hypergeometric series ;Ё, as: 
If a + b -- cé(0, — 1, —2,...], then as the integer m tends to oo, 
a+b+c+1 
I'(a + b 4- c)T (a)r (b)T (c) mio i 
Г(Р+с)Г Jn ^ wd b+c—1 
(b -- c)T (a + c)! (a + b) а+ ма / Pat "ao END 


a+b+c—1; a,b,c; 


~ 2logm——¥(a) — V (b) — ¥(c) + O (Sem) (2.6) 


3. A general transformation theorem for partial hypergeometric series 


We begin this section by proving the following transformation Theorem: 
We have for arbitrary complex numbers а, Б, с, (а) and (р,), that 


F a bicar акак Р 
5+3 5*12| Ра р, Fae pep espe 


1 
„ (IU +a +b =€), (5 ) (=) (aj), (aa), (4, 2" 
= r!(1 3r a — Б), (1 + a — c) (Pi) (P2) (P), 


a+2r, a +r, а, +r,..., a4, +r; 
x E ( Sd : | 5560) 
pir, Dar Utecoolt 8r (m ~r) 


mA 


Proof of the Theorem. Saalschütz's theorem is given by 


Ea DEG ав 5 2 (b), (с), 
e mec 1+а—с Ier TELE ба 
Now 
F арс Мата ав z| 
SE ] +а – b, 1 +а-– с, Pis рэ»: Ps m 
E (a), (a3), (a3), (as), z" (b), (c), | 
| (ра) (P2). (ps), nl (1 +а — b), (1 +4 — c), 
x у (a), (a1), (а),:"-(а,), 2" » (1 +a — b — с), (а+ п), (=), 
=" (P). (P3), (Ps), n! r=0 (l+a—b),(1+a—c),r! 
by (3.2). 


Changing the order of summation, we get 
ow v (0), +„(а1) (42), (a, (1 + a = b с), (= п), 2" 
r=On=r (P3). (P2) (Psn (1 +a—b),(1 + a— с), піт! К 
Putting n — r 4 t, we get = c | 
= у (а), +.(91),+.(2), +: (03), (1 ta-b-—co,(-r-ü0z P 
r=01=0 (ру)„+‹(Рэ),+‹```(Р.)„+‹ (1 +а—Ь), (1 +a—c),r +t! 
Writing the t-series as a F-series on the r.h.s, we ge get (3 (3.1), after some si 
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It may be remarked that we could obtain (3.1) directly [for z = 1] from Bailey's 
known transformation Theorem [2, p. 24 (4.3.1)]. 


4. The asymptotic behaviour of certain zero-balanced partial hypergeometric series 


We begin this section by proving the following two asymptotic formulae for certain 
zero-balanced hypergeometric series: 


(A) For k, a fixed positive integer < m and if a, +a, +a, + k = p; + pz, R1 (a3 + k) » 0, 
then as m — со 


F b+c—k—1, b, с, a, а,, ay 
ef 5 
b-k, c—k, b+c—1, P Ps |m 


(=14@—Ь—суГ(р„)Г(р) | хы 1 ) 
ШЕ елее 2807 — E D P +} +0 (5 = kaa 


~ 


(4.1) 
where y is Euler's constant and 
je e (D;—43)(p3 — аз), 
L2-—2y—W(a,-k)—WV k چ > س‎ 
y (a, +k) (a; + ) (a, + К), (a; + К), 5 
AG ly = b),(1 — с), T (a) T (a5) V (a3) 
Q —b— о), Г(р,) Г(рз) 
д b+c—k—1\ {Ь+с—К 
Cerea ht) (e (a,), (а), (аз), 
xY Se ____ 
2, т1(6 — К), (c — k), (b + c — 1), (р), (рз), 
а a +r, a+r, a+r; | (42) 
b+c—1+r, p+r, p+r 
(B) Ifa + b + c + 3K¢{0, —1, —2,...}, then as the integer m tends to oo, we have 
b 
Вс Кі bi, c,, ao a+b+c+2k—1, a,b,c; 
F7 atb+c+k—1 
b,—k, cı—k, ++, a+c+k, at bk ja 


_ (CE Tab c- Iai —b; c), T (bc E) T(a- c ) F(a c bt 
(I—a—b—c—K)E(a)F (b) (c)T (a 4- b -- c - 3k (1 —5,),(1 — c), (at b + c— Da 


x (2log(m — К) — y — ¥(a + К) — Y (b + К) - W(c-* 9) 


зүн] А. 
cca tst) Cm (eH (a+b+c+2k-1), 
» r r r — 
| ro по 0а Юа Т) e+ да +с+®, 


(а), (b), (©; 


х 
(at+b+k), 
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a+b+c+k+1 
bi +c, —k—1 20, — ———— +r ,a+b+c—l+2k+r,a+r,b+r,c+r; 


2 
eF5 
х a+b+c+k—1 
By bey ltr рур рс a ОНЫ KT CLE 
log (m — k) 
О > 
+ pre (4.3) 


where у is Euler's constant, k is a fixed positive integer < m. 


Proof of (4.1). Taking s = 3 in (3.1) and puttinga=b+c—k—1,z=1,p,=b+c—1, 
where k is a fixed positive integer « m, we get 


b-Ec—h-— {ж саатан 
eFs 3 
b—k, c—k, БАС a ال23‎ 


DESCEND 
y=), =) (==) (a1), (a2), (43), 


507, r! (b — К), (с — k), (b + с — 1), (р), (рз), 


RE b+c—k—1+2r, a+r, a+r, a+r; 
ЭЛБЕК с patr, pr ба) 


i b+c—k—1\ fb —k 
coco, (5355-5) PEE) sep 
k k 
k! (b — k), (c — К), (b + c 1), (р), ( рз)к 


ME a,+k, a,+k, a,+k; 
ы р; ЕК pk (я; 


+ 


Let us now suppose that a, +a, + aş +k = p; + pa, with Rl(a, + К) > 0. Now apply 
Ramanujan's asymptotic formula (2.5) on r.h.s. of the above equation, to get for m — oo, 


F b-Fc—k-— 1, b, C, а, а», аз, 
Y b — К, c —k, bte i P2» P3 m 


b+c—k—1\/b+c-k 
‚_1(—4/(—Ю), (==) (==) (a1), (a2), (a3), 


а, ODC OEE O) 


M b+c—k—1+2r, a+r, a +r, a+r; 
*|b.c—l-cr, patr, p+r (n= ғ) 


b+c—k—-1 b+c—k 
(4) (SAS 2 ) к= ) (а,), (a), (аз), 
k k 
(b — К), (c — К), (b + c — 1), (р), (рз), 


Fipa + К)Г(рз + К) 
Ee +k (a, + OT (@, + 1980" +1)+1/+у} 


| 


Simplifying we get (4.1). 
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Again applying the asymptotic formula (4.1) on r.h.s. in (3.1), for s = 5,z = 1 we get 
the asymptotic behaviour of a zero-balanced Fg series. Similarly, by repeating this 
process we can get asymptotic behaviour of a zero-balanced ,, , ,F 3, , , series. 


Proof of (4.3). Proceeding exactly as in the case of (4.1), we get (4.3). 

Again applying the asymptotic formula (4.3) on r.h.s. in (3.1), we can get the 
asymptotic behaviour of a zero-balanced ,,F,, series. Similarly, by repeating this 
process, we can get the asymptotic behaviour of a zero-balanced ,, , sF 4, , , series. 


5. Special cases 


(i) Puttingk = 1,а, =b — 1 and c ¬ œ in (4.1), we get back Ramanujan's result (2.5) for 
a zero-balanced 3F». 
(ii) Putting a, = b — К in (4.1), we get 


For k a fixed positive integer < m and if a, + b + a4 = p; + p3, Rl(as + k) > 0, then 


as m— oo 
F b+ce—k—1, b, c a, ау, 
YON eat, Insect D3 DPS 2 
(—1)(2—b—c),F(p;)T(p3) 
KENEN F(a ) I (b—k)T (a3) ` 


1 
o) (5.1) 


where у is Euler's constant and 


{log(m—k+1)+L"+y} 


Oi E Ni e = (P2 — аз), (P3 — a3); 
= —2y — (а, +k) Aa ET TTT 
(=1)} (1 — b), (1 — с), F(a,)F (b — k)T (a3) 
(2=6— с),Г(р,)Г(рз) 


b+c—k—1)\ /b+c—k 
essa رل‎ =) (a1). (a3), 


AL ri(c—k),(b + с — 1), (p2), (p3), 


z Ze a tr, b—k+r, Ec! 


(5.2) 
b+c—1+r, p+r, p+r 


(ili) Putting a, = c — К in (5.1), we get the asymptotic behaviour of a zero-balanced 
series ,F 5. 
(iv) Putting c — b, —k in (4.3), we get 


If a + b + b, + 2k¢{0,—1,—2....}, then for the integer m tending to оо 


b, c,—k-1, bi, Cis $(a+b+b, +1), at+b+b,+k—1, a, b; 
F6 


b+k 
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à 


М i 


H ypergeometric series 45 


^ (— I — р, =c; r (54 b,)E (a4 b,)E(a-4- b +k) 
V (a)T (b) (b, — F)T (a +b + bi)(1—5,),(1 —c,) (a+b 4 b, — 1), 


x i2log(m — к) – у — (а + К) — V(b + К) — (b)! 


b,+c¢,—k—1)\ (р, +С, = +b+b,+1 
TE X r = r = r 
r=0 re, = Wb, +e, n (EET) 


2 
3 (a 4- b 4- b, +k—1),(a),(b), 
(b 4- b) (a 4- b,), (a 4- b 4- К), 
a+b+b, +1 


b, +c, —k—1+2r, ME у л a+b+b,—1+k+r, a+r, 


b+r, b,—k-cr; 
eF5 ; 


at+b+b,—-1 
by +e,-1+r, ——————41 


5 b+b,+r, a+b,+r, a+b+k+r 


log(m — К) 
Cur) ca 


where y is Euler's constant, K is fixed positive integer « m. 


(v) Putting b — c, — k in (5.3), we get the asymptotic behaviour of a zero-balanced 
series &F ,. 

(vi) Putting b =c, —k,a=b, +c, — 1 in (5.3), we get asymptotic behaviour of a zero- 
balanced series ¿F, different from Evan's 4F, function. 


6. Certain special cases of (3.1) 


In this section we shall discuss certain particular cases of (3.1) to obtain transformations 
for special types of partial sums of hypergeometric series. 
(i) Putting c= —m in Vandermonde's theorem [11, p. 28 (1.7.7)], we get 

а; (1+а)һ 


Taking s — 0, z = 1 in (3.1) and then summing r.h.s. of (3.1) by (6.1), we get 


(b, б @ (1 a),, 
3Ё› = 
1+а— 6, 1-a—c |, т! 


а 
1+а—Ь—с, 5 1+а+т, —m; 
4F3 (6.2) 


a 
l+a—b, 1+а=—с, Lig 


Again applying (6.2) on r.h.s. of (3.1), we get the following transformation for a new 
partial sum of a well-poised F, series: 


F a, b, с, d, а; 
5 с вика Rangel ойма гетуфана асе» ion E USA 


ау als 
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0 Ta) c (1 +a — b — c),(a/2), (a4), (a5), (1 + a + т), ( — m), 
NETT rzo"!(1 +a — Б), (1 + a — c),(1 + 4/2), (1 +a— a4), (1 + a — a3), 


F l+a—a —a, a/2 +r, 1+а+т-+т, —mcr; 
x Я 
° з[1+а-а +r, 1+а-а +, 14+a/2+r ine 


(6.3) 


Similarly, by repeating this process we can get transformations for partial sums of series 
of higher orders. 


(ii) Putting 1 +a — c= —m in Whipple's transformation between a terminating well- 
poised ;F, and a terminating Saalschützian „Е; [see 2(4.3.4)], we get 


a, 1+-=, bi а, е; 


due 
Ё 1+a—b, 1+a—d, 1+а—е 


m 


„Utal +а-40 — me de; | (64) 


` (1 -a— d), (1 -a — е), 1+а—Ь, d+e—a—m 


Taking s=4 and putting a, = 1 + (a/2), а, —d, a,=e, а„=/, z=1, р, = 4/2, 
p2=1+a—d,p,=1+a—e,p,=1+a-—f in(3.1)and then transforming r.h.s. of (3.1) 
by (6.4), we get 


> ас ла а 1+а—е, 1+а—/ 


(1+a),,(1+a—e—f),, 
(1+a—e),(1+a—f),, 


М y (1 +a — b — c) (d), (6), Cf), (1 + a +m), 
101101 + a – Б), (1 + a — c) (1 + a— 4), (e +f —a — m), 


—d—m, е+т, f+r; 
| 6.5 
EB S s. E 


Applying (6.5), again on r.h.s. in (3.1), we get the following transformation for partial 
sum of a oF’, series 


a 
1+а—Ь,1+а—с,, 1+a—a,,1+a—a3,1t+a—a,,1+a—a,,1t+a—a, К 


(1+а)„(1+а—а„—а)„Һ 
= L E 
(1 + a — as), (1 +a — ae) 
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x 2 (1 ant = b= c). (а), (аз), (a4), (a5), (ag). 
r=0 (1 +a – Б), (1 +a—c),(1 +a—a,),(1 +a—a3),(1 +a—ay,), 
(1 + a + m), 
(as + ag — a — m), 
д (1 --a—a5 —a3)(a4 +), (а; +), (ag +), (1 + a + m + r), 
eo KK 4-a—a; +), (1+а-–а;+),(1+а—а, +r), (as + ag — a — m+), 
—a,—m, agtr+k, ag+r+k; 
XE, $ > 6 : (6.6) 
“| lta-—a,+r+k, asta = аст т kal ЕЕ) 
Similarly, by repeating this process we get transformations for partial sums of series 
of higher orders. 
(iii) Putting 1 + a —c = —m, in Whipple's transformation [2; (4.5.1)] we get a trans- 


formation for the partial sum of a nearly-poised, 3F, in terms ofa partial Saalschützian 
4,F4, namely 


a, b, 1+а+т; 
YF; 
> “|l+a—b, w am 


1 
l+a—w, a Ra —b—m; 
(м — a) 2 2 67 
= m F д { 
(э) VE l+a—w-—m a—w—m (60 
1 +а– Б, Наа x ld 


Taking s = 2 and putting a, = d, a =1+a+m,p,=1+a—d,p,=w,z=1,in(3.1) 
and then transforming the r.h.s. of (3.1) by (6.7), we get a transformation for a partial 
nearly-poised F series 


m 


a,b,c,d, 1+а+т; _(w—a) 
ЖЫ лд, ae aa RR (о) 


- (1 +a~b-0,(5) (= ) (d), (1 +a+m),(1+a—w), 
x X r r 


; ra wen 2 GENES 
Ford tabl tamol amay (EE (e) 


2 2 
a 1+а. 
1+a—w+r, =+, ——+r, —d— m; 
2 2 
х 4F3 (6.8) 
l+a—w-—m a—w—m 
1 + a> d bn eee E s QUI : 
т=г) 


Applying (6.8) again on r.h.s. in (3.1) we get the following transformation for the 
partial sum of ;F, series 


a,b,c, d,,05,03, 1 +a +m; _ (ра > 
д6 1+a—b, 1+а-– с, 1+а—а,, 1+а—а,;, 1 + a — az pa т (ра) 


т 


4(1+а— b-0,(5) (=) (a,),(a2),(a),(1 +a+m),(1 — pa +a), 


as NANTES eee 
г (Тао з) кЬтате) Б-та) евге cy Sb FddadelibruBa +4 т), 
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1 +2г+1 
El saca cay er) =) (a,t+r),(1+a+m+r),(1+a+r—p4) 


2 2 
х У, 
FTO ri(l1+a—a,+r),(1 + a — a, + r),(1 + a — a, +r), 
pe —m+2 y (m+) 
D 
k = [4 
а la 
| ra—p4t r4 Kk, 2E 5 — 4a, — m; 
F . (6.9) 
403 
1+a—p,—m-+2r a—p4—m-4 2r 
| a—as rk, E. p +k 
Z (m-—r-—Kk) 


Similarly by repeating this process we get transformations for partial sums of series 
of higher orders. 


(iv) Putting 1 + a — c = —m in a transformation due to Bailey giving a nearly-poised 
sF, in terms of Saalschützian sF, [2, (4.5.2)], we get 


lS, 2S 1+а+ 
а, =, b а+т; 
2 _ (w-a—1 —m)(w — a) 


(w),, 


mei 


1+5, =+, —b-m, lcta—w; 


x ,F (6.10) 


3 
3+a—w—m a—w—m 
кайы ашна ы E = 
2 ae? Vs br 
Taking s=3 and putting a, =1+(a/2), a; = d, a =1 + a +m, z=1, p, = (4/2), 
p; = 1 + a — d, рз = w in (3.1) and then transforming m s. of (3.1) by (6.10), we get 


b c d, 1+а+т; 


5 1+а— 6, 1+a—c, 1+а-4, w 
_(у—а—1—т)(у—а)„-, 


2 (w),, 


(+a -ە-‎ o (52 +) (d), (1 + a + m), (1 + a — w), 


Oe — c" 
2 — T 3 — MW — 
or!(1 + a— b), (1 +a — c), (1 + a — 4), as) (c 


1+2+r, Lren —d—m, 1+a—w+r, 
7 2 2 2 (6.11) 
9 3+a—w—m a—w—m E 
2 uL cen lta dF — 


Ms 


А lyi ng (6.11) again on r.h.s. in (3.1), we get the following transformation for 
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a partial sum of „2; series 
a 
as In. es Il +5, d» ау, d4 l+a+ m; 


af; 


1+а—Ь, 1 -a—c, 


NIA 


l+a—a,, 1 +a — ay, 1 + a — aq, ps 


m 


(ps—a—m- l)(ps —a),., 
(P5) 


1+1 a 
m 4(i-c-ta—b-—c) ( = ) (i +5) (а,), (аз), (a4), (1 + a + m),(1 — p 5 + a), 
x y r VAL 
ror! +a— b), (1 +a—c),(1 +a—a,) (1 +a—a;),(1 + a— a,),(2 + a — ps —m);, 


1 +a +2r a+2r 
m- (l-ha—a)—43)) ss LE = (a+r) (1+ a +m + r), 
k = к 


LD - 
2, 
^79 k!(1 +a—a, +r),(1 + a— aş +n), (1 + a= a, en 


2 


а 
k 


з Aisha pee 


xX- ——— 
3--a—ps,—m-2r 
бет | 


a "^ а 
It zr stork, =, EE 


ja 
| 3+a+2r—p;—m k 2+a+2r—p,—m 
: - +k, ^ 


+k, 1+а—а,+т+К 


(m-—r-—k) 


Similarly, by repeating this process we get transformations for partial sums of series 
of higher orders. 


7. The asymptotic behaviour of zero-balanced , F, [1] and gE; [1] 


We begin this section by proving the following two asymptotic formulae for certain 
zero-balanced hypergeometric series: 


(A) If à, +% -- x4 +a, = B, + 83 + B4, RI(x3)> 0, Rl(«s) > 0 then as m— оо 


F 86 1 ET V(B,)E (B3) (B4) 
: Bis Ps. Ва m-1 L(x,)I (a5)T (a3) (a5) 


1 
Порт + L” + у} +0(=) (7.1) 


where y is Euler's constant and 


(Bi — 23), (B5 + B4 — x3 — 05), 


L” = – 2) — V(x,) — V(x;) + 5 (21). (x5), К 


V(z;)E(z;)F(x3)(f4 = xis 229) 
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x pos T —:045,05, 03; 3 — &s + 1, f 4 — «s + 1,1; 1] (72) 
B33-p4—a53-1:p,; 2 
(B) If a+b+c¢{0, —1, —2....] and RI(8s + $s —a — Б) > 0, then as the integer 
m tends to oc, 
eel sli atb+c—1, a,b.c,p;+fh,—a—b; 


F 2 

els yal 
= — bcc atc fs B6 

L(b-4- c)T(a- c)T (f 5) (Bo) 
Г(а+ b 4- c)F(a)F(b)T (ol (B5 + Bg —a — b) 
(a + b — fs) (a + b — B)V (GB T (Bg) 
(2 == = = ji 

КОЕШ АМЕ) КЕ gb) (a2 b 1) 


т 


b+c+1 
a a+b+c—1, a,b, ciat b— ße a+b—Bs. 1; 


КОЗ 
ohh a+b+c—1 
Quali ——9 b+c, a+c; 2 


m 


+0 [s | (7.3) 


Proof. We have that [See 10; p. 73 (7)] 
)r( 


F (жь); 16 r(, . 2 pe 
ЕВЕ 7) KE (B-a t bp-i E 


(БДР | 

E: F Er DES X 
0 К, DUARTE : 
3218, 0008,1) 

lx, TB, ат) 

pens Оо Ват, _ | 

0:р- 1:3 p-1 p-2 р p-1 p x] 
«ricco P MM 2 х ui 

(р2 3; Ке(х,) > 0) (7.4) 


One easily gets 
T(B,- 1 (8, 1) 


F Ira J 
PC (ВЕЕР ЭВ: т= 1 Te DE a i- i 79) 


(0,5); | 
4 Е + Bp-1— 9, х m-1 
(82-2 — 2,)(,-1 T a) T (B, - ;)T (B, - 1) 
Г(2,)Г(В,-2 + а 951900) 


mi 2 оз) 1008,-2 9+ Ya(Bp—1 — ap + D, х" 


? 2, 2, (B,-2 ar Bp- 1 Cl Шу [(B, —..) ] (2), К! 
Re(a,) > 0 (7.5) 
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by taking 45-17 —m-r land р, = — m+ 1, respectively. 
Taking p = 5, x = 1 and applying Ramanujan's asymptotic formula (2.5) on r.h.s. of 
the above equation, we get (7.1). 


Repeating this process for p= 6,7,... we can get the asymptotic behaviour of 
a zero-balanced ,F, . (1) series. 


Proof of (7.3). Proceeding exactly as in the case of (7.1), we can generalize (2.6) also. 


8. Concluding remarks 


Proceeding exactly as in the case of (4.1) and (7.1) we can obtain the generalization of 
a result of Evans and Stanton [5, Theorem 3, p. 1011, (1.11)] namely 
Ifa+b+c=d+eand Re (с) > 0, thenasu—1 with 0 < u < 1 


T(a)F(b)T (c) [ b, c; 
emi 


Г(4)Г (e) d.e u |= - tesa — u) + L+ O(1 — u)log(1— u)) 


(8.1) 


where L is defined by (2.4). 


On particularising parameters in this generalization, we get Saigo and Srivastava's 
result [10; p. 74, 75 (10), (11), (12)]. 
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Abstract. The present paper is in continuation to our recent paper [6] in these proceedings. 
Therein, three composition formulae for a general class of fractional integral operators had 
been established. In this paper, we develop the Mellin transforms and their inversions, the 
Mellin convolutions, the associated Parseval-Goldstein theorem and the images of the 
multivariable H-function together with applications for these operators. In all, seven theorems 
and two corollaries (involving the Konhauser biorthogonal polynomials and the Jacobi 
polynomials) have been established in this paper. On account of the most general nature of the 
polynomials S7 [x] and the multivariable H-function whose product form the kernels of our 
operators, a large number of (new and known) interesting results involving simpler poly- 
nomials and special functions (involving one or more variables) obtained by several authors 
and hitherto lying scattered in the literature follow as special cases of our findings. We give 
here exact references to the results (in essence) of seven research papers which follow as simple 
special cases of our theorems. 


Keywords. Fractional integral operator; general class of polynomials; multivariable H- 
function; Mellin transform; Mellin convolution. 
1. Introduction 


We shall study in this paper the fractional integral operators defined by means of the 
following equations 


RL foo] 


T mamn, y, viN. P.Q, M’, N’, P Q's. M”, №", PQ us vi, 
~ RES cud) посох а,Ь j: Bj... Вус. у.а)... c? Lan "E f(x)] 


x 7174-1 поо | (=) (1 -H fE -i ae 
С х х x х 
` V aV 
л тл Р Q MD ‚М',Р',О' 


MO NUD, PA, Q”, Ma Daas 
2rd jayne nD J By sss BNC Y jd js jue ana "Lfe9] 
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x Nun bo Р 
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Неге Six] denotes the ge eneral class of polynomials introduced by Srivastava 
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[12, p. 1, eq. (1)] 


[л/т] ( __ 
S"[x] = » ( 1) nk 


«=o К! 


Al nse @=@,Д (3) 


where m is an arbitrary positive integer and the coefficients 4, , (n, k > 0) are arbitrary 
constants, real or complex. On suitably specializing the coefficients A, ,, $7 [x] yields 
a number of known polynomials as its special cases. These include, among others, the 
Hermite polynomials, the Jacobi polynomials, the Laguerre polynomials, the Bessel 
polynomials, the Gould-Hopper polynomials, the Brafman polynomials and several 
others [16, pp. 158—161]. 

The H-function of r complex variables 2,,...,2, [15] occurring in the paper will be 
represented in the following form [14, p. 251, eq. (C.1)] 


21 ent (r) 5 
(4350,...,97), р: 


Hlz,..., 2] Hoe Mna 
, , „ОРДО io P? О ML 2 
А „ |j. BP: 


a(r) 


(Cp ias (7 Jj даре (4) 
(45,95, 95.5 (df ^ 00) go А 
The defining integral and other details about this function сап be found in the 
references given above. It is assumed throughout the present work that this function 
always satisfies the appropriate existence and convergence conditions of its defining 
integral [14, pp. 252-253, eqs (C.4- C.6) ]. 

То be specific, we shall assume throughout this paper that 


Лао) Ix| 20 


ШО Б КЕ ЕЕ 
It is easy to verify that the operator defined by (1) exists if 


(1) The quantities 4, v,u,,v,,...,u,,v, are all positive (some of them may decrease to 
zero provided that the resulting operator has a meaning). 


(ii) Re(a) + У v; min [Re(d?/00)] +1 > 0. 
і= 1 1sjsM" 
(iii) Re(y +7) + Y u; min [Re(d9/29)] + 1 >0. 
ї= 1 


1sjsmM” 
and the operator defined by (2) exists if Re(4) > 0 or Re(4) = 0 and Ке(у — ò) + 
У u, min [Re(d‘/5)] > 0, and the set of conditions (i) and (ii) specified for the 


i=1 1sjsmM" 
existence of the operator (1) are satisfied. 


2. The Mellin transforms and the inversion formulae 


f Theorem 1. If M /(х);5}, МАК" [ f (x) s) exist, Ке(1 + a) > 0, Ке(1+—5)>0 and 
| ali the conditions of the existence of the operator R'"^[ f (x)] are satisfied, then 


| ; LE Í De : CC-0. cuu M SH das: dM МКО); Б, S3 Foundation USA (9 k : 
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where 


bi(s)= Y Anges Hy QUE 


/ 2 
REM ( s n), . 2 : 
k=0 k 


(s—5 — ulsu;,..., ups (=a = Vk; 0; 5... (ао ER CU NE 


(—1+s—yn-—a—(u+ v)k;u; + v,,.--; u, + v,), (bg Bi- -BPa (6) 


the asterisk (*) in (6) indicates that the parameters at these places are the same as the 
parameters of the H-function of r complex variables occurring in (4) and M {f (x);s} stands 
for the well known Mellin transform of the function f (x) defined by the following equation 


F(s) = M {f (x);s} = | ax ! f (x) dx. (7) 
0 


Proof. From (7) and (1), M (R'^[ f(x)];s} = A (say) takes the following form 


S 3 | | E | Га: | Be F 50/6 ж =) HOC Zi 
С 9 x x x x 
EE -i [roar tax 
x x 


On changing the order of integration in the above equation (which is permissible under 
the conditions stated) we get 


s 3 |. "fol || m A AY g vss - [bla ( - 
0 А X х х x 
tV Nr 
(9) ( = x) |} (8) 
X x 


Now we express the general class of polynomials involved in the above equaticn in the 
series form and the multivariable H-function in terms of its well known Mellin-Barnes 
contour integral and interchange the order of summation and integration in the result 
thus obtained. The equation given by (8) now yields the following result after a little 
simplification 


коео Ü 
А= È k! An, efs Oe |, | r 


се 2 dé) |” улл лал? YER ced n We EOS 
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(x Rs е” vk + раба te mme Fur (9) 


Evaluating the x-integral occurring in (9) with the help of a known result [2, p. 201, eq. (6)] 
and reinterpreting the resulting multiple Mellin- Barnes contour integral so obtained 
in terms of the H-function of r variables, we easily arrive at the desired Theorem. 

If in the left-hand side of (5) we take n=0 (the polynomial $ will reduce to 
Ao. o Which can be taken to be unity without loss eae er, and put N = P= т = 0, 


0.09 = | NË = PË =0, dY =0, 90 = 1, и =v, =0а r), the 
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H-function ofr variables occurring therein reduces to the H-function of Fox [3] and the 
above Theorem reduces to a theorem which is in essence same as that obtained by 
Saxena and Kumbhat [11, p. 3, eq. (3.3)]. 


Theorem 2. If M (f (xs), M (W"?[ f(x) ];s) exist, Re(s + n) > 0, Re(1 + a) > 0 and the 
conditions of the existence of the operator W"'?[ f (x)] are satisfied, then 


МХИ" [/(х)];5} = P2(s)M { /(х);5} (10) 
where 
Inm) ( — п) „к a es 
" ф,(5) = Ў, k! An. € Hp+2.0+ 1:. 
k=0 g 2, 


ШБ теи) 0а vhs v... vy), (а; CA D (11) 
(—s—m—a-—(n- v)k;u, t 0,,...,u,+0, ) (bj: ВЕ В"), o: 

the asterisk (*) in (11) indicates that the parameters at these places are the same as the 

parameters of the H-function of r complex variables occurring in (4). 


Proof. If we follow the lines of proof as given in Theorem 1 and make use of another 
well known result [2, p. 185, eq. (7)] we easily obtain the Theorem 2. 
Again, if in the left-hand side of (10) we take п = 0 and reduce the multivariable 
H-function occurring therein to the Fox's H-function in the manner explained earlier, 
the above Theorem reduces to the other similar theorem obtained by Saxena and 
Kumbhat [11, p. 4, eq. (3.6)]. 
i jl It may be remarked that the Theorems 1 and 2 given above are also generalizations 
"ES uL of the theorems obtained by Saxena [10, p. 289, eqs (6), (8)] and Kalla [7, pp. 270-271, 
4 = eqs (34), (37)] for the operators studied by them. 
s On using the well known Mellin inversion theorem in (5) and (10) in succession, we 
TES arrive at the following interesting Theorems 


Theorem 3. 


Л +® + —0)1= im | НЕ M{R"[ f (x)];s) ds (12) 


gsm €— от Фф, (s 5) 
= where f (t) is of bounded variation at the point t = x (x > 0), the conditions stated with 
Ny e. 1 are satisfied and ф, (5) is defined by (6). 
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m bounded variation at the point t = x (x > 0), the conditions stated with 


tisfied and $,(s) is as defined by (11). 
is continuous at t = x (x > 0) then the left- hand sides of (12) and (13) 
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the H-function of Fox so obtained in terms of the generalized hypergeometric function 
in the usual way the Theorems 3 and 4 yield the inversion formulae which are in essence 


same as given by Goyal and Jain [4, p. 257, eqs (3.10), (3.11)]. 


3. The Mellin convolutions 


From a well known theorem by Titchmarsh [17, p. 60, Th. 44] we know that if 
f €L(0, co), ge L(0, oc), then (f*g)eL(0, оо), where 


(Г*д)х) = ٤ | "( ‘a (даг. (14) 
Following the lines adopted by Buschman [1], we shall define a function R™*(x) as 
follows 
1 V /x—1WV 1۱ /x— 1: 
R(x) = x 17*1 (x — 1)*U(x — 1)$7 [Ө (=) 389 C ) , 
x x DG x 
Ur —1Wr 
xd) (* ) | (15) 
DG x 


where U denotes the well known unit step function. It can be easily verified that 
R"*(x)e L(0, oo) if 


Re(a)+ У v, min [Re(d9? /5)] + 1 > 0, 


i91  1sjsM^ 


+ Уш min [Ке(4@ /509)] > 0. 


1sjsM" 


We can represent the operator (1) as a convolution of the form (14). Indeed, we have 


N 
co MIO a 
س‎ | ee XE X усо MN 
ero- Г) Ee | 
t t 
1 icd 1 ze 
STENT, DM EB Ус; NOCT: f (t)dt 
Ghee): 
=(К"*ж f )(x) (with the help of (14)). (16) 


Again, if we define 
W(x) = x"(1— х)" U (1 — x)S™[e(x)*(1 — x)" H [z; (х) (1 — x)”,... 
E oaa] (1 
On proceeding in a manner as indicated above, we have 


WOO = e) (18) 
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Also, W"*(x)e L(0, oo) for 


Ке()+ Y u min [Re(d®/ô®)]+ 1 >0, 


i=1 tsjsm™ 


Re(a)+ Y v, min [Re(d‘/5)]+1>0. 


i=1  IsjsM"^ 


Results given by (16) and (18) yield the corresponding results given by Buschman [1, 
pp. 99-101] if we reduce our operators to the simple operators studied by him. 


4. An analogue of the Parseval-Goldstein theorem for the operators defined by (1) and (2) 


Theorem 5. If 


(x)= RT'LfiC9] (19) 
and 
$2(x) = WT*Lf2()] (20) 
then 
MA fix )ф›(х)ах = | 00d» (21) 
0 


provided that the various integrals involved converge absolutely. 


Proof. We have from (2), | /,(х)ф,(х)а 


ЕСЕЈ 
0 0 t t 
Hl = g ys -iy оаа 


Changing the order of integration in the right-hand side of the above equation (which is 
permissible under the conditions stated), it takes the following form after a little 
simplification 


Ф Pu. ! В BE х\“ xWV x us x vi 
= || soki J^ (t — х)*$” [Ө ( -i) ILES ( = 0 
22 Ө = 3 fi ax Jat 


On reinterpreting the x-integral given in the above expression with the help of (1) we 


arrive at the required Theorem. 
The above Theorem is a generalization of a theorem obtained by Kalla [7, p. 271, eq. 


(38)] for his operators and provides an analogue of the Parseval- Goldstein theorem for 
the operators studied in this paper. 


5. Images of the multivariable H-function in the operators of our study 
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where the function occurring on the right-hand side of (22) is the H-function of r+s 
variables and the following conditions are satisfied. m- 

The quantities р, v,u,,U;,...,U,,U,,U,41,---,U,4, are all positive (some of them may 
however decrease to zero provided that the resulting image has a meaning), 


Ке(п+ 1) + У ш min [Re(d?/0?)]-- 12 0 and 
i=l 1sjsmM 
Re(x)d У v, min [Re(d/d)]+1>0. 
i-1 1S8js M" 
Also the number occurring below the line at any place on the right-hand side of (22) and 
throughout the paper indicates the total number of zeros covered by it. Thus (0,...,0)/r 
would mean r zeros, and so on. 


Proof. We have from (1), R?* (x! H[z, , ,x"***,...,z,4,x 7*]) 


E а Ji "(x — о: | e(2) (1 -£) |н|а(=) C -) 
@ x x x x 
«(s (i a EV Jem. 1 DRE 2:59 КД ЕП j dt. (23) 


Now expressing the general class of polynomials involved in the right-hand side of (23) 
in the series form given by (3) and both the multivariable H-functions in terms of their 
well known Mellin- Barnes contour integrals and interchanging the order of summa- 
tion and integration in the result thus obtained (which is permissible under the 
conditions stated) it takes the following form after a little simplification 
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Vé... SW (Gres Eras) 2177752006146, 4; 
x 
fee | TUBE SST Be — г) БУК + = 
0 
xc Ut v (utri) — (uy + г). (24) 


Evaluating the t-integral occurring in (24) with the help of a known result [2, p. 185, eq. (7)] 
and reinterpreting the resulting multiple Mellin- Barnes contour integrals so obtained 
in terms of the H-function of r 4- s variables, we easily arrive at the desired image (22). 


(ii) ИДА БОН ХЕР" рх vr]) 


[nim] ( II ST 
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where the asterisks (* *) in (25) indicate that the parameters at these places are the same 
as the parameters of the H-function ofr + s complex variables occurring in (22) and the 
quantities д, v,uU,,0,,-..,U,,U,,U,,1,---,U,,, are all positive (some of them may however 
decrease to zero provided that the searing image has a meaning), 


Ке(о) + У v; min [Re(d/5)]+1>0 and 
і=1 1sjsM" 
rts 
Ке(л—1)+ У u; min [Re(d??/09)] 0. 
i=1 1SjsM" 
Proof. If we follow the same method as given for obtaining the result given by (22) and 
use another well known result [2, p. 201, eq. (6)], we obtain the image (25). 
Images given by (22) and (25) are generalizations of the results obtained by Gupta 


(R) [5, p. 73, eqs (2.12), (2.13)]. 


6. Applications 


Now we shall make use of the Theorem 5 and the images obtained earlier in 


establishing two further theorems. 
-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


ES 


On unified fractional integral operators 61 


Theorem 6. If 
ф(х) = R'*[ f(x)] (26) 


then 
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where the asterisks (жж) in (27) indicate that the parameters at these places are the same as 
the parameters of the H-function of r + s complex variables occurring in (22) and the 
conditions of the existence of the operator К" f (x)] mentioned earlier are satisfied and 
the integrals occurring in (27) are absolutely convergent. 


Proof. On substituting the results given by (25) and (26) in the analogue of the 
Parseval-Goldstein theorem given by (21), we easily arrive at the required Theorem 


after a little simplification. 


Theorem 7. If 


ф(х) = W1*LfG9)] (28) 
then 
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(sia. am 2) т [roves (29) 
S. /n+i,p :** 


where the asterisks (**) in (29) indicate that the parameters at these places are the same as 
the parameters of the H-function of r 4- s complex variables occurring in (22) and the 
conditions of the existence of the operator W":*[ f(x)] are satisfied and the integrals 
occurring in (29) are absolutely convergent. 


Proof. On substituting the results given by (22) and (28) in (21), we get the required 
Theorem after a little simplification. 

I We take n=0, М=Р=0=0, M°=Q=1, № = p? =0, q0—0, =l, 
u; = v; = 0 and let 2;— 0 (i = 1,...,r) in Theorems 6 and 7, we easily obtain the results 
which are in essence same as those obtained by Mathur [9, р. 108, Th. 1; p. 112, Th. 2]. 

If we take e=p=1, v=0, m=1,A = Г(1 + ¢ + fn)/n!T (1 + © + Bk) in (26), the 
polynomial S}[t/x] reduces to the Konhauser biorthogonal polynomials 
Zi [(t/x)^: 8] [13, p. 225, eq. (3.23); 8, p. 304, eq. (5)] and if we further let v, =0 
(i = 1,...,r) therein, Theorem 6 takes the following interesting form. 


COROLLARY 1 
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f(x)dx (31) 
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1.0, 


where the asterisks (жж) іп (31) indicate that the parameters at these places are the same as 
the parameters of the H-function of r + s complex variables occurring in (22) and the 
conditions easily obtainable from Theorem 6 are satisfied. 

If we take 3 = І, in (30), we get the corresponding result involving the Laguerre 
polynomials L® [t/x]. 

If we take e=p=1, v=0, m=1,A,,=("75(6+ B + n + 1),/(é + 1), in (26), the 
polynomial 5; [t/x] reduces to the Jacobi polynomials [16, p. 159, eq. (1.6)] and if we 
further let v; = 0 (i = 1,...,r) therein, we arrive at the following result. 


COROLLARY 2 
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where the asterisks (жж) in (33) indicate that the parameters at these places are the same as 
the parameters of the H-function of r -- s complex variables occurring in (22) and the 
conditions easily obtainable from Theorem 6 are satisfied. 

Corollaries similar to those obtained above can also be obtained for Theorem 7 but 
we do not record them here explicitly on account of the triviality of the analysis 


involved. A number of other corollaries of Theorems 6 apg.7,involvingyanjous simpler 
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functions and polynomials can also be obtained but we do not record them here for lack 
of space. 
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Abstract. In this paper we have shown that one can obtain a curve, with prescribed maxima- 
minima, as a graph of a polynomial function. The proof involves elementary topology. * 


Keywords. Maxima-minima. 


We define an n-tuple (b, , b5,..., b,)e К” to bea maxima-minima sequence if b,; < Б›;_ | 
and 55, > ba; for all i = 1,2,...,[n/2]. Let P(t) be an (п + 1) degree polynomial over 
R and let P'(t) have n distinct real zeros a,,a5,...,a, with a, <a, <---<a,. For such 
a polynomial P, we say that ( P(a, ), P(a;),..., P(a,)} is the set of maxima-minima of P if 
P has maxima at а,;_; and has minima at а,; for all i= 1,2,..., [n/2]. Clearly, if 
{P(a,), P(a5),..., P(a,)} is the set of maxima-minima of an (n + 1) degree polynomial P, 
then the n-tuple (P(a, ), P(a,),..., P(a,)) is a maxima-minima sequence. 


Theorem. Let b,,b5,...,b, be real numbers such that the n-tuple (b,,b>,...,6,) is 
a maxima-minima sequence. Then there exists a real polynomial P of degree (n + 1) such 
that {b,,b>,...,,} is the set of maxima-minima of P. 


Towards proving this theorem, let us set the following: 
Let 


О = ((x1, X2. х) ЕВО С 
V = {(уџ,...,у,)ЄЕ"|у, > 0, (у|,..., Yn) is a maxima-minima sequence}. 


Since U and V are both intersection of certain open half spaces, they аге open and 
connected subsets of R”. Also, boundaries dU of апа ôV of V are given by 


and 


In the definition of C; for i odd MES yi, and for i even y 
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SS DE SER dehne 
g,{s) = П (x; — 5). 
i=l 


Let f (5) be the unique polynomial with /,(0) = 0 and 0/,/05(5) = g,(s). Define 


Q:R"—R" 
as 
XD (GE А ЧЫ) (292) ): 

Since f; vanishes at X4, X;,..., X,. js Ey x€U, f; has n distinct real zeros, namely, 
ШО < < x, In particular f, has maxima at х,,х;,... and 
has minima at x5, X4,..., İ.€., (fix, NS «scis /„(х„)) is а maxima-minima sequence! 
From the definition of fy, it is clear that f,(x, ) > 0. Thus (f (x1) f (x5)... f(x, NEV 
LER OG (x)eU, which aie that ®(U)cC V. For x=(x,,x2,...,3 x,)eB,; we have 
х= X; 1. Then f,(x;) = f,(x;- ,) and for i odd f,(x;) > f(x "ax for i even /,(х;) < 
f; 1). Thus, Ф maps each B, to the corresponding С,, for i = 1,2,..., n and hence by 


continuity B, to С,. Hence Ф maps 20 to 0V. 
Let us denote the restriction of ® at U by ф. 


Proof of the theorem. It suffices to prove that the map ġ:U — V is surjective (where 
p, апа V are described as above), and if(b,.b,,..., b,)is a maxima-minima sequence, 
then by adding a large positive number b to each b;, we can make b, + b positive. Let 
b,+b=b;. Then (b,,b5,...,b;)e V, hence by surjectivity of ф, there exists a real 
polynomial О of degree n + 1, such that (55. b5,..., b’ } is the set of maxima-minima of 
O. Let P(t) = Q(t) — b. Then the zeros of P' are same as the zeros of Q’. Let a,,45,..., а, 
be the n distinct zeros of Q' with 0 «a, «a, < -- <а,. Then Р(а;) = О(а;) – b= 
b; — b — b. Thus {b,,b,,....b,} is the set of maxima-minima of P. 

Surjectivity of the map ф is proved in two steps designated Lemma 1 and Lemma 21п 
the sequel. 


Lemma 1. The map ġ:U = V is an open map. 


Proof. We will show that the Jacobian of ¢ at x is non-zero for all xe U [1]. Let D(x) 
denote the Jacobian matrix of $ at x and let /ф(х) be the Jacobian of $ at x, i.e; 
J (x) = det(Dó(x)). The (i, j)-th entry D;; of the matrix ф(х) is given by: 

When i z j. 


_ f x) 
i 0х; 
д xp" 
= (— 1)" : +(-1)""'s, “ү. полк SX; 
0х; nal 
х"05 с 25. 
= (— Da 1 Xi S ES 
п 0х, j 3; "us 
where s, denotes the p-th symmetric function іп x,, X,,.... x,, and 


x" Os 05, 
1 nest Xi Dd d 
Dp = (== зуя элу о (0) DEG +e +x," 
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x? 0s Os 
з 1 1 ` , 
=(= NE —— eru) 
ntc X; CX; j 
XOS 05 
1 1 > : ~r 
=(— 1)" ах, since (х) = 0: 
: 1 CX; CX; Me 
[i wb 
Therefore, in general 
n МЕГА рус 
Diss (ЕЕ zi 22р 
1] a 


(n+1— р)дху 


Notice that Р, (х) = 0 for all j if x; = 0, and that Dj (x) = D;,(x) for all i if x, = ху. Also 
from the definition of Ф, we have (ex) = сФ(х) for any permutation matrix с. Hence 
J (tb) is a symmetric, homogeneous polynomial of degree n?, which vanishes if some x; = 0 
or x, = x, for some k #1. Thus x, x5: x, IT; (x; — х)? is a factor of J(®). Comparing 
the degree we deduce that J(®) is a constant multiple of хх: "х, IM; < у(х, — х). 
Thus /(Ф(х)) #0 for xeU. To see that /(Ф) is not identically zero, it is enough to 
observe that Р, (x) is a homogeneous polynomial of degree n, linear in x,, k # i and is 
independent of x; if j # i. Thus, the monomial x,-x3-----x2"~' occurs in the expansion 
of J(D) = det(D;;) precisely once: as the product (x, x,...x,)(x2x4...x,)... X2 Do; 
comes from the leading diagonal. 

This proves that ф is an open map. B 


Lemma 2. The map ф:О = V defined as in Lemma 1 is a proper ane hence a closed map. 


Proof. First we prove that the map b: R” > R" is proper. Assume that n > 1, since for 
п= 1 polynomial maps are always proper. Now, observe that Ф” !((0,0....,0)) = 
(ОКО 0). To see this, le xs (СИТЕ х„)єФ1((0,0,...,0)). Assume that 
xX (OO. 0). Note that if x; is a root of g,(s) of multiplicity k and f,(x;) = 0 then x; is 
a root of f, (s) of multiplicity К + 1. In our situation each x; is a simple root of g,(s) and 
f. (x;) = 0. Thus each x; is a double root of f,(s). This cannot happen for all i unless 
X = 0. Since, in that case the degree of the polynomial f,(s) will be at least 2n > n + 1. In 
particular Ф '((0,0,..., 0))= (0/0, 0) even when Ф is regarded as o: C" — С". 

To prove that the map P:R" > R" is proper, it suffices to show that the inverse image 
of the unit ball is bounded. Identifying R"\(0,0,...,0) with $"^! x R*,we can write any 
non-zero vector v as Av, where ||v,|| = 1. Note that each component of Ф(х) is 
a homogeneous polynomial of degree п + 1. Thus we have 


\Ф(ь)| = |b (2v,) || 
= 2"* ! |0) || 
SS 
= (11Ф(0) 1)" * "e, 
since (v, ) #0 and lies on a compact set. Now for ||Ф(ь)|| € 1 we have 
1 > 1Ф(0) 1 > elio) 1" * ". 


Thus, |/(v)|\"*! € 1/2. Hence the map Ф: R" ¬ К" is proper. CM 
Since the map Ф: "—› К" is proper and we have remarked that the map Ф maps 
boundary of U to the boundary of V, the restriction map ®, = ф; U > V is proper. This I 


completes the REP Egli pgs en злу Haridwar Collection. Digitized by S3 Foundation USA m 4 وا‎ 


p 
Р; T 1 it rur і 


68 Rama Shukla 


Now, by Lemma 1, ф(0) is an open set in V and by Lemma 2 #(U) is a closed set in V 
Since V is connected, 6(U) = V. Hence $9: U — V is surjective. This completes the proof 
of the theorem. o 


Remarks. (1) If (b,,..., b,)eR" is such that b,;_, > 0 for each i = 1,..., (n + 1)/2 when 
nis odd and b,; < 0 for each i = 1,..., n/2 when nis even; then there exists a polynomial 
P(t) of degee (n + 1) of the form 


P(t)=t(t —a,),...,(t—«,) 


for some %,,...,%,, such that {b,,...,b,} is the set of maxima-minima for P(t). Since 
a local homeomorphism which is a proper map is a covering projection [2], 9: U > Vis 
a covering map. As V is contractible, ф is a homeomorphism. 
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Abstract. Understanding Karmarkar' algorithm is both desirable and necessary for its 
efficient implementation, for further improvement and for carrying out complexity analysis. In 
this report an algorithm based on the concept of angular projection matrix, to solve linear 
programming problems is derived. Surprisingly, this algorithm coincides with the affine 
version of Karmarkar's algorithm 


Keywords. Karmarkar's algorithm; angular projection matrix. 


1. Introduction 


The quest for solution of general optimization problems led to applications of the 
differential calculus and to the development of calculus of variations. Optimization 
problems are of much interest because of their occurrence in numerous situations that 
arise in government, military, industry and in economic theory. 

Classical optimization techniques have been successfully employed in solving some 
ofthe optimization problems that are encountered in the physical sciences and engine- 
ering but are not found to be amenable to many new and important optimization 
problems that have emerged in the field of economics. 

In 1947 Dantzig had developed an algorithm known as simplex algorithm that can 
be applied to a special but very important class of optimization problems known as 
linear programming problems. But the simplex algorithm has exponential time com- 
plexity in its worst case. In 1979 Khachiyan had given a polynomial time algorithm [4] 
known as ellipsoid algorithm, for linear programming problems which is theoretically 
interesting but not superior to simplex algorithm in practice. More recently Karmarkar 
has given a polynomial time algorithm [2] based on projective transformation tech- 
nique for linear programming problems that has not only theoretical interest, but is 
claimed to be superior even in practice. This result has brought about a resurgence of 
interest in linear programming. 

Several papers have appeared since the inception of Karmarkar's algorithm in 1984. 
АП these articles dealt with either variation, extension or application of Karmarkar's 
algorithm. But none of them, at least to the best of our knowledge, have attempted to 
unearth the sequence of ideas that led to Karmarkar's algorithm. This is important 
because there is a consensus among the researchers that many crucial details of the 
implementation of Karmarkar's algorithm are not available. In this report, a sequence 
of algorithms representing the sequence of ideas that led to Karmarkar's algorithm, 
starting with an algorithm that solves the trivial linear programming problem wherein 
only the objective function and positivity constraints are present, have been derived. 


Each algorithm ig а modified version of the previous опе іп the sequence. Each 
69 
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modification is based on the observations that are listed. The final algorithm in the 
sequence can be seen to coincide with the affine version of Karmarkar's algorithm [1]. 
Therefore, these algorithms will aid in understanding the implementation details of the 
Karmarkar' algorithm. 

We address the trivial linear programming problem in § 2 and propose an iterative 
algorithm to solve this problem. 'Angular projection matrix for the general linear 
programming problem is discussed in $3. Special linear programming problem, 
considered in § 4, can be seen to have commonalities with the problem considered by 


Karmarkar. Finally, the algorithm that we propose in $5 can be identified with the 
affine version of Karmarkar's algorithm. 


2. Trivial problem 


Consider the following problem 


minimise Cx 


subject to x z 0. 


This problem is trivial because the solution can be easily obtained by setting those 
components of x to zero that correspond to positive components of c and other 
components of x to infinity. For example, if c = [1 — 1 J' then set x, = 0 and x, = cc. 
We will then have either minimum or infimum depending on whether the solution is 
bounded or unbounded. We differ from the usual practice and propose an iterative 
method to solve the above problem. Given an initial feasible solution x? >0 the 
iterative method converges to an optimal solution. At cach iteration this method 
calculates a new direction vector, by ‘angularly’ projecting the cost vector. By ‘angular 
projection we shall mean projection that deviates from orthogonal projection by an 
amount which in our case is dependent on the distances of the currently computed 
point from the hyperplanes that make up the feasible region. Therefore angular 
projection matrix for the trivial case is computed using the distances from the axes to 
the currently computed point. The iterative method is given in the following algorithm. 
Graphical explanation of the algorithm is given in figure 1 


2.1 Algorithm АІ 


step-1 Select an initial feasible solution x? > 0. 
step-2 Set y =c and k =0. 
step-3 Compute 


step-4 Compute 


x! =x" —ejy 


where 0 < € < 1. 
step-5 If the optimum is achieved then stop. 
step-6 Set k =k + 1, D, = diag (x1 x5x5... X н) 1S : a diagonal matrix with x^, i = 1,2,. 


as diagonal E 


Рус and ро to step 3 
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axis 
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7.0 - 


X 


6.0 F 


XI axis 
Figure l. Algorithm АІ applied to example I. 


Initially the direction vector is set to the cost vector in step 2. Step 3 can be seen to 
compute the distance of the nearest axis from the point along the direction vector. 
Note that — y is the actual direction vector because the cost function here is to be 
minimized. The new feasible solution is computed in step 4. If this feasible solution is an 
optimal solution then we stop. Otherwise in step 7, the direction vector is set to the 
angularly projected cost vector. Note that in the trivial case, D, is an angular projection 
matrix. This fact is transparent from the following observations. The procedure 1s 
repeated by start computing 2. The algorithm is illustrated by the following numerical 
example. 


minimise x; — X5 
subject to x; z 0. 
Note that c= [1 — 1]. Let x9 = [1 Ц and £ = 0:9: Then 
P= [pt — iE i il 
x1 = [1 1] - 0:9* [1 = 1] — [0-1 1-9] 
К = 1,D, =diag(0-1 1-9) 
у= [0-1 — 1-9],2 = 1 
x? = [0:1 1-9]! — 09«[0-1 — 1:9]' = [0:01 3:61]: 
k — 2, D, = diag(0:01 3:61) 
у= [0:01 —3:61]5,2-1 
x? = [0:01 3-61]' — 0:9 + [0:01 — 3:61]: = [0:001 6:859]: 


etC. сс-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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Observations 


Let the general linear programming problem be in the following form 
minimise с'х 


subjectto Ах=Ь 


x>0. 
Also, let 
Sexi). . E 
e n lle "E пел» 


where e; is a column vector with n components опе in the ith position and zeros 
elsewhere, I is the identity matrix and x* = (х*,..., x) isa feasible solution to the trivial 
linear programming problem. Then 


1. Q, is an angular projection matrix that projects a given vector angularly onto the 
coordinate axes. 

2. The coefficient matrix A is identically zero in the trivial case and hence Р=1„= 
[e;€5...e,] = I can be interpreted as the null space of A. 

3. Q,P = PD, = D, in the trivial case. 

4. D, is a positive definite matrix. 

5. Conventionally, if the currently computed solution x* is on a set of bounding 
hyperplanes, which we call the set of touching hyperplanes of the feasible region, 
we project the direction vector (the orthogonal projection of c onto the null space 
of A, denoted by с) orthogonally onto the intersection of the set of touch- 
ing hyperplanes and proceed to compute the next solution [5]. Note that this 
conventional procedure takes into account only those hyperplanes at zero distance 
from the point but not the remaining hyperplanes and their distances. Whereas 
the proposed algorithm computes ©, Pc = PD,c = D,c, angular projection of 
the direction vector; thereby giving weightage to all distances of the point from 
the hyperplanes. Therefore, if these observations are correctly translated to the 
general linear programming problem, it is reasonable to believe that the resulting 
algorithm will be computationally more efficient than the conventional algorithms. 
In our earlier paper [6] some of these observations were not correctly translated 
to the general case. Therefore the resulting algorithm inherited convergence 
problems, see [3]. 


3. Angular projection matrix for the general case 


It appears that designing an algorithm for general linear programming problems 
parallel to algorithm A1 is fairly simple if we have a method to compute an angular 
projection matrix in the null space of А (the coefficient matrix of the constraint set 
Ax = b) which projects angularly a given vector and possesses the above observed 
properties. But computing an angular projection matrix Q that has these properties is 
equivalent to computing w;s in the expression 


DEN E E ppt 


HE EHI 


ina nM 
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such that for some positive definite matrix W, QP — PW, where P is the orthogonal 
projection matrix that spans the null space of A. Note that P!P, = P,,. P; is zero if the 
ith column of P, i.e. P;, is zero. This happens if the ith coordinate axis is normal to the 


null space of А which is a special case and can be easily handled at the implementation 
level. Since P is symmetric and 


Ы m. я РЯ; NS 
Р РЕ и” | P;P,— wi |Р,...Р,— eam. 
ore [pi EQ hre (ит) n En] 


= PW, 
it follows that 
DP P 
]1—w, س‎ 4 —w,- 
Py, Py 
РАБ Р 
—0,—12 1—w — м —2" 
Ws Р, P5; 
P, P; 
— t = " 1— 
ны Dn W Рё Я 


We require W to be positive definite. So, first it should be symmetric. Therefore, w;'s 
must satisfy the following relations: 


БАЛ JP 55 Р (1) 


2 пп 


Since diagonal dominance together with symmetry is a sufficient condition for positive 
definiteness, choose w; so that they satisfy (1) and so that the choice results in a diagonal 
dominance of W. Assuming |P,,| < P22, | P,3|-< P55,... (which may not be the case), 
the choice of w; such that У", w; = 1, results W to be diagonally dominant and hence 
in positive definite matrix. But 


farther from a hyperplane, this is not reflected i in the W matrix A does in the 
corresponding D matrix of the trivial case. 


Since there is a breakdown in our line of thinking, let us t 


angular projection matrix expression and write do 
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angular projection matrix 


0=1- 


we have the following. 


1 —wi Я ]—w, 
P,P — ...— 


11 nn 


Requirements 


1. w; should be function of x;. 
2. If all P; are parallel (that is, if P, = К,Р, for all j and for some constant k ;) then we have 


Q=1—[n—(w,+w,+--+w,)] 44. 

11 
So, w, + Ww, +: +w, =n. Otherwise, the algorithm that we design based on this 
angular projection matrix may trace the same path again and again without actually 


improving the solution. 


4. Algorithm for the special linear programming problem 


If we choose w; = x; then according to our discussion, the following linear program- 
ming problem 
minimise  c'x 


subject to Ax — b 


that has from the second requirement an extra constraint XX; = п, can be solved by the 
following procedure, in which x? is an initial feasible solution. Note that the equation 
Jx, =n and the inequalities x, > 0 specify a simplex. So, the set of constraints Ax =}, 
Ух = n, x; > 0 specify a feasible region which is the intersection of the simplex and the 
space specified by Ax — b. Observe the commonality between this problem and the 


problem considered by Karmarkar. 


4.1 Procedure 
A b 
step-1 Set A — E ab d ‚апа k =0, where e=[11...1]. 
step-2 Compute P= — A" A and c, = Pc, where А” is the Moore-Penrose inverse 
of A. 
step-3 Compute 
„k 
4 - min fe > o} 
(NA 
and set k =k 4- 1. 
step-4 Compute 
xk = xk"! — £46, 
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step-5 Compute 


(1— x$) 
Q =I- —— P, Pi- 
3 Pr, S t 


үс: x* 
= M p pP. 


nn 
step-6 Compute c, = QPc and go to step 3. 


Projection matrix P whose columns span the null space of А and the initial direction 
vector c,, which is the orthogonal projection of the cost vector c onto the null space of 
А, Is computed in step 2. Step 3 computes the distance of the nearest bounding 
hyperplane of the convex polytope that specify the feasible region from the point along 
the direction vector. The new feasible solution is computed in step 4. Step 5 computes 
the angular projection matrix and in the last step new direction vector for the next 
iteration is computed by angularly projecting Pc in the null space of A. 

But computational experience shows that this algorithm does not converge to an 
optimal solution. For example the algorithm when applied to the problem 


minimise х; + 2х, + 3x, + 4x, 
subject to X, +X + X3 + X4—4 


x,20 


converges to [2:2322 1:2540 0:5138 0:0000] which is not an optimal solution. Optimal 
solution is [4 0 0 0]. 

However, the algorithm designed in the next section, based on this procedure, can 
easily be identified with the affine version of Karmarkar’s algorithm and hence can 
solve the general linear programming problem. 


5. Proposed algorithm 


Assume that the procedure given in $4.1 converges to an optimal solution and hence 
can solve the previously mentioned special class of linear programming problems. 
Then the natural question that arises is the following. How can we extend this 
procedure to solve the general linear programming problems? A way around this 
problem can be found if we can find a transformation that converts a general linear 
programming problem to a special linear programming problem and vice-versa. 
A method that incorporates this idea is the following. 

Let x* denote the solution of the given linear programming problem, obtained at the 
kth iteration. Also, let D, = diag(x1 х%...х®) be a diagonal matrix. If |х — x^^ | 
<2~", where L is the word length, then x* is an optimal solution. Otherwise, use the 
transformation x = D, y and append a new constraint 57. , y; =n to obtain the special 
linear programming problem 


minimise — (D,c)' y 
subject to AD,y — b 


п 
У =" 


ї= 1 


у20 
for which y? =445: alus amgiaitialfeasibls SALMIO Bios taS Ер МН $Ыргосейиге to 
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obtain a solution y!, which may not be optimal, of the special linear programming 
problem. Then compute x‘*! = D, y,. Increment К by one and repeat the process. 
Stepwise, the method is given below. 


step-1 Compute an initial feasible solution хо of the general linear programming 


problem and set k = 0. 
k 


step-2 Set D, = diag(xT x5... xf). 
AD 
step-3 | Pa| j=, ana уі= [1-1]. 


step-4 Compute P = I — Aj A, and c, = РР, с. 
step-5 Compute 


y 
42min 4—:c, » 0». 
с р, 


step-6 Compute 
JH 5 
Y = لر‎ 
where 0 < e < 1 and set j = j + 1. 


step-7 Compute 


Q-1— 


(I1) 
pp 
Py S nn 
step-8 Compute c, = QPD,c. 
step-9 If |y/ — y/^ ! | 2 27^ go to step 5. 
step-10 Compute x**! = D, у and set k = k + 1. 
step-11 If |x* — x* ! | 2 2^" go to step 2. 


Steps 2, 3 and 4 transform the general linear programming problem to a special linear 
programming problem for which y? = [1...1] is an initial feasible solution, compute 
orthogonal projection matrix P that span the null space of 4, and compute initial 
direction vector c, of the special linear programming problem. Steps 5 to 9 constitute 
the procedure described in $4.1 to solve the special linear programming problem. Step 
10 computes an improved solution of the general linear programming problem from 
that of the special linear programming problem. 


Observations 
1. Numerical calculations reveal that the algorithm converges to an optimal solution. 
2. Repetition of steps 5 to 9 is not contributing to significant improvement of the 


solution. 
3. Computational requirement of the steps 5 to 9 is of the order of п>, nis the number of 


columns of A. 


These observations motivate us to design the following algorithm. This new algo- 
rithm does away with angular projection matrix and related computation. It can be 
readily identified with the affine version of Karmarkar's algorithm [see § 1 of 1]. 


5.1 The algorithm 
step-1 Compute an initial feasible solution x? of the given linear programming 


et k =0 s= tsi 
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step-2 Set D, = diag(x‘ x’... хк). 


AD 
step-3 Set A, = | | 
е 


step-4 Compute P = I — A; A, and c, = PD,c, 
step-5 Compute 


а 3 1 
А= min Lee, > ol 
e , 
р, 


step-6 Compute 
1O 
y! — y? — eic, 
where 0 « e < 1. 
step-7 Compute x**! =D, y! and set k = К +1. 
step-8 If |x* — x*^! | z 2^" go to step 2. 
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Abstract. We show that the separating subspaces for the component operators of a densely 
valued homomorphism pair into an H*-triple system are contained in the annihilator ideal. 
Accordingly, the continuity of densely valued homomorphisms into H*-algebras and H*- 
triple systems with zero annihilator follows. 


Keywords. Homomorphism pairs; triple system. 


1. Introduction 


From the celebrated theorem by Johnson [14] our knowledge of the continuity 
properties of homomorphisms onto Banach algebras is fairly complete and satisfac- 
tory, even in the non-associative context [19]. However, it is still not currently known if 
densely valued homomorphisms into semisimple associative Banach algebras are 
continuous, even when the domain algebra and the coming algebra are C*-algebras. 
Rodríguez contributed in [20] to this old open problem stating the continuity of 
densely valued homomorphisms into (non-associative) H*-algebras with zero annihila- 
tor (we note that, by [3; Lemma 34.9], an associative H *-algebra has zero annihilator if 
and only if it is semisimple). 

As it has been announced in the abstract, in the present paper our main goal is the 
study of the continuity properties of densely valued homomorphism pairs into an 
H*-triple system. 

Since the paper by Ambrose [1] introduced associative H*- algebras and provided 
the corresponding structure theory, the frame of H*-algebras has been extensively 
studied, even in the general non-associative context [11, 12] and successfully developed 
in several directions. Concerning results on automatic continuity in this context, the 
first author proved in [23] that the separating subspace for a derivation on an 
H*-algebra is contained in the annihilator. The most important novelty of that paper 
was the introduction of techniques of central closeability in the treatment of automatic 
continuity problems. This line was successfully exploited in [20, 24, 25]. 

It should be pointed out the extensive treatment of some ternary H*-structures 
[4—10, 16, 18, 25-27]. Specially outstanding are the Hilbert triple systems introduced 
by Kaup in [16], who used them to solve the classification problem for a certain type of 
manifolds. H*-triple systems are a ternary version of the H*-algebras introduced in [5] 
for the Jordan case and they are a generalization of the Hilbert triple systems of [16, 18]. 

We note that, in the papers cited above, a nice structure theory has been developed 
for H*-algebras, Hilbert triple systems and H*-triple systems. Actually two crucial 


results in the theory of H*-triple systems will be used. - 
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Theorem 1 [7]. Every H*-triple system W is an orthogonal sum 
W = Ann(W) Ф Wo 


where Ann(W) denotes the annihilator of W and Wọ is an H*-triple system with zero 
annihilator. 


Theorem 2 [7]. Every H*-triple system with zero annihilator is the orthogonal sum of its 
minimal closed ideals which are topologically simple H*-triple systems themselves. 


An extensive investigation about the continuity of derivation pairs on Hilbert triple 
systems was achieved in [25]. In that paper, the theorem on derivations on H*-algebras 
was extended to Hilbert triple systems and central closeability was the fundamental 
tool. Now it is reasonable to extend the Rodríguez theorem on homomorphisms [20] 
to this ternary context. 


2. Central closeability in triple systems 


A linear space V over a field K endowed with a tri-linear triple product 
[—]: V x V x V> V is said to be a triple system. A normed triple system is a real or 
complex triple system V whose underlying linear space is a normed space and the triple 
product is jointly continuous. We define Banach triple systems as those normed triple 
systems whose underlying normed space is a Banach space. 

A real or complex triple system W is said to be an H*-triple system when the 
underlying linear space is a Hilbert space endowed with an involutive mapping x, which 
is linear in the real case and conjugate-linear in the complex one, and satisfies 
[xyz]* = [x* y*z* ] and 


(Exyz]Iw) = (xl [wz* y*]) = (yl [z*wx* ]) = (zl Ly* x* w]) 


for all x, y, z, we W. Here and subsequently (:|:) denotes the inner product of the Hilbert 
space W. For a given continuous linear operator F on W we denote by F` its adjoint 
operator. 
It is easy to verify that, for a given H*-triple system W, (xe W:[xWW] =0} = 
{xe W:[WxW] =0} = (xe W:DWWx] =0}. We write Ann(W) to denote the above 
set and it shall be called the annihilator of W. 

Let V be a triple system. A subspace U of V is said to be a subtriple when 

[UUU] c U. If x, y,ze V, then we denote by L(x, y), M(x,z), and К(у, 2) the linear 

operators of left, middle, and right multiplication оп V defined by L(x, y)(2)= 

M(x, z)(y) = Rty, z)(x) = [xyz], respectively. We define the multiplication algebra of V 

denoted by M(V), as the subalgebra of L(V) (the algebra of all linear operators on V) 

generated by all multiplication operators on V. For a given subtriple U of V let us 

denote by M,(V) the subalgebra of M(V) generated by the multiplication operators 

L(x, y), М(х, 2), and R(y, 2) where x, y, zeU. Note that, for a normed triple system V, 
every element in M(V) is obviously a continuous linear operator on V. Furthermore, if 

! U is a dense subtriple of V, then the elements of M(U) are nothing but the restriction to 
U of those of M,(V). This fact will be used in the sequel without previous comment. 
: Given elements x, y, and z in an H*-triple system W, we have L(x, y) = LFA 
M(x,z) = M(z*,x*), RU, z) = R(z*, y*), which immediately implies the joint continu. 
ЫЙ ссі аір aug dunk bere forec een ШУ 5333р УЕП is a Banach triple system. 


V s 
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Observe that, for a subtriple U of the H*-triple system W, (My(W)) = My.(W). 
Accordingly, M(W) is a self-adjoint subalgebra of the algebra of all continuous linear 
operator on the Hilbert space W. 

A subspace I of a triple system V is said to be an ideal if [IVV] + [VIV] + [VV T] c I. 
The definition of the quotient triple system is left to the imagination of the reader. 

We say that a triple system V is prime if [IV J] = 0 implies either I = 0 or J = 0, when 
I and J are ideals of V. A normed triple system V is called topologically simple if 
[VVV] #0 and V has no non-trivial closed ideals. 


PROPOSITION 1 


Let V be a prime (respectively, topologically simple) normed triple system. If U is a dense 
subtriple of V, then U is prime (respectively, topologically simple). 


Proof. Itis easy to check that the closure J in V of every ideal I of U is an ideal in V and 
the result follows. g 


Central closeability seems to be a powerful tool in the treatment of the automatic 
continuity problems into H*-structures, whose use was started in an earlier work [23] 
about the continuity of derivations on H*-algebras. Successively this technique has 
been used in the investigation of the continuity of densely valued homomorphisms into 
H*-algebras [20], random derivations on H*-algebras [24] and derivation pairs on 
Hilbert triple systems [25]. So it is not surprising that in order to investigate the 
continuity of homomorphisms we also apply techniques of central closeability. In the 
present paper several essential and supporting results in this direction are stated. 

A centralizer on a triple system V is a linear map f: V— V commuting with all the 
elements Pe M (V). The set of all the centralizers on V is called the centroid of V and we 
denote it as Z(V). Note that V may be viewed as a Z(V)-module. A partially defined 
centralizer on V is a linear operator f from a suitable non-zero ideal I of V into 
V satisfying: j 


/([хуг]) = [/(х)у2], f([yxz]) = [yf (x)2], and f([zyx]) = Ezyf 69] 


for all xel and y,ze V. 
In the sequel the triple systems V satisfying the following conditions will play 
a prominent role: 


C1: Every partially defined centralizer on V can be extended to an everywhere defined 
centralizer on V. 
C2: The centroid Z(V) determines a finite extension of the ground field. 


Actually, if in addition Z(V) is the ground field, then the triple system V is said to be 
centrally closed. 


Theorem 3. Let W be a topologically simple H*-triple system. Then W satisfies the 
conditions C1 and C2. Actually, Z(W) = С in the complex case and Z(W) is either R or 
C in the real case. 


Proof. On account of [10; Theorem 3], if W is a complex H*-triple system, then 
Z(W) = CI, and following the pattern established in [25; Lemmas 1-3 and Theorem 2], 


it may be concluded that W is centrally closed. 
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Now we assume that W is a real H*-triple system. In this case, from [10; Théorem 3], 
Z(W) is either the real or complex field and C2 follows. If W is the realification of 
a topologically simple complex H*-triple system, then a straightforward verification, 
taking into account what has already been proved, shows that the condition CI is 
satisfied and actually Z(W) = C/,,. Otherwise, according to [10; Proposition 6], the 
complexified W, (see [10; Proposition 5]) is a complex topologically simple H*-triple 
system. Partially defined centralizers on W could be complexified to get partially 
defined centralizers on W, which can be extended to everywhere defined centralizers on 
We. Therefore СІ follows. 0 


PROPOSITION 2 


Let U be a dense subtriple of a prime normed triple system V satisfying C1. Then every 
partially defined centralizer on U can be extended to a centralizer on V. Accordingly, if in 
addition V satisfies C2, then the partially defined centralizers on U, C(U), are a finite 
extension of the ground field with dim, C(U) € dim, Z(V). 


Proof. Let f bea partially defined centralizer on U. Let I be the set of those x in V such 
that x = lim f(x,) for some sequence {x,} in the domain of f, denoted by dom(/). 
converging to zero. It follows easily that J is a closed ideal of V. 

Now let xel, then x = lim f(x,) for some sequence (x,) in dom(/) converging to 
zero. For all yeU and zedom( f) we have: 


[xyz] = lim f (x,)yz] = lim[ f (x,)yz] = lim [x,y f(z) J = 0. 


Thus we have [JU dom(f)] =0 and so [IV dom(/)] = 0. By primeness I = 0 and this 
means that f is closeable as a partially defined operator from V into V. In the next we 
prove that the closure of f. say f ^, is a partially defined centralizer on V. We have to 
verify first that the domain, say J, of f 7 is an ideal of V. Given xeJ and у, ze V there 
exist sequences (х, } in dom( f) and (у, ), {z,} in U converging to x, y and z respectively, 
and f (x) = lim f(x, ). On the other hand lim [x, y,z, ] = [xyz] and lim f([x,y,2,1) = 
lim[ f (x,)y,2,] = [/ (x)yz], which shows that [xyz]eJ and f~ ((xvz]) = Lf (%)23- 
In a similar way we obtain that [yxz], [zvx]eJ. f ([ухт]) = [yf (х)2], and 
J [гух])= [zyf (x)]. Therefore f~ is a partially defined centralizer with domain 
J into V. By Cl, / can be extended to an everywhere defined centralizer on Ии O 


From Theorem 3, Proposition 1 and the preceding result we obtain the following. 


COROLLARY 1 


Every dense subtriple U of a topologically simple H*-triple system V with Z(V)= K is 
topologically simple and satisfies C1 and C2. 


Following the pattern established in [23-25] our next goal consists of providing 
| | | suitable sequences for the continuity problem. To this end we start obtaining am 
3 analogous result to [13; Theorem 3.1]. 


Lemma 1. Let V be a triple system satisfying Cl. Given x,,....xX,€V Z (V)-linearty- 


1 
{ X ' lc ЖШ 
f Ж cc AGREE CARLES eK Шуган бу Катары) = 0 Jor 1 <k <: - 


< 


LEES 
ES Ф. u 
4 er E 1 = a y 
iu 71 i. tos didis. 
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Proof. For n — 1 the result is trivially true and we assume inductively that the result 
holds for n. Now we assume that for all Pe M(V), if P(x,) = 0 for К —2,...,n-- 1 then 
Р(х,у) = 0. Define.7 = (Pe M(V):P(x,) = 0 for k =2,...,n}. Since obviously .7 is a left 
ideal of M (V), I = (P(x,, ,): Pe.Z] is an ideal of V. Furthermore by induction assump- 
tion J is non-zero. The mapping /:/ > V given by P(x, , 1) P(x, )is well defined and is 
clearly a partially defined centralizer on V. So it can be extended to a centralizer on 
V which, for abbreviation, we continue to write it as f. Since 0 = P(x,) — f(P(x,.,)) = 
P(x, = f(x,,,)) for each P in SI. By the induction assumption applied to 
Ху = (ХАЛ О SEE x, there exists Pe M (V) such that P(x,) = 0, К =2,...,n (i.e. Pe.7) 
but P(x, — f(x,,,)) #0, which is a contradiction. [mi 


Lemma 2. Let V be a topologically simple normed triple system for which Z(V) isa field 
and let G be a non-empty open subset of V. If PeM(V) and dim; y, P(V) = 1 then, there 
exists Qe M(V) such that (QP (V) G + Ø. 


Proof. Let ye V such that P(V) = Z(V)y and let xe V such that Р(х) = y. Since P £0, 
С ¢ ker(P) and so(V\ker(P)) ^ G is a nonempty open subset of V. From the topological 
simplicity of V it follows that there is Qe M(V) such that Q(y)e(V\ker(P)) ^ G. Since 
Q(y)éker(P) we have Q(y) = f(x) + z, for suitable feZ(V) and zeker(P). Therefore 


(QPy(f^'x)jef-'(QPQy—f *(QP)x-z-—f 'QUy-O00)eG. O 


Now we follow the traditional sliding hump procedure. To do this we construct as in 
[24] appropriate sequences having amazing properties, which allow us to put powerful 
automatic continuity principles into action. 


Theorem4. Let V bea topologically simple normed triple system for which Z(V) isa field 
and діт; уу V = oo and let G be a non-empty open subset of V which does not contain the 
zero. If V satisfies C1, then one of the following assertions holds: 


1. There exist sequences {x,} in V and {P,,} in M(V) such that: 


nj 
р, --P,x,=0 and P, PQx,eG YneN. 


n+l n 


2. There exists a sequence {Q,,} in M(V) such that: 
dim;,,Q,(V) 21  VneN, 
QXV)OGz Ø VneN, 
0,0,=9 ifm <n. 


Proof. In the first step we prove that 1 is obtained if dimz,, P(V) Z2 for all 
PeM(V) M0). From the topological simplicity of V, we obtain x,€ V and P,e M(V) 
such that P,x,€G and suppose that x,,...,x, and P,,...,P, have been choosen 
inductively such that P;...P,x;eG and Pj...P,x;.,—0 for j=2,...,k. Since 
dimz (P... P,)(V) > 2, there exists x,,,¢ V such that P,... P,x, and Py... Py Xx +1 
аге Z(V)-linearly independent, and so by Lemma 1, there exists Pe M(V) such that 
PP,...P,x, =0 and PP,... P,x,,, #0. From the topological simplicity of V there is 
Qe M(V) such that QPP,... P,x,, ,€G and we define P,, = QP. The sequences {X, } 


and (P, ) constructed in this way satisfy the requirements of the first assertion. 
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We assume that assertion 2 does not hold and we deduce the first one. Certainly we 
can assume that there is Pe M (V) such that dimz ,, P(V) = 1 and we apply Lemma 2 to 
obtain Re M(V) with dimz, R(V) = 1 and R*(V)^G 5 Ø. Let 2 be the set of all finite 
sequences (O, ^. , in M(V) satisfying: 


йтдууб„(И)=1  n—1,2,..., N, 


Q,0,,.— 0 if 1 <m<n<N. 


Since the singleton {R} lies in 2, this set is non-empty. Moreover, we consider in 2 the 
partial order defined by: 


(ONNES ОМ iff N<M and Q,-Q, for n=1.,..., N. 


тјт=1 


There is a maximal element (Q, )^.. , in 2, because we assume that assertion 2 does not 


hold. For every n = 1,..., N, let y,e V such that Q,(V) = Z(V)y, and О, (у,) £0. From 
the equality 0,0,,=0 if 1 m <n М, we deduce that {y,,..., ух} is a family of 
Z(V)-linearly independent elements in V. Now let x,€ V such that (y,...., yy. x4] is 
a family of Z(V)-linearly independent elements and, by Lemma 1, let P, € M(V) such 
that Р (у) =: = Р, (ук) =0 and P,(x,)#0. If dim4,4P,(V) = 1 then we apply 
Lemma 2 to obtain Qe M(V) such that the element О, , = ОР, has the property 
Qx.,(V)nGz Ø, trivially dimz,,Q,,,(V)— 1, and also Q,,,Q,=0 for all 
n=1,...,N. Thus, the sequence (Q, ]^ 7| lies in 2 which contradicts the maximality of 


njnz1 
(Q,}n=1- Therefore dim; ,,P (V) > 2, and thus there exists x,¢ V such that P, (x, ) and 
P,(x,) are Z(V)-linearly independent. Now let P,eM(V) with P,P,(x,)=0 and 
P,P,(x,)eG. Reasoning as above, we deduce that dim; (P, P, (V) > 2. We suppose that 
Xy, X and P,,...,P, have been choosen inductively such that P;,... P, x; , — 0 and 
P... P4x;eG with dimz(P;... P,)(V) > 2 for j =2,...,k. We get x, ,€ V such that 
P,...P,x, and P,..: P1x,, are Z(V)-linearly independent. Therefore, by Lemma 1 and 
topological simplicity there exists an element P, , , e M(V) such that Р, у... Рх, ОЕ 
Ppi- Pi X,, EC. Ifdim,,)(P,,,...P,)(V) 1, we apply Lemma 2, to obtain an element 
On, = OP, ,...P, in M(V) satisfying Ох. (V)AG#@, clearly dimz,40,, (V) = 1 
and Q,, , O, = Ofor n = 1,..., N. Consequently dimzy(P, |... P,)(V) 2 2. Finally the 
sequences (x, ) in V and (P,) in M(V) constructed in this way satisfy assertion 1. О 


According to Corollary 1, we may apply the preceding theorem to get the following. 


COROLLARY 2 


Let U be an infinite-dimensional dense subtriple of a topologically simple H*-triple 
system V with Z(V) = К. Then one of the following conditions holds: 


S1: There exist sequences {x,} in U and (P,) in M (U) such that: 
Pi41---P;X,=0 and P,...P,x,#0  VneN. 
S2: There exists a sequence (Q, in M(U) such that: 
dim, Q,(U) = 1 VneN, 
Q? 40 VneN, 
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3. Continuity of homomorphisms and homomorphism pairs 


Let U and V be triple systems. A linear map ®:U > V is called an homomorphism if 
Ф([ху2]) = [Ф(х)Ф(у)Ф(2)] 


for all x, y, ze U. 

For a given homomorphism Ф: — V, it is easy to check that the image (U) is 
a subtriple of V and the kernel ker ¢ is an ideal in U. 

Given x, y, ZEU, it follows easily that DL(x, y) = L(d(x), Ф(у))Ф, DM (x, z) = М(Ф(х), 
Ф(2))Ф, and ФК(у, 2) = К(Ф(у), Ф(2))Ф. So the subalgebra . í` of those PeM(U) for 
which there is Qe Mt, (V) such that ФР = ОФ, contains all left, middle, and right 
multiplication operators on U and therefore equals M(U). If U and V are normed triple 
systems and Ф is a densely valued homomorphism from U into V we obtain for every 
Pin M(U)a unique element $(P) in М, (И) such that ФР = ф(Р)Ф. So we can define 
an algebra homomorphism ф from M(U) onto Maw”). 

Recall that we can measure the continuity of an operator F acting between Banach 
spaces X and Y by considering its so-called separating subspace 


(Е) = (ye Y:lim F(x,) = y and lim x, = 0j. 


By the closed graph theorem it follows that F is continuous if, and only if, S (F) = 0 

It is easy to check that the separating subspace (Ф) for a densely valued homomor- 
phism Ф between Banach triple systems U and V is a closed ideal in V. 

For studying the continuity properties of densely valued homomorphisms into H*- 
triple systems we first require two fundamental principles from automatic continuity. 
The first one was stated by M P Thomas in [22; Proposition 1.3], but it should be pointed 
out that the underlying principle was used earlier by many authors [15, 17, 23, 24]. 


PROPOSITION 3 


Let X bea Banach space, (S, } a sequence of continuous linear operator from X into itself 
and (R,) be a sequence of continuous linear operators whose domain is X but which may 
map into others Banach spaces Y,. If F is a possibly discontinuous linear operator from 
X into itself, such that R,FS,...S,, is continuous for m > n, then R,FS,...S, is 
continuous for sufficiently large n. 

The second principle seems to be unstated, but as before the underlying principle was 


used by many authors [2, 24]. 


PROPOSITION 4 


Let X and Y be Banach spaces and F a possibly discontinuous linear operator from X into. 
Y. If {S,} and {R,,} are sequences of continuous linear operators on X and Y respectively 
such that FS, — R,F is continuous for all neN and S,S,, = 0 if n < m then FS?. and so 
К2 Е, is continuous for sufficiently large n. 


Proof. Suppose that the result fails. It is then possible to choose a strictly increasing 
sequence n of natural numbers and a sequence {x, } in X satisfying: 


(i) lx ll < Tus zs, eh. 
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(ii) IFS? (x) > k || Ra || + + |[R, F — S, F|VkeN. 


k-1 
F ( Ў, 5,3, ( 
j=1 


Defining x in X asx = У S, (x;) we have, for all keN: 
j=1 


a. k=l 
FS, (x) = Д у X) = Е2 (х) + F ( рУ. 5, (х). 
ЕП j-1 


j= / 
and so 
IR, F(x) || z FS, xl — (К, Е FS, )х|| 
k-1 
> | FS; х -|г( » 5.5, (| SIRKE ES, 
j=1 
> КК, |. 
Hence ||F(x)|| > k for every keN which is impossible. IE] i 


Lemma 3. Let Ф be a densely valued homomorphism from a Banach triple system V into 
an infinite-dimensional topologically simple H*-triple system W. If (®(V))* satisfies S1, 
then Ф is continuous. 


Proof. There exist sequences {х„} in (D(V))* and {Р} in Mq. (W) = (Ma (WY 
such that: P,_,...P,x,=0 and P,...P,x, x 0 WneN. For every neN, we choose 
S, &M(V) such that ф(5,) = P;. Let R, be the continuous linear operator defined on 
W by К (х) = (x|x,). For all xe V and m, neN, we have: 


R,®S,...S,,X = (DS, ... S, x|x,) = (f(S,... S, 
= (05)... (S, )bx|x,) = (Р; Р; Фх|х,) 
= (Ox|P,,... P, x,) 


)Фх|х„) 


m'* 


which equals zero if m > n. From Proposition 3 it follows the continuity of the operator 
R,@S,...S,, and so the continuity of the functional x->(Mx|P,...P,x,) on V, for 
sufficiently large n. The linear subspace of W defined by I = {ye W:xe(d(x)]y) is 
continuous on V} is closed by the Banach-Steinhauss theorem and it is easy to check 
that 


LL (b(V))* (b(V))*] + E&b(V))* 1(b(V))*] + [(Ф(У ))*(b(V))* 7] c I. 


Since (Ф(И))* is dense in WI is a closed ideal of W containing the non-zero elements 
P,... PiX,» for sufficiently large n. Hence I equals W by topological simplicity. The 
continuity of every functional xt>(®(x)|y) (ye W) shows that (Ф) = 0 and conse- 
quently the continuity of Ф.. LJ 


Lemma 4. Let Ф be a densely valued homomorphism from a Banach triple system V into 
a topologically simple H*-triple system W with Z(V) = К. Then ker ® is closed in V. 


Proof. It is obvious that ker ® is an ideal in V and Ф(КегФ) is a closed ideal in W. If 
Ф(КегФ) = 0, then ker®=ker® and the claim follows. Otherwise, by topological 


simplicity, D(ker b) = W and the restriction V = (b —; i5 a densely valued homomorphism 
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from ker (P into W. Let us denote by y the algebra homomorphism from M (ker ®) onto 
M ——(W) associated to VV. 


(Ker) 

Assume that W has infinite dimension. (V (ker Ф))* is infinite-dimensional and, by 
Corollary 2, satisfies either S1 or S2. 

If (V (ker @))* satisfies S1, then the preceding lemma shows that Ҹ is continuous and 
so ker V is closed in ker ®. Since ker ¥ = ker (b, this is a contradiction. 

On the other hand, if (V (ker b))* satisfies S2, then there is О in ا‎ say Ala) with 
dim, Q(W) = 1 and Q* #0. Since dim, Q'(W)— 1 there exist x,.x,€ W such that 
Q'(x) = (x|x)x; Vxe W. Furthermore (x5|x,) #0, since (O°)? #0. Set S — (X5 Iq yt 


Q'e M, ccs) and note that S40 and 5? = S. Let kery denote the closure in 


М(КегФ) of keri, which is obviously a subalgebra of М(КегФ) containing all 


multiplication operators on ker ®. Therefore ker y = M (ker O). Since Seve eli W) 


there is P in ker y such that y (P) = 5 and we choose Reker y such that || R — P| <1. 
The completeness of the domain, ker®, implies that (I — P + R)F = І for 


a suitable invertible continuous operator F from ker onto itself. Hence 
У = УО — P+ R)F 
= (¥ — УР + YR)F = (Y — yY (P)Y + V(R)P)F 
= (¥ — SY)F = (Ту = $)\РЕ 


and so one — S is a densely valued continuous linear operator from W into itself. Sra 


S(Ij, — S) = 0, we conclude that 5 = 0, a contradiction. 
ас that W has finite dimension. Let (y,..... Ymy à basis in W. By Lemma 1, 
there is Qe M(W) such that Q(v,) ZO and Q(y,) 2 0 Kk —2,...,m. It is clear that 


dim, Q(W) = 1 and we apply Lemma 2 to get ReM(W) with dim, R(W)=1 and 
R? 4 0. Since V(ker) = W. R eM —_(W) and we take S = y^ '(R")eM (ker 0). 


Ҹ(КегФ) 
Now we argue as in the preceding step to get a contradiction. jer] 
x a 
PROPOSITION 5 
Let Ф be a densely valued homomorphism from a Banach triple system V into a topologi- t3 
cally simple H*-triple system W with Z(W) = K. Then Ф is continuous. ^ 


Proof. By the preceding result we can drop the homomorphism Ф into a densely valued 
homomorphism Ҹ from the Banach triple system U = V/ker® into W. Let us denote 
by y the associated algebra isomorphism from M(U) onto My,,,(W). It suffices to 
prove that W is continuous. To do this we need only consider an infinite-dimensional W. 
In such a case (V (U))* satisfies either S1 ог S2. 

If (V (U))* satisfies S1, then according to Lemma 3, we have ¥ continuous. 

Otherwise, (V (U))* satisfies S2. For each neN, we define S, — {(0;). Also уе — 
define А, = Q7. The operators S, — К„\Р equals zero, and so "they are continuous. - 
Moreover, it is easy to check that Suse = 0 if n < m. Proposition 4 shows that ! 
operator R2Y is continuous, and thus (Rz) = 0, for sufficiently large n. зы 
Lemma 1 3] S (Y) c ker(R2) for sufficiently large n. Since (V) is a чн 


W and R; # 0, 0%. пахв oos serere is copus заш 
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Theorem 5. Let be a densely valued homomorphism from a Banach triple system 
V into an H*-triple system W. Then the separating subspace S (4b) is contained in the 
annihilator of W. Accordingly, ® is continuous if W has zero annihilator. 


Proof. We have divided the proof into many steps. 

I. Assume that the ground field is C. If W is ап H*-triple system with zero 
annihilator, then we apply Theorem 2. Let J be a minimal closed ideal of W and r, the 
orthogonal projection from W onto J. We consider the densely valued homomorphism 
x, from the Banach triple system V into the topologically simple H*-triple system 
I for which Z(I) = € ([10; Theorem 3]). It follows from Proposition 5 that л,Ф is 
continuous. By [21; Lemma 1.3], (Ф) с ker(z;) and so (.%(Ф) |1) = 0. The equality 
(SY ($)|I) = 0 holds for every minimal closed ideal J of W and applying Theorem 2 we 
get (F (b)| W) = 0 and hence (Ф) = 0. 

The general case will be reduced to that proved above by means of Theorem 1. W is 
an orthogonal sum W = Ann(W) Ф И, where W, is a complex H*-triple'system with 
zero annihilator. Let л denote the orthogonal projection from W onto Wọ. It can be 
easily verified that xO is a densely valued homomorphism from V into Wo. лФ is 
continuous and so [20; Lemma 1.3] (Ф) с кегл = Ann(W). 

II. Assume that the ground field is R. We consider the algebraic complexified Ve 
and We of V and W, respectively, and the only complex homomorphism Ф, from V. into 
Ис extending Ф. W, is endowed with a natural structure of complex H*-triple system [10; 
Proposition 5] and V, may be endowed with a norm for which И, becomes a complex 
Banach triple system (this can be made as in the algebra case [3; Proposition 13.3]). From 
what has already been proved, it may be concluded that (Ф) c Ann(W.). Since 
J^ (Oc) = (Ф) Ф197 (Ф) and Ann(W.) = Ann(W)G iAnn(W), our claim follows. o 


A couple (V,,V_) of linear spaces over a field K together with trilinear triple 
products [---],:V, x V. x V, 5 V, and[---]_:V_ x V, x V И. is said to be 
a pair. Normed pairs are defined as those real or complex pairs whose underlying vector 
spaces are normed spaces and the triple products are jointly continuous. We define 
Banach pairs as those normed pairs (И, , V_) whose underlying normed spaces V, and 
V_ are Banach spaces. 


Examples.1. Let X and Y be normed spaces and let us denote by BL(X, Y), the normed 
space of all continuous linear operators from X into Y. Then (BL(X, Y), BL(Y, X)) is the 
classical example of normed pair where the triple products are both defined by [abc] — abc. 
2. If V is a triple system, then (V, V) becomes a pair for the products 
[xyz], = [xyz]- = [xyz]. 
Given two pairs (U , , U_) and (V, , V. ), a couple (®,, ®_) of linear mappings 9;: 
U, — V, is said to be an homomorphism pair if 


Ф„([хуг]„) = [9,(3) - ,(y)0,(z)], 
for all x,ze V,, ye V-a and ce{+, — ). 
Theorem 6. Let (D , , b...) be a homomorphism pair from a Banach pair (V , , V_) into an 


H*-triple system W. If the operators Ф. and Ф_ are densely valued into W, then the 
separating subspaces «(Ф , ) and S(®_) are contained in the annihilator of W. Accord- 


deale Фе ad ds, are continuous if W has zero annihilator. 5 
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Proof. We consider the Banach space V = V, @ V_ and define a jointly continuous 
triple product on V by 


IE 291677 УД) E2572) =([x y-z Jes [xy ez 12): 


The same construction applied to W gives the so-called H*-triple system polarized of 
W (see [8]), and we denote it as W,. It is a simple matter to see that the linear map 
Ф from V into W, given by ®(x,,x_)=(®,x,,®_x_)is a densely valued homomor- 
phism. From Theorem 5 it follows that (Ф) c Ann(W,) = Ann(W)@ Ann(W) and 
this completes the proof, since S (d) = Y(D, )@®SY(M_). g 


From Theorem 5 we deduce the Rodriguez’s theorem on the continuity of densely 
valued homomorphisms into H*-algebras. Recall that an H*-algebra is a real or 
complex (possibly non-associative) algebra B with an algebra involution ж, which is 
linear in the real case and conjugate-linear in the complex one, and whose underlying 
linear space is a Hilbert space in which the equalities (ab|c) = (a|cb*) = (b|a*c) hold for 
all a, b, ce B. 


COROLLARY 3 


Let Ф be a densely valued homomorphism from a complete normed algebra A into an 
H*-algebra B. Then the separating subspace (Ф) for Ф is contained in the annihilator of 
B. Accordingly, Ф is continuous if B has zero annihilator. 


Proof. We endow the Hilbert space W = BG B with the jointly continuous triple 
product given by [(a,,a5)(b,,55)(c,,c5)] = ((a4 55)c,, c5 (b,a2;)) and the involution 
given by (a,,a,)* = (a$, af). W becomes an H*-triple system. In the same way the 
Banach space V = АФ А becomes a Banach triple system. The map VY from V into 
W given by (a,,a,) = (Фа,,Фа„) is a densely valued homomorphism and therefore 
ФР(Ф) Ф. (o) = (X) c Ann(W) = Ann(B) Ф Ann(B), which ends the proof. m 
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Abstract. This paper concerns with the problem of determining the anti-plane dynamic stress 
distributions around four coplanar finite length Griffith cracks moving steadily with constant 
velocity in an infinitely long finite width strip. The two-dimensional Fourier transforms have 
been used to reduce the mixed boundary value problem to the solution of five integral 
equations. These integral equations have been solved using the finite Hilbert transform 
technique to obtain the analytic form of crack opening displacement and stress intensity 
factors. Numerical results have also been depicted graphically. 


Keywords. Moving Griffith cracks; elastic strip; Hilbert transform; stress intensity factor. 


1. Introduction 


In recent years, scattering of elastic waves by cracks of finite dimension in a strip of 
elastic material has been investigated by several investigators. The theory of cracks in 
2-dimensional medium was first developed by Griffith [3]. Sih and Chen [7] solved the 
problem of a uniformly propagating finite crack in a strip of isotropic material under 
plane extension. Singh et al [8] also studied the problem of propagation for a finite 
length crack moving in a strip under anti-plane shear stress and gave the closed form 
solution. In the above analysis, the usual method of solving mixed boundary value 
problems by integral transforms is used to reduce the problem to a Fredholm integral 
equation of second kind and then proceed to its numerical solution. 

As regards the crack problem research has been restricted mainly to the case of one 
or two cracks because of the severe mathematical complexity encountered in solving 
the problems of three or more cracks. Jain and Kanwal [6] solved the low frequency 
solution of diffraction of normally incident longitudinal waves by two co-planar 
Griffith cracks in an infinite isotropic elastic medium. Using a completely different 
technique Itou [5] solved the diffraction problem of elastic waves by two co-planar 
Griffith cracks in an infinite elastic medium. Problems on three coplanar Griffith cracks 
moving steadily in an elastic strip has been solved by Das and Sarkar [2]. 

To the best knowledge of the authors, the problem of stress distribution around four 
co-planar Griffith cracks in a strip has not been investigated so far. In this paper we 
have considered the problem of propagation of four co-planar Griffith cracks moving 
steadily in an infinitely long finite width strip under antiplane shear stress. Cracks are 
assumed to be moving steadily along a fixed direction with a constant speed V less than 
the shear wave velocity in the medium. The application of two-dimensional Fourier 
transforms reduced this problem to that of solving a set of five integral equations with 
cosine kernel and weight function. Employing finite Hilbert transform technique [9], _ 


the closed form solutions are obtained when the lateral boundaries are subjected to р 
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shearing stresses. The dynamic stress intensity factors and the crack opening displacement 
have been evaluated numerically for various values of crack velocity and distance 
between the cracks and the results have been presented by means of graphs. 


2. Formulation of the problem 


We first consider a strip of elastic material occupying the region — й < Y’ < h' referred 
to a fixed co-ordinate system (X', Y', Z’). The strip extends from — œ to oo in 
X'-direction and contains four coplanar Griffith cracks such that these cracks are 
located in the region —d'xX'«c, —b’< X'<—-a’, a<X' <b', c <X' «d, 
|Z'| < о, Ү = 0 moving at a constant speed v in the X’-direction. 

In dynamic problem of antiplane shear, there exists a single non-vanishing compo- 
nent of displacement W = W(X’, Y',t) in the Z’-direction. The corresponding stress 
components are 


Eo 4 (21) 
СХА ау Ота avi e 
where р is the shear modulus of elastic material. 
The two dimensional wave equation for W(X’, Y', t) is given by 
д? Ow 18W 
AWA C ae (2.2) 
ОХО Ес; дг 


where c; = (д/р)!? is the shear wave velocity and p is the density of the material. 

Using Galilean transformation, x' = X' — Vt, у = У, z = Z', t' = t where (x’, y, z) 
represents the translating co-ordinate system and also normalizing all the lengths with 
respect to d' so that x’ — d'x, у = d'y, a = ad', b' =bd', c' = cd', k = d'h, W = d'w, 
(figure 1) equation (2.2) reduces to 


Qw 0w 
@ ЧО 23 
0x2 gy? e3 
with 


s= 102/2, (2.4) 
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cosine transform 


and 
2ч 
A(x)=—| А,(ё)со$(ёх)аё 
T Jo 
we obtain the solution of equation (2.3) as 
2 © 
w(x, y) = + zf [A,(c)exp(— č|y|s)+ 4,()ехр(ё|у|5)] соѕ(ёх)а& (2.5) 


0 


with ( y Z 0) 


2us [© 
e, (x) = -f [A; (č exp( — ё|у|з) — 42(8) ехр(ё|у |51 cos(čx)dě 
0 
(2.6) 


where s is the positive root of equation (2.4) and A, (č), A,(€) are the unknown functions 
to be determined. 

In our case uniform shearing stress p is applied to the upper and lower boundaries 
у= +h of the strip. The equivalent problem in our case involves the application of the 
shear stress — p to the crack faces at y — $. Accordingly, the boundary conditions are 


с,.(х, €) 20, 0«x«oo (2.7) 
w(x,0)=0, xel,lj7; (2.8a—c) 
G,.(x,0)=—p, xel, l4 (2.9a—b) 


where I, = (0, a), I, = (а,Ь), I} = (b, c), 14 = (c, 1), Is = (1, oo). 


3. Solution of the problem 


Using the expression for w(x, y) from (2.5) in (2.7) it has been found that 


and 
А(&)ехр(— 2¢hs) 


29) 1 + exp (— 2£hs) 


where А(ё) is to be determined from the boundary conditions. With the help of 
boundary conditions (2.8) and (2.9), A(é) is found to satisfy the following set of five 
integral equations 


| ^ A(@cos (E) dé о ае (3.1a-c) 
о 
апа 

EH (Ehs) А(Ә)соз(ёх)а = 22, xel, I4 (3.2a-b) 


S 
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where 
1 — exp(—2¢hs) 


Мыр ы N tanh(Zhs). ( 
GCE e (83) 


H,(&hs) = 
In order to solve the set of five integral equations given by equations (3.1) and (3.2), let 
us take 


b 1 1 ы | 
А(&) = al (u?) cosh(eu) sin(éu)du + = | h(v^)cosh(ev)sin(£v)dv. (3.4) 
In (3.4), g(u*) and h(v?) are unknown functions to be determined from the boundary 
conditions and e = z/2lis. 

Using the following result [4] 


л 
|, sin (ču)cos(čx) , ale u>x>0 
2 E j 0 x>u>0 


it is found that the choice of A (č) satisfies equations (3.1a, c) if (и?) and h(v?) satisfy 


b 
| д(и2) cosh(eu)du = 0 (3.5a) 
and 
1 
| h(v) cosh(ev) dv = 0. (3.5b) 
Now (3.2a-b) may be written in the form 
d oo 
sl tanh(éhs) A(£)sin(éx)dé = n xel», 14. (3.6a-b) 
Substitution of (3.4) in (3.6a) and use of the following result [1] 
č  tanh(£hs)sin(£u)sin(£x)d£ Rd 0 ARE + sinh (eu) x sinh (eu) 
0 2, sinh (ex) — sinh (eu) | 
yields 
? UG(U?) л 
калын ا‎ J 
| Ui id 5 Р(х), (4<Х <В) (3.7) 


where cosh(eu)= U, cosh(ev) = S, X =cosh(ex), А = cosh(ea), B = cosh (eb), C= 
cosh(ec), D = cosh(e), glu?) = G(U?), h(v?) = H (S?) and 


p SH c 
в =| Sm 5 dS. (3.8) 


Using the finite Hilbert transform technique [9] the solution of equation (3.7) is 


та В? — x? 2 
2 کے‎ — — 
G(U )- 2 "md X2 А? U? 2 x? л В? Ба U? 


A = — B? ө В, 
52 425202 "N (в? US 


(A<U<B) 9) 
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where B, is à constant to be determined from (3.5a). Substitution of expression for A(é) 
from (3.4) in (3.6a) yields with aid of (3.9) the following singular integral equation 


2 


involving H(S?) 


Е S? — B? SH(S?) 1592 X?— B? 2рА? 
Je NS-A SEU AN SE E 
X? — В? л X?(B? — A?) B? (n B 
X 415—5 J TL =. = Ss 60 | — SS Е( = — 
(ZE) Ё B(X? — А?) a) (3.4) + | 


(3.10) 


where q = (B? — A?)!?/B and Е(ф, К), П(ф, n, К) are elliptic integrals of first and third 
kind respectively. 
Again, using finite Hilbert transform technique [9] it is found that 


e 9 7 2 ZER 2 D 
H(S?) = 2S А дө 2 
л N (S^ — B^)(D* —S^)| us (Je 
(D? — Y?(B^—Y?) dY 
(Y? — A*)(C? E Y?y(S? = Y?) 


(02 = x? (x? — В?) 
(X* - 6)) = A?) 


(S? — B?y(S? A C?) (D? — S?) 


(C<S<D) (3.11) 


D? — A? В, | B,J/S?—A? 
Jp у 


the constant B, occurring in (3.11) is to be determined using the condition given by 


equation (3.5b). 
Next, substituting the value of H(S?) from equation (3.11) in equation (3.9) G(U?) 
may be written in the following form 


„ 2 [0°—А?р[ (Вв?—Ы?) f „ fx X(B* — A?) 
7) =— = yoy) ena | Tir ДӘ ТУД АП PEESI SGI SE 
eA саа el gone rant E B(X? — А?) ) 


(р X2) (X2 = B2) ds 
(X2 S162) (0X: 2 = A E U) 


(02 — y?)(B?—Y2) dY | 
(Y?— A2)(C? — Ү?)(Ү? - U2) 
(B?!—Y?) dY (D? — A?)(C? — U2 
(Y? -42)(Y?— a а" (S — A3)(D? — =) 
B,(U? — A)? 
(A<U<B) (3.12) _ 


i ubstitute H (S?) and 
To determine the values of the 1 LRQA ERAS 1805,8 pad Bo We se on USA ( ) 


x — зт" 
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G(U?) given by (3.11) and (3.12) in (3.5a, b) and obtain 


p e (EK Ea) at Кыз) (3.132) 
ш RK,Kg + КК; 
B A кк Kua) Kat Ko (3.135) 
Че RK,K,-- К.К; 
where " 
D M,(S) 
Ke -| M,(X)dX | yr 52 5 (3.14) 
B D M, S 
fa] мау | i3 2) ) ds (3.15) 
i A coe Y 
А P M,(U) 
Kor | M,(X)dX | окту? ЧО (3.16) 
E M,(U) 
se ЖОЙ) m 0290 (3.17) 
т (^ М,(0) B M,(U) 
3 4) Gut К. КОРЕЕ? e 
D D 
M,(S) T M,(S) 
= => = ds 3.19) 
Es | gp К 4i $2 — С? ( 
(D? —T?)(T? — B?) 1/2 
1) =| mm || , 
M,( ) (i762) (2215742) 
i (T2 — A?) (T? — C?) 1/2 T 320) 
мт [es = T?) Т? g 1 ( Н 
апа 
п |D?—A? 
R= – = Chaat (3.21) 


4. Stress intensity factors 


The corresponding displacement and stress components in the plane of the cracks may 
be written as 


1 B 2 
|а, 


w(x,0) == BET 
1 (? SH(S? 
-if 8) d$, xel, (4.1a, b) 


e Jx JS? —1 


2usX| (8 UG(U?) D SH(S?) 
[о,„(х,0)]0<х<а= ا‎ es F 205 (4.2а) 


2usX| (^ UG(U? D SH(S?) 
о E 0m [| peau + [т ps 20 


x? 5 yz 
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2 2 
[o,.(x,0)],. , X oe l JU + [3 SHS Sess] (4.2c) 
A 


Using the results given by (3.11) and (3.12) the expressions (4.2a—c) yield after some 
algebraic manipulation, the results 


2us 


[о (Х,0Дбех<а = == UE (X) — F,(X) — F4(X) + F4(X) 

— F(X) — F(X) — ЕХ) — Fg(X)] (4.3a) 
oC ONE = TR (x _Е,(Х) + F3(X) + F(X) 

— F(X) F(X) — F,(X) Fs (3JJ (4.3b) 


[,:(.0],. , =F, (X) — F(X) + F(X) + F4(X) 


= F(X) - Fq(X) — F(X) + Е. (Х)] (4.3c) 
2pX D (D2 - YZ) (Y — B2) 1/2 л Ү?— A? 1/2 
Fi) === T2 ANT УРА (y2 yz )| y1—- pg? 
ли$ ) | (Y? — C2)(Y? — А?) 2(Y? - X?) | Y? —B 
20 2511/2 2 — р?22|12 
ras PEE + 180(Х, nar (4.4a) 
B^—X* Da— Bs 


| 2pX B (D? = Y*)(B2 Y?) 1/2 п 
— mus J4 | (C? — Y2)(Y2— 42) оха) 


È Lad B?)(A? = IK) 


where 


(D? — B?)(B* — X?) 


B,X E (C? — B?) 1/2 B. 228 em 
eum c BI +) || езт) (4.4c) 


т (4? — X?) 1/2 
rane в cep t J 


+ куз | (4.44) 


1/2 
| Гра ZI (4.4b) 


F(X) = 22x [^ Кри 
5(Х )- THS (Ү? — CY? — А?) 
(D? — A*)(C? — X?) 2 
5 m eom] — LX, Y) |dY 
(4.4e) 
FAX _ 2pX B (D? — Y?) (B? — Y?) 1/2 a С? — xX? 1/2 
= |, СУЗУ 42) | (EXD DE 


1/2 D? =A 
To el, Msc "JN + A(X, nar (44f) 
CC-0. Gurukul Kangri po Collection леа by S3 Foundation USA 


98 J Sarkar et al 


B,X a (D? — A?) 1/2 C2 — x? 1/2 C? — А? 1/2 
Fm cess | Ir RC xs P" =a | 


+ 124.4 | E 


B,X D? — A?) 2 
F,(X)= x, ВЕЕ E 


(C* 


E12) 1/2 
—À31——— 3. 44 
— m (448) 


(44h) 


Q S? m R? (Y? —P?) 1/2 ч (U? EN Р?)( ү? -oT 
Q.S = 1 
n | G =] (xe = A E lic: — U?) (Y? — P?) 


(Р? — Х? 1/2 K 
| m 
Т UdU 

[(R? 3 U?)(S? = WAE 


| PS 


m 


(Q^ — U?) (P? — X?) 


(44i) 


S2—R'N((p—x?y]2 — .[(U?— P5? – Х|: 
05 ا‎ m 
Ep i | (=: Je 2:] E i: UK | 


1 [2 — pyra 
"207-5 


x log 


[(U? — P?)(Q? — ¥2)]"2 — [((Q? — U?)(Y? — P^] 


x UdU 
[(R? ne U?)(S? 3 TE 


[(U? — P?)(Q? aT Ү?ү|!?? E. Ко? zm 


| 


(44)) 


(Y° — РУШЫ 


2 = Xe) iL 2 g2 
sgo- fian: | | U(S? —R?)dU 
P (= [( 


U?)(P? — X?) 


Q 2 2 
KeS = -1 (U =/е 
ш | {a le =U 


(44k) 


D * É T 
З) (Q^ — X?) 


(0° — U*)(P? — X?) 


x an o = U(2U? — R? — S?dU 


[(R? — 
X,- [(A? —X?)(B? —X212. X= [(C? — 


The dynamic stress intensity factors are given by 


N,- Lt [2(a—x)]'? cues 
js. О<х<а 

:(х,0) 

= _ вур |2:00) 
Ny= ца, POTOA 

N.= Lt [2(c х)1'? 9y, (x, 0) 
с Xx-C-— P a 2 
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(4.41) 


(2)? ХШ 
(4.4m) 


(4.5a) 
(4:5b) 


(4:5c) 
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T c. (x, 0) 


(4.5d) 


x1 


With the aid of the results given by (4.3) in (4.5) it follows that 


Nic = us / A B 


a [e(A2 — 1) 2(g2? — A2ypuz ^1 (4.62) 


B 2. 42 (0^2 2111/2 
Кыра e _ 2p [B -ANC -B "ову 
./e(B? — 1)2 y2 TELLS (D? — B?) 


< (С? — В?)( ?) y3 
„Гонар осн AC? Азур? z] B, 


" (B? — A?) jp 
(C? — B?)(D? — В?) 2 (4.6b) 
z usEC(C? — А?)]!? 
Ne = ~ te(c? = ie? - By CTE (4.6c) 
TDD оро Om O 
а e(D2-1)2|_ mus|  (D—B) 
В D (D? Lai C?) 1/2 
«LJ, enr | oon} [e omen] ^ 
(D? — A?) 1/2 
: le emu 1| в. | (4.64) 


where 
[(Ү? — А?)(Ү? —В?)(Ү? € C2 


[(B? — Y? 
(Y? — A?)(C? ED Y2)(D? E vem 


G,(Y)= (4.7a) 


С,(Ү) = (4.75) 


The crack opening displacements are obtained by using the expressions for G(U?) and 
H(S?) from (3.12) and (3.11) in (4.1а, b). 

Again letting a — 0 and simplifying, it may be noted that the results (4.6b), (4.6c) and 
(4.6d) become those given by equations (3.14) of Das [1]. { Tis 


5. Numerical results 


The numerical values of stress intensity factors (SIF) N,, №, N. and N, given by _ 
(4.6a-d) at the tips of the crack have been plotted against crack speed (V/c;) for 
different values of crack lengths, separating distances of the cracks and strip width 
TOS the length; of the outer cracks and distance between inner ang оер 


speed (01 1< Vie, < 1) for different lengths of the inner cracks (a = 0: 


width (A= 1, 3 Do, Lt. js, КӨНӨ хон 8 BARES, даву 23 
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е 


NE c 
gure 3. Stress intensity factor N, vs. V/c;. 
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Figure 5. Stress intensity factor N, vs. V/c;. 
(=== h= 1, —— h=2, -----h=5) 
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Figure 6. Stress intensity factor N, vs. V/c,. 
(---h=1,- h=2,-----h=S) 
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Figure 7. Stress intensity factor №, vs. V/c;. 


(--=h=1, —— h=2, -----h=5) 
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E— 


Figure 8. Stress intensity factor N, vs. V/c;. 
h=2,-----h=5) 


(---h=1, 


Figure 9. Stress intensity factor N, vs. V/c,. 


(ES hm 1, h=2,—-—--h=5) 


rapidly as V/c; > 1 and with the decrease in the value of inner crack length i.e. with the 
increase in the value of the distance between inner cracks the value of SIF decreases. 
Similar effect on SIFs can be found with the increase in the value of b when lengths of 
the outer cracks and the distance between inner cracks are kept fixed. 
Next, keeping the lengths of the inner cracks fixed (a = 0:2, b = 0:4) it is seen from the 
graphs (figures 6-9) that the value of SIF N, is higher for higher values of c(0-6, 0-8). But 


the nature is opposite in case of N,, N, and №,. 
In all the cases mentioned above the SIF increase with the increase in the value of 


Vie, gradually at a slow rate in the beginning but increase rapidly as V/c, — 1. Also the 
value of SIFs are higher for lower values of h in these cases. 
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Abstract. Let Lbea Lie group and A a lattice in L. Suppose G is a non-compact simple Lie group 
realized as а Lie subgroup of L and GA = L. Let aeG be such that Ada is semisimple and not 
contained in a compact subgroup of Aut(Lie(G)). Consider the expanding horospherical subgroup 
of С associated to a defined as U* = (geG:a "ga" >e as n— оо). Let О be a non-empty open 
subset of U* and п; оо be any sequence. It is showed that O72, а" QA = L. A stronger measure 
theoretic formulation of this result is also obtained. Among cther applications of the above result, 
we describe G-equivariant topological factors of L/A х С/Р, where the real rank of G is greater 
than 1, P is a parabolic subgroup of G and G acts diagonally. We also describe equivariant 
topological factors of unipotent flows on finite volume homogeneous spaces of Lie groups. 


Keywords. Limit distributions; unipotent flow; horospherical patches: symmetric subgroups; 
continuous equivariant factors. 


1. Introduction 


Let G be a connected semisimple Lie group with no compact factors and of R-rank z 2, 
P a parabolic subgroup of G, and Г an irreducible lattice in С. It was proved by 
Margulis [M1] that if 9: G/P — Y is a measure class preserving I -equivariant factor of 
G/P then there exist a parabolic subgroup Q containing P and a measurable isomor- 
phism yy: Y С/О such that y^ is the canonical quotient map. The topological 
analogue of this result was obtained by Dani [D3], who proved that, in the above 
notation, if $ is continuous then ү can be chosen to be a homeomorphism. On the other 
hand the result of Margulis was generalized by Zimmer [Z1] in the measure theoretical 
category. This result was later used in [SZ] for describing faithful and properly ergodic 
finite measure preserving G-actions. It was suggested by Stuck [St] that the following 
question, which is a topological analogue of Zimmer's result, is of importance for 
studying locally free minimal G-actions. 


Question 1.1. Let С be a simple Lie group of R-rank > 2. Suppose that С acts 
minimally and locally freely on a compact Hausdorff space X. Suppose there are 


G-equivariant continuous surjective maps X x GIRS Y X such that Wed is the 
projection onto X, where G acts diagonally on X x G/P. Does there exist a parabolic 
subgroup О containing P and a G-equivariant homeomorphism p: Y > X x G/Q such 
that роф is the canonical quotient map? 

The above mentioned result of Dani says that this question has the affirmative 
answer if X = С/Г. Г being a lattice in С. In this paper we consider the case when С is 
a Lie subgroup ofa Lie group Lacting on X = L/A by translations, A being a lattice in 
L. To analyze-thésreassavge Uolteny Háueven ethedrobitequcofrefdaanuq4D3]. To adapt M 
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Dani's proof for the general case one needs the following theorem 1.1, which is 
a non-trivial generalization of its particular case of L= С (cf.[D3, Lemma 1.1]). Its 
proof involves, in an essential way, Ratner’s theorem [Ral] on classification of finite 
ergodic invariant measures of unipotent flows on homogeneous spaces. 

For the results stated in the introduction, let L denote a connected Lie group, 
А a lattice in L, r: L Г/Л the natural quotient map, and и, the (unique) L-invariant 
probability measure on L/A. 


Theorem 1.1. Let G be a connected semisimple Lie group. Let aeG be a semi-simple 
element; that is, Ad(a) is a semi-simple endomorphism of the Lie algebra of G. Consider 
the expanding horospherical subgroup U~ of G associated to a which is defined as 


U+ —(ueG:a "ua" 5e as п оо). 
Assume that U * is not contained in any proper closed normal subgroup of С. Suppose that 
G is realized as a Lie subgroup of L and that n(G) = L/A. Then 

ТО HU = L/A. 


In particular, if P is any parabolic subgroup of С and n(G) = L/A, then т(Р) = L/A. 


In the case of L = G this result is well-known (see[DR, Prop. 1.5]). Actually theorem 
1.1is a straightforward consequence ofa technically much stronger result stated later in 
the introduction as theorem. 1.4. 

Using the techniques of [D3] along with theorem 1.1 and the result of Ratner [Ra2] 
on closures of orbits of unipotent flows on finite volume homogeneous spaces, in the 
next result we provide an affirmative answer to Question 1.1 in case when X = L/A. In 
this case we are able to relax certain other conditions in the question as well. 


Theorem 1.2. Let G be a semisimple Lie group of R-rank >2 and with finite center. 
Suppose that G is realized as a Lie subgroup of L such that the G-action is ergodic with 
respect to uj, and that G,x = Сх for any xeL/A and any closed normal connected 
subgroup G, of G such that R-rank(G/G,) < 1. Let P be a parabolic subgroup of G and 
consider the diagonal action of G оп ЦА x С/Р. Let Y be a Hausdorff space with 
a continuous G-action and 9: LIA x G/P — Y a continuous G-equivariant map. Then 
there exist a parabolic subgroup О >P, a locally compact Hausdorff space X with 
a continuous G-action, a continuous surjective G-equivariant map h: L/A — X, and 
a continuous G-equivariant map y:X х G/Q Ү such that the following holds: 


1. If we define p:L/A x С/Р X x G/Q as p(x,gP) = (фү(х), gQ) for all xeL/A and 
geG, then 


$ — yep. 
2. There exists an open dense G-invariant set Xy c L/A such that if we put 
Zo = $, (X0) x G/Q and Y, = V(Z,), then Zo =~ (Yo) and y lz, is injective. 


Furthermore if Y is a locally compact second countable space and @ is surjective, then 
Y, is open and dense in Y and y/|7, is a homeomorphism onto Yo. 


In the next result we classify the G-equivariant factors of L/A, in particular we 
Е : iD f 
describe the factor eu A ¬» X appearing in the statement of theorem 1.2. The proofo 
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this result uses the theorem of Ratner on orbit closures of unipotent flows and the main 
result of [MS]. 


DEFINITION 1.1 


Let A, be a closed subgroup of L. A homeomorphism т on L/A, is called an affine 
automorphism of L/A, if there exists ceAut(L) such that c(gx) = с(9)т(х) for all 
xe L/A,. The group of all affine automorphisms of L/A, is denoted by Aff(L/A, ). It is 
endowed with the compact-open topology; i.e. its open sub-base consists of sets of the 
form {teAff(L/A, ):t(C) c U}, where C is a compact subset of L/A, and U is an open 
subset of L/A,. 


Remark 1.1. (1) Aff(L/A,) is a locally compact topological group acting continuously 
on L/A,. (2) If ceAut(L) is such that c(^,) =A, and if ge L, then the map т on L/A, 
defined by t(hA,) = ga(h)A, for all heL is an affine automorphism. (3) Let A, be the 
maximal closed normal subgroup of L contained in A,. Define L— L/A', and A, — 
A, /A,. Then we have natural isomorphisms L/A = L/A, and Aff(L/A,) = Aff(L/A,). 


'Theorem 1.3. Let G be a subgroup of L which is generated by one-parameter unipotent 
subgroups of L contained in С. Suppose that С acts ergodically on L/A. Let X be 
a Hausdorff locally compact space with a continuous G-action and ф: L/A — X a continu- 
ous surjective G-equivariant map. Then there exists a closed subgroup ^, containing 
А, a compact group К contained in the centralizer of the subgroup of translations 
by elements of G in Aff(L/A,), and a G-equivariant continuous surjective map 
V:KNL/A, > X such that the following holds: 


1. If p: ША > KNL/^;,is defined by p(gA) = K(gA,), VgeL, then p is G-equivariant and 
ф = yep. 


\ E en a neighbourhood О of e in Z,(G), there exists an open dense G-invariant subset 
Co of L/A, such that for any xe Xy and ye L/A , if V(K(x)) = Y (K (y)) then ye K (Qx). 
5 this situation, further if Gx = We then K(y) = K(x). 


N 


The above description of topological factors of unipotent flows is also of independent 
interest. The measurable factors of unipotent flows were described by Witte [W]. 
The next result is an immediate consequence of theorems 1.2 and 1.3. 


COROLLARY 1.1 


Let L be a Lie group, ^ a lattice in L, and G a connected semisimple Lie group with finite 
center, realized as a closed subgroup of L. Suppose that the action of G, on L/ is minimal 
for any closed normal subgroup G, of С such that R-rank(G/G,) < 1. Let Y be a locally 
compact Hausdorff space with a continuous G-action, P a parabolic subgroup of С, and 
ф:1/А x G/P > Y a continuous surjective G-equivariant map, where G acts diagonally on 
L/A х С/Р. Then there exist a parabolic subgroup О of G containing P, a closed subgroup 
^; of Lcontaining ^, and a compact group K contained in the centralizer of the image of 
G in Aff(L/A,), such that Y is G-equivariantly homeomorphic to (K\L/A,) х (G/Q) and 
ф is the natural quotient map. 

In particular if, as in question 1.1, there exists a map V: Y > L/ such that Wed is the 
projection on the first factor, then ^, — A and K is trivial. Hence Y is G-equivariantly 
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For the purpose of other applications, we obtain a stronger measure of theoretic 
version of theorem 1.1. Before the statement, we recall some definitions. 

For any Borel map T: X > Y of Borel spaces and a Borel measure A on X, the Borel 
measure T, 7 defined by T, A(E) — A(T :(Е)), for all Borel sets E с Y, is called the 
image of À under T. 

For any Borel measure и on Г/Л and any ge L, the translated measure g: on L/A is 
the image of u under the map xe—gx on L/A. 

On a locally compact space X, for a sequence (jj of finite Borel measures and 
да finite Borel measure, we say that ш, >р as i— oo, if and only if for all bounded 
continuous function f on X. [xf du; fx f du as і э oo. 


Notation 1.1. Let G be a connected semisimple real algebraic group. Let A be an R-split 
torus in G such that the set of real roots on A for the adjoint action on the Lie algebra of G 
forms a root system. Fix an order on this set of roots and let A be the corresponding system 
of simple roots. Let А? be the closure of the positive Weyl chamber in А. Let {a,},., bea 


sequence іп A* such that for any «eA, either sup; ,,(a;) < oo or u(a,) — со as i оо. Put 


qf op ih ‘ 1 
U’ = {geG:a; *ga;>e as і оо). 


Theorem 1.4. Consider the notation 1.1. Assume that U* is not contained in any proper 
closed normal subgroup of С. Suppose that G is realized as a Lie subgroup of L and that 
n(G) is dense in L/A. Then for any probability measure 2 on О * which is absolutely 
continuous with respect to a Haar measure on UF, 


ayz,(4)— Hj, as iro. 


In other words, for any bounded continuous function f on L/A, 


im | Лата) = | Шад 
у: 


i-o LJA 
In particular, for any Borel set Q of U* having strictly positive Haar measure, 


U ar z(Q) = L/A. 
ieN 

Using this theorem we obtain the following generalization of a result due to Duke, 
Rudnick and Sarnak [DRS]; their result corresponds to the case of L = С. First we need 
a definition. 

Let G be a semisimple Lie group. A subgroup S of G is said to be symmetric if there 
exists an involution c of G (i.e. с is a continuous automorphism and c? = 1) such that 
S = {geG:o(g) = g}. For example, any maximal compact subgroup of G is a symmetric 
subgroup, for it is the fixed point set of a Cartan involution of G. 


COROLLARY 1.2 


Let G be a connected real algebraic semisimple Lie group realized as a Lie subgroup of L, 
S the connected component of the identity of a symmetric subgroup of G, and (gi)iew 
a sequence contained in G. Suppose that (S) is closed and admits an S-invariant 
probability measure, say itg. Also suppose that n(G,) is dense in L/A. for any closed 
normal subgroup G, of G such that the image of (g;) in G/(SG,) admits a convergent 
subseqiténe Ihre Weiqereitiddadfwaneaienes Uigitzedtoreadrayesoton USA that is, for every 
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bounded continuous function f on L/N, 


lim f (g;x)d pg (x x. fdu, 
i= со п(5) 

In the case of L = С, Eskin and McMullen [EM] gave a proof of this result using the 
mixing property of geodesic flows. The main technical observation in their proof is 
what they cail ‘а wave front lemma’. In the general case of L > б, our analogue of the 
wave front lemma is theorem 1.4. 

Using the arguments of the proof of corollary 1.2, one can also deduce the following 
result from theorem 1.4. 


COROLLARY 1.3 


= G be a connected real algebraic semisimple group realized as a Lie subgroup of L. Let 
{0;} be a sequence in G. Suppose that n(G,) is dense in L/A for any closed normal 
subgroup G, of G such that the image of (g;) іп G/G, admits a convergent subsequence. 
Then for any Borel probability measure 2 on G which is absolutely continuous with 
respect to a Haar measure on G, 


g;it,(À)— Mj as i- oo. 
In particular, for any Borel set О of G having strictly positive Haar measure, 


[UPS дт ZUN 
ieN 
The main result of this paper is theorem 1.4 and other results (except theorem 1.3) are 

derived from it. The main steps of its proof are as follows. First suppose that the set of 
probability measures (a;z,(4):ieNj is not relatively compact in the space of all 
probability measures on L/A. Using an extension of a result of Dani and Margulis 
[DM2], in $2 we see that there exist a nonempty open set О c U +, a finite dimensional 
representation V of L, a discrete set {y;:ieN} c V, and a compact set K c V such that 
a,Q:v; c К for infinitely many ieN. Via some observations about representations of 
semisimple Lie groups, in $5 we show that the conditions mentioned above lead to 
acontradiction when we restrict the representation to G. Now let a probability measure 
и be a limit distribution of the sequence {a;-7, (4)). We observe that uis U * -invariant. 
Using Ratner's [Ral] description of finite measures on L/A which are ergodic and 
invariant under the action of a unipotent subgroup, in $3 we conclude that either 
и = Hr, Or и is non-zero when restricted to the image under л of some strictly lower 
dimensional ‘algebraic subvariety' of L. Using techniques developed in [DM1, Sh], 
DM3, MS], in $4 we see that in the later case the above type of condition on a finite 
dimensional representation of L must hold, and this again leads to a contradiction. 
Thus ш = ш, and hence иу is the only limit distribution of {а Ha}. 


2. A condition for returning to compact sets 


In [DM2] Dani and Margulis proved that large compact sets in finite volume 
homogeneous spaces have relative measures close to 1 on the trajectories of unipotent 
flows starting from a fixed compact set. This result was generalized in [EMS1] to 
a larger class of higher dimensional trajectories. In these results one considered only the © 
case of arithmetic lattices in algebraic semisimple Lie groups defined over Q. Heres we F - 


modify them to include the case of any lattice in any Lie group. 
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Notation 2.1. Let G Бе а Lie group and g the Lie algebra associated to С. For d, meN, 
let 2, „(6) denote the set of continuous maps O: R" > G such that for all c, ae" and 
Xeg, the map 


teRrAdeO(tc + a)(X)eg 


is a polynomial of degree at most d in each co-ordinate of g (with respect to any basis). 
We shall write 2 ,(6) for the set A, (G). 


Theorem 2.1 (Dani, Margulis). Let G be a Lie group, Y a lattice in G, and 1: G — С/Г the 
Е natural quotient map. Then given a compact set C c С/Г, an £ > 0, and a deN, there exists 
a compact subset K c С/Г with the following property: For any Өє?, „(@) and апу 
bounded open convex set B c К", опе of the following conditions hold: 


1. (1/v(B))v((teB:n(O(t))eK)) > 1 — e, where v denotes the Lebesgue measure on R". 
2. т(Ө(В))г\С =9. 


Proof. See [Sh2, Theorem 3.1]. O 


The usefulness of the above result is enhanced by the following theorem which provides 
an algebraic condition in place of the geometric condition л(Ө(В)) ^ C = 0. 


Notation 2.2. Let G be a connected Lie group and g denote the Lie algebra associated 
to G. Let V; — Dëme A*g, the direct sum of exterior powers of g, and consider the linear 
G-action on V, via the representation Ф" A' Ad, the direct sum of exterior powers of 
the adjoint representation of G on g. 

Fix any Euclidean norm on g and let Z = (e, ,..., €gima ) denote an orthonormal basis of 
9. There is a unique Euclidean norm ||: || on V, such that the associated basis of Vg given by 


fe, ^ Ae:lxl «--«l xdimg, r=1,...,dimg} 


is orthonormal. This norm is independent of the choice of 2. 


To any Lie subgroup W of G and the associated Lie subalgebra w of g we associate 
a unit-norm vector рує A?""mey,. 


Theorem 2.2 (Cf. [DM2]). Let G be a connected Lie group, Y a lattice in G, and 
1:G + G/T the natural quotient map. Let M be the smallest closed normal subgroup of 
G such that б = G/M is a semisimple group with trivial center and without nontrivial 
compact normal subgroups. Let q:G > С be the quotient homomorphism. Then there exist 
finitely many closed subgroups W,,...,W, of G such that each W, is of the form q` *(U;) 
with U, the unipotent radical of a maximal parabolic subgroup of G, r(W;) is compact and 
the following holds: Given d, meN and reals о, e > 0, there exists a compact set C c G/T 
such that for any OEP; „(С), and a bounded open convex set B = IR", one of the following 
conditions is satisfied: 


1. There exist yel and ie(1,...,r) such that 


sup || O(t)y- py, <. 
teB 


2. л(Ө(В)) AC z 0, and hence condition (1) of theorem 2.1 holds. 


Proof. Let R be the radical of G, C the maximal connected compact normal subgroup 
of G/R, $a (GAR) Goa niue PRENER МӘБ HA ыйда ingisimple Lie group 


m " — O OO 
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without nontrivial compact connected normal subgroups. Clearly S/Z = G/M. There- 
fore M is the inverse image of Z in G. 

Let H = RI”. Then НГ is closed and HoT isa lattice in H (see [R, Lemma 1.7]). By 
Auslander’s theorem [R, Theorem 8.24] H is solvable, and so is its image in S. By 
Borel’s density theorem [R, Lemma 5.4, Corollary 5.16] the image is a normal 
subgroup of S and therefore it has to be trivial. Hence Н c M°, and since R c Н, МОН 
is compact. Since H is solvable, by Mostow’s theorem [R, Theorem 3.1] HAH aT) is 
compact. Therefore МН AT is compact. So МГ/Г is compact and МГ is closed. 

Therefore the image A of Г in S is discrete, and hence a lattice in S. Therefore by Borel’s 
density theorem [R, Corollary 5.18] ZA is discrete. Hence A is of finite index in ZA and 
hence M°T is of finite index in МГ. Hence МГ/Г is compact, i.e. z(M) is compact. 

Thus Г = q(T) is a lattice in G and the fibers of the map q:G/T > G/F are compact 
M-orbits. Therefore without loss of generality, we may assume that G — G. 

Then there are finitely many normal connected subgroups G,,...,G, of G such that 
G=G, x- x G,and each Г, = С, Г is an irreducible lattice in С, (see [ R, Sect. 5.22]). 
In proving the theorem without loss of generality we may replace I by its finite-index 
subgroup I’, x ··· x I,. In order to prove the theorem for С, it is enought to prove it for 
each С; separately. Thus without loss of generality we may assume that Г is an 
irreducible lattice. 

The result in the case of R-rank(G)=1 can be deduced from the arguments in 
[D2, (2.4) ]. 

Next suppose that R-rank(G) > 2. Then by the arithmeticity theorem of Margulis 
[M2], Г is an arithmetic lattice. Therefore there exist a semisimple algebraic group 
G defined over Q and a surjective homomorphism p:G(R)° > С with compact kernel 
such that, for A = С (2) 7 G(R)°, the subgroup I ^ p(A) is a subgroup of finite index in 
both Г and p(A). Again without loss of generality we may replace G by G(R)? and I by 
A. In this case the result follows from [EMS1, Thm. 3.6]. 


3. Description of measures invariant under a unipotent flow 


In this and the next section, let G denote a Lie group, Г а lattice in G, and x: G э G/T the 
natural quotient map. 

A subgroup U of Gis called unipotent if Adu is a unipotent endomorphism of the Lie 
algebra of С for every ueU. 

Let J, denote the collection of all closed connected subgroup Н of G such that (1) 
Н 5T,(2) H/H ^T admits a finite H-invariant measure, and (3) the subgroup generated 
by all one-parameter unipotent subgroups of H acts ergodically on H/HOT with 
respect to the H-invariant probability measure. In particular, the Zariski closure of 
Ad(H qT) contains Ad(H) (see [Sh1, Theorem 2.3 ]). 


Theorem 3.1 ([Ral, Theorem 1.1]). The collection J£, is countable. 
Let W be a subgroup of G which is generated by one-parameter unipotent sub- 
groups of G contained іп W. For any He, define 
Ng(H, И) = (geG:W c gHg^!), 
Sg(H, W)= U | Ne(H,W). 


Н'єжг,Н' cH 
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Note that (see [MS, Lemma 2.4]), 
л(№с(Н, W)\S,(H, W)) = n(NG(H, W))\x(S_(H, W)). (1) 


We reformulate Ratner's classification [Ral] of finite measures which are invariant 
and ergodic under unipotent flows on homogeneous spaces of Lie groups, using the 
above definitions (see [MS, Theorem 2.2 ]). 


Theorem 3.2. Let W be a subgroup as above and pa W-invariant probability measure on 

G/T. For every Нє.Ж ү, let py denote the restriction of u on n(NG(H, W)ASG(H, W)). 

Then the following holds. 

1. The measure ug is W-invariant, and any W-ergodic component of uj is of the form g`}, 
where ge Nc(H, W)\S,(H, W) and 2 is a H-invariant measure on НГ/Г. 

2. For any Borel measurable set A c G/T, 


ША)= У ш(4), 


Her 
where Ж# c 3^. is a countable set consisting of one representative from each T- 
conjugacy class of elements in Жү. 


In particular, if u(n(S(G, W)) = 0 then u is the unique G-invariant probability measure 


on G/T. 


4. Linear presentation of G-actions near singular sets 


Let C c z(NG(H, W)\S,(H, W)) be any compact set. It turns out that on certain 
neighborhoods of C in G/T, the G-action is equivariant with the linear G-action on 
certain neighbourhoods of a compact subset ofa linear subspace in a finite dimensional 
linear G-space. We study unipotent trajectories in those thin neighbourhoods of C via 


this linearization. This type of technique is developed in ([DM1, Sh1, DM3, Sh2, MS, 
EMS2]). 


Let V; be the representation of С as described in notation 2.2. For HeX p, let 


1g: G > Vg be the map defined by 7,,(g) = gp, = (^^ Adg)p;, for all geG. Let NG(H) 
denote the normalizer of H in G. Define 


МН) = ng (Pu) = (ge Nc(H):det(Adgl)) = 1). 
PROPOSITION 4.1 ([DM3, Theorem 3.4]) 


The orbit Г. py is closed, and hence discrete. In particular, the orbit N L(H)V/T is closed in 
G/F. 
Let W be a subgroup which is generated by one-parameter unipotent subgroups of 
G contained in W. 


PROPOSITION 42 ([DM3, Prop. 3.2]) 
Let V(H, W) denote the linear span of n(Ng(H, W)) in Vg. Then 
Ny 1(V,(H, W))= N,(H, W). 


Theorem 4.1. Let £70, d, meN, and a compact set C<n(N,(H, И)\5 (Н, W)) be 
given. Трети hax dist GARBAGE Toka Bio EAB E Ulo neighbourhood 


= 
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® of D in Vg, there exists a neighbourhood V of C in G/Vsuch that for any OEP, „(С), 
and a bounded open convex set B c: R", one of the following conditions is satisfied: 


1. O(B)y:p, c ® for some yer. 
2 


1 
— M f E 
E E ГЕЗ) <ê! 


Proof. The result is easily deduced from [Sh2, Prop. 5.4]. See also the proof of [Sh2, 
Thm. 5.2]. Г] 


Some related results on unipotent flows 


Werecaila theorem of Ratner [Ra2] on closures of individual orbits of unipotent flows. 


Theorem 4.2 (Ratner). Let G, Г and W be as above. Then for any xeG/T, there exists 
a closed subgroup F of G containing W such that Wx — Fx and the orbit Fx admits 
a unique F-invariant probability measure, say ug. Also цу is W-ergodic. 


Next we recall a version of the main result of [MS]. 


Theorem 4.3 ([М5]). Let xeG/T, and sequences {F;} of closed subgroups of G and 
g;— e in С be such that each of the orbits F;(g;x) is closed, and admits an F;-invariant 
probability measure, say p. Suppose that the subgroup generated by all unipotent 
one-parameter subgroups of G contained іп F; acts ergodically with respect to p; Vie N. 
Then there exists a closed subgroup F of G such that the orbit Fx is closed, and admits 
a F-invariant probability measure, say p, and a subsequence of (uj) converges to p. 
Moreover if fu; и as i> oo, then g=* F;g; c Е for all large ieN. 


5. Some results on linear representations 


In view of proposition 4.1, in order to obtain further consequences when either 
condition 1 of theorem 2.2 or condition 1 of theorem 4.1 holds for a sequence 
{O;} = 2, „(С), the following observation is very useful. 


Linear actions of unipotent subgroups 


Lemma 5.1. Let V be a finite dimensional real vector space equipped with a Euclidean ‚359 
norm. Let п be a nilpotent Lie subalgebra of End (V). Let N be the associated unipotent f A 
subgroup of Aut(V). Let {b,,...,b,,} be a basis of n. Consider the map O:R" ¬ N defined EM. 


as Ж 


| Ша 


Ө(г,›...,1„)=ехр(т„б„)---ехр(Ф,Ь,), V(t,,....t, )eR"- 
For p > 0, define 


B, = (G(t,,....t,)eN:0 << pk = 1... m). 
Put 
W = (veV':n:v =v, VneN). 


Let pry denos she, orthogonal Beal eet 


ony 
n en 
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such that for every ve V, 


[у <e-sup [рг (© (-v) |^ 


teB, 


Proof. For k =1,...,m, let n,eN be such that bf = 0. Let 
pmi <n, 1, k =1,...,m}. 
Fort=(t,,...,t,,)€R” and I =(i,,...,i,,)€.%, define 


í > bi.. 10“ 
ПЕ and b= =" 
@ ПЕШЕП 

т 1 


Then for all ve V and te R", we have 


Ө():у= Y, t'-(b'v). Q) 


Ies 


We define a transformation T: V > @,., W by 
Т(у) = (prs, (b Y) res Vve V. (3) 


We claim that T is injective. To see this, suppose there exists ve V \{0} such that 
Т(у) = 0. Then N-v c W+, the orthogonal complement of W. Hence W+ contains 
a non-trivial N-invariant subspace. Then by Lie-Kolchin theorem, W+ contains 
a non-zero vector fixed by N. Then Wo W* z {0}, which is a contradiction. 

We consider ®,., V equipped with a box norm; that is 


l(ur)resll =sup lur ll, where v;eV,Vv Ie. 
Tes 


Since T is injective, there exists a constant c, > 0 such that 
liser NTN, V ver. 


For all k=1,...,m, and j,=l,...,n,, fix 0<t,,<---<t&,,<p and put 
IM (te osiem- jk em for k = 1,...,m. Then det M, is a Vandermonde determi- 
nant and hence M, is invertible. 

Let 


SEO DIAS, sn km 1,...,m). 
RAM put 
ty = (ti joom j) and M= 
Take ve V. Put 

Х,= Ту) and Y,—(pr,(9(t)) 9). - 
Then by (2) and (3), 

M:X,-— Y,. 
Since M = M, © ۰: &M,, and each M, is invertible, we have that M is invertible. Hence 


I 
(tunes xs: 


-1, 
сс-обугакийФпоп егеу Haridwar Collection. Digitized by S3 Foundation USA 
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© 


BEEN — 
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Put c; = | M^ + || and c=c,c,. Then 
Ivi Sey ITO = с, X f] seca Y, = Bee lpry(O(t,)vll. 
e 
This completes the proof. o 


Linear actions of semisimple groups 


We fix the following setup for the rest of this section. 


Notation 5.1. Consider the notation 1.1. Put : ac. 
Ф = {aeA:a(a;))>00 as і оо). 


Let P* be the шо parabolic subgroup associated to the set of roots A\®. Then 
U* —(geG:a; да, эе as i co} is the unipotent radical of P*. Let P^ denote the — 
standard opposite parabolic subgroup for P* and let U^ be the unipotent radical of. 
P^. Note that A 


P = {geG:{a,ga; ' :ieN) is compact}. (4) S. Et 


Also put Z P a P*. Then P = U` Z. Let g, u^, 3, and ц? denote the Lie algebras 
associated to G, U^, Z, and U”, respectively. Then _ 


g=u $3Qu*. (M 


NW С. 
Lemma 5.2. Consider a continuous nontrivial irreducible representation of G on a finite _ 
dimensional normed vector space V. Let W = (ve V: W-v =v}. Let (v; je W be ase- _ 


quence such that іп, lv; || > 0. Then 


La * 
EM 


—_—_- 


lla;-v;| оо asi-oo. n 
Proof. Since A is R-split, there is a finite set A of real characters on A such that for cach 
A€^, if we define 
= {ve V:a:v = A(a)v, Vae A}, 
then V = @,., V,. After passing to an appropriate subsequence, if we define ~ 
+ = {AE A:1(a;) > со as i> co} 
A_ = (4e A:4(a;) > 0 as i> oo}, antl ) 
= (Ae A:A(a;) э c for some c > 0 as i> оо), ze 


then A = A, b m 
Since U* is normalized by A, we have that W is invariant under the a ction of A 
Therefore 


W= zeal Wa V;). 


Suppose that there exists we Wa V,\{0} for some Je ох 
^1 have ада; ; 1 go for some Ure BOCES | ЎЎ 
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Hence P wc Ф, A. Va. Now U* w = w and by notation 5.1 P U* is open in G. 
Therefore GW € Ф, лол. Va: Since V is irreducible, A = AyUA_. Now since G is 
semisimple, det g = 1 for all geG and hence A_ = 9. Thus A = Ao. 

Now for any relatively compact neighbourhood О of U * and any ve V,, there exists 
a compact ball В c V such that for all ie N, 


B 2 a;Q-v = (a; Qa; ay v = А(а‚)(а,Оа; !)v. 


Since 4(a;) > c for some c > 0 and U;..,4;Qa; ! = U+, we have U*-v c c^! B. Since U* 
acts on V by unipotent linear transformations, we obtain that U * -v =v. Thus U * acts 
trivially on V. Since the kernel of G action on V is a normal subgroup of С containing 
| U^, it is equal to G by our assumption. This contradicts our hypothesis in the lemma 
| that the action of Gis non-trivial. This proves that W c У, , V,, and the conclusion of 
| the lemma follows. [ш] 


COROLLARY 5.1 


Consider a continuous representation of С on a finite dimensional vector space V with 
a Euclidean norm. Let L= {ve V:G-v = v). Let {v;} bea discrete subset of V contained in 
| VNL. Then for any non-empty open set Ос U”, 


sup||a;@-v;||>00 as i- oo. (6) 


wen 


Proof: Let L be the sum of all G-invariant irreducible subspaces of dim > 2. After 
passing to a subsequence, one of the following holds: 


(A) |pr;(w)l =» oo, or (B) inf [lpr,.(v;)|l > 0. 
ieN 

If (A) holds then (6) is obvious. If (B) holds, then there exists an irreducible G-subspace 
V, € L such that inf;,, || pry, (v;) || > 0. Therefore, without loss of generality, by replac- 
ing {v,} by {ргу (у;)) and V by V, we may assume that G acts non-trivially and 
irreducibly on V and inf;.,, || v; || > 0. 

Let wE). Then inf; ||ogv;|| > 0. Therefore replacing {v,} by {wov,} and О by : 
Qa, `, we may assume that еє О. 

Let W= (veV:U * -v = v). By lemma 5.1, there exists c > 0 such that for all ieN, 


sup |pry(o-v;)l| > clly;|| > c- inf ||v; |l 
wen jeN 


Since inf, || v;|| > 0, by lemma 5.2, 


| sup ||a;-@v; || > sup lay prw(o-v;j)] oo as /— оо. Г] 


wen wen 


6. Proofs of the main results 


Translates of horospherical patches 


Proof of theorem 1.4. Since U is o-compact, without loss of generality we may assume 


that вир) оК eta .denote-the Licaleebra of Li" We identify u^ with Rm 


Limit distributions of translates of orbits 117 


(m = dimu*). Let B be a ball in u* around the origin such that supp(A) c exp(B). Let 
v be the restriction of the Lebesgue measure on B. By our hypothesis, 4 is absolutely 
continuous with respect to exp, (у), denoted by 4 < exp, (v). e 

For each ieN, define O;:R" — G c L as O,(t) = а;ехр(0, VteR" = u7. Since и? is 
a nilpotent Lie algebra, there exists deN such that O;e#, „(L), VieN. 


Claim 6.1. Given д > 0 there exists a compact set К c L/A such that 
(am, (2) (K) - 1 — 8, VieN. 


Suppose that the claim fails to hold. Since 4 < exp, (v), there exists an e > 0 such that 
for any compact set K c L/A, 


(В EX )„(»(K) < 1 —, for iin a subsequence. 
We apply theorems 2.1 and 2.2 for the Lie group L, the lattice A, and the polynomial 
maps O,ce2, „(1), VieN. Then by passing to a subsequence, there exists a continuous 
representation of L on a finite dimensional vector space V with a Euclidean norm and 
a non-zero vector рє И such that the following holds: (1) the orbit T -p is discrete (see 
proposition 4.1), and (2) for each ieN there exists v;eI -p such that 


sup |la;@-v,|| 30 as i-o. (7) 
wecxp(B) 


After passing to a subsequence, we may assume that G-v; z v;, VieN. Then corollary 
5.1 contradicts (7). This proves the claim. 

By claim 6.1, after passing to a subsequence, we may assume that the sequence 
a; n, (4) > и as i> oo, where и is a probability measure on L/A. 


Claim 6.2. The measure и is U* -invariant. 
To prove the claim, let ueU *. Then for all ieN, 
u(a;7,(A)) = a;(u;m, (A)) = алт (u; A), (8) 


where u; = a; uae U”. Note that u; +e as і oo. 
Let y be a Haar measure on U*. Since 4 « т, there exists he L'(U, 1) omes that 
dA = һал. Now for any bounded continuous function f on L/A, 


If fd Ea;m, (u;2))] — jf d Eam, (J| 
= | fu- f (aim(u;c))dA(w) — fu- f(a;x(@)) dA(o)| 
= |fu- f (a;m(u;o)h(e)dn(o) — fu- f (a;x(@)) h(@)dy(@)| 
= | fy: f (a;n(0)) и; ^ o)dn(c) — fuy: f(a; (0)) h(a) dn (o) 
< sup|f | fu- lhu 1o) — h(o)]dy(o)--0 as іо, (9) 


because the left regular representation of UF on L} (U *,1)) is continuous. 

Since а;л, (A) > и as i oo, by (9), we get an, (u;4) > и as i— oo. Therefore by (8), 
uu = p. This completes the proof of the claim. 

In view of claim 6.2, we apply theorem 3.2 to W = U *. Then there exists a closed 
subgroup Н of L in the collection #,, such that 


LES Б ы ап} Ta Persê Pian Aa Ebi ize), 33 ounaation usa 


| ü 
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Let a compact set C c x(N,(H, U * )NR(S,(H,U *)) be such that и(С) > 0. Since 
À« exp, (у), there exists ғ > 0 such that for any Borel measurable set Ec О”, 


i ' 
YB) Pe OVE) « в= (E) < p(C)/2. (10) 

Let the finite dimensional vector space V, and the unit vector рє V; be as described 
in notation 2.2, for Lin place of G there. We apply theorem 4.1 for > 0, deN and meN 
chosen as above, and the compact set C c л(№, (H, U * )) x(S, (H,U *))as above. Then 
there exists a relatively compact set Ф c У, and an open neighbourhood ¥ of C in L/A 


such that for each ieN, applying the theorem to O; in place of Ө, one of the following 
conditions holds: 


1. There exists v;e A: p such that 


a;exp(B):v; c Ф. 


: B: 64 
vp) te :n(a;exp(t))e V) < e. 


Sincea;z, (4) ^ uasi— oo and ¥ is a neighbourhood of C, there exists içe N such that 
1(r (a; Yn U+) > u(C)/2 for all i > iy. Therefore by (10) condition 1 must hold for 
alli > iy. Now by passing to a subsequence, there exists ye A: pj; for each ie N such that 


a,exp(B)-v, c ©. (11) 


By proposition 4.1, the sequence {y,} is discrete. By corollary 5.1 and (11), there exists 
igeN such that G-y,, =v,,. Let yeA such that у, = ур. Then 


Gy pg =° Pg. 


Thus G c yN1(H)y" '. But 2(N}(H)) is closed in Г/Л by proposition 4.1, and z(G) is dense 

in L/A. Therefore we conclude that Н is a normal subgroup of L. Since N, (H, U *)23Cs0, 

this implies in particular that U * is contained in H. Thus U* c G^ H and GOH is normal 

in G. Therefore by our hypothesis GA H = G, or in other words G c H. Again since л(С)1$ $ 
dense in L/A, we have H = L. Therefore u(n(S(L, U*))) = 0. Hence by theorem 3.2, we ٩ 
have that и is L-invariant. This completes the proof of the theorem. 


Translates of orbits of symmetric subgroups 
First we make some observations. For the results stated below, let (U, v, ) and (V, v2) be 
locally compact second countable spaces with Borel measures. 


PROPOSITION 6.1 


Let À be a Borel probability measure on U x V which is absolutely continuous with 
respect to v, X Уз, denoted by A <Y, x уз. Then there exists a probability measure 
4, «у; on U, апа for almost all ue(U, A, ), there exists a probability measure A, «6, X Y2 
on {u} x V, where 6, is the point mass at {u}, such that the following holds: For any 
bounded continuous function f on U х V, the map u> fı xy 4A, is A,-measurable, and 


f= | Hr fai) 2, 
C 7? xGarukul Kanga Un "Háridwar Collection. Digitized by S3 Foundation USA 
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Proof. Let h=dA/d(v, x v;) > 0 be the Radon-Nikodym derivative. For any ueU, 
put «(u) = [y h(u, v)dv5(v). Let C = (ueU:o(u) > 0]. Let 4, be the restriction of v, to C. 
For almost any uc(U,4,), let 4, be the Borel measure on {u} x V such that 
dA, /d[Ó, x v5] = h(u,-)/a(u). Now the conclusion of the proposition follows from 
Fubini's theorem. LJ 


For the propositions stated below, let G be a locally compact topological group 
acting continuously on a locally compact space X. Let {a;} be a sequence in G and 
и а Borel probability measure on X. 

PROPOSITION 6.2 
Let А be a probability measure on X such that а; ш as i— oo. Let beG such that 
{a,ba; ':ieN} is compact. If u is G-invariant, then a,(b2) ¬» u as i> oo. 
Proof. First observe that there is no loss of generality in passing to a subsequence. 
Therefore we may assume that a;ba; ! ¬ g for some geG. Now 

a,(ba) —(ajba; !)(a;j4) —gu as іо. 
Since gu = и, the proof is complete. [Г] 

For the next two propositions, assume that G contains the spaces U and V. Fix хєХ, 
and let p:U x V — X be the map given by p(u, v) = uvxg, V(u,v)e U x V. 
PROPOSITION 6.3 
Let the notation be as in proposition 6.1. Suppose that for almost all ue(U, 4,), we have 


a; p, (4,) > и as i> oo. Then a;p, (4) ^ и as i> oo. 


Proof. Let f be a bounded continuous function on X. Then 
{Га Гар, Q)1 = fuxv.f (9,000) 420) 
= fy dA, (и): fiu xv f (ap (0)) d2,(0) 
= [yd4, (u) {Гар (4,)] 
¬ [ydA,(u)fx.fdu | asi oo ; 
== Їх Гаи. O 


By similar arguments we obtain the following result. 


PROPOSITION 6.4 


1 


Suppose that аиа; ‘эе аѕі- oo for all ueU. Then as i> со, 


ар, (У) > ш<а;р, (v4 X Y2) = д. 


Proof of corollary 1.2. Using the results in [S, § 7.1] there exist an R-split torus A c G 
and a maximal compact subgroup K of G such that the following holds: (1) с(а) = a +, 
Vae A, (2) the set of real roots of А for the adjoint action on the Lie algebra of G forms 7 
a root system, and (3) С admits а decomposition G = KA* 5, меге A* denotes the 
closure of the gó8itiwexWeydrchiüemsetrandttr Celptut DoitirayatenroMofisiile roots on A. 


120 Nimish A Shah 


Using this decomposition and by passing to a subsequence, without loss of generality 
we may assume the following: (1) g; = a;€ A* for all ie N; (2) {а} has no convergent 
subsequence, (because otherwise С, = {e} and л(е) cannot be dense in L/A); and (3) for 
any «eA, either sup; „ж(а,) < oo or «(a;) > oo as i оо. 

For the rest of the proof, consider the notation 5.1. 

Let G, be the smallest closed normal subgroup of G containing U *. Then it is 
straightforward to verify that the projection of {a;} on С/С, is relatively cornpact. 
Therefore by our hypothesis, x(C,) = L/A. 

Take any gọES and define p(h) = r(hgo) for all heL. Since any closed connected 
normal subgroup of G, is also normal is G, we can apply theorem 1.4 to G, in place of 
G and p in place of л. Then for any probability measure v on U” which is absolutely 
continuous with respect to a Haar measure on U *, we have 


ар„(у)—> uj, asi оо. (12) 


Since c(a) = a^! (Vae A), for any Xeu*, we have c(X)eu and X + c(X)es. Also 
0(8) = 3. Now by (5), 


u @s=u @(snz) Ou". (13) 


Then by implicit function theorem, there exist relatively compact neighbourhoods Q7, 
O°, Q* and P ofein U^,(Z^ S)U-, U* and S, respectively, such that for any open set 
Y of ®, we have that Q^ ¥ is an open subset of Q°Q*. Also we may assume that under 
the multiplication map Q^ x PSQ Q and 90 x O*  O?Q*. 

Let v. апау be probability measures obtained by restricting Haar measures of U 
and Sto Q^ and ¥, respectively. Then 4 = y_ x v'is a smooth measure on Q^ x V. By 
choosing \Р small enough, we can ensure that p, (v) is a multiple of и; restricted to 
p(¥). Since goeS chosen in the definition of p is arbitrary and since there is enough 
flexibility in the choices of and ¥, to prove that a; us > шу, it is enough to show that 
ар„(у')— цу, as i> oo. 

By proposition 64, as i> co, a;p, (у) — ш if and only if a; o, (4) > ur. Therefore to 
complete the proof of the corollary, it is enough to show the following. 


Claim 6.3. As i> оо, a;p, (4) 9 цу. 


Since Q- ¥ c Q?Q*, л can be treated as a measure on Q? x Q*. Let v, and v, be the 
probability measures obtained by restricting the Haar measures on (Z œ S) О and U^ 
to 0° and Qt, respectively. Since 2 is a smooth measure, A « v, x у, (see (13)). 
Decompose 7 as in proposition 6.1. Then for almost all coe(Q?, 4, ), we have 2,, < 0v2: 
Put v, = û *A,. Then v, < v2. Hence by (4), (12) and proposition 6.2, 


dip. lio) = а(юр„(у„))— ш, as i oo. 


Now by proposition 6.3, агт, (4) > ш as i œ. This completes the proof of the claim, 
and also the proof of the corollary. Г] 


Continuous G-equivariant factors of G/P x L/A 
First we recall the following result from [D3, 82]. 


PROPOSITION 6.5 (Dani) 


Let G be a semisimple group with finite center and R-rank(G) > 2. Let P be a parabolic 
subgroup Gf? GrsBlrenagitnsig Auer ceto Bilek rellene (C), elements 
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gis dk їп G, and one-parameter unipotent subgroups {u,(t)},...,{u(0} of G coi 
tained in P such that the following holds: 


1. 9, =9,9,ФР, and дк+\ = е. 
2. For each i = 1,...,k, 


u;(t)g; P >gi+ı P in С/Р as t co. 


3. There exists a semisimple element a of С in g,Pg, ! P such that if UF is the — А 
associated horospherical subgroup then U* c g,Pg, ! P, and if G, denotes the — 
smallest normal subgroup of G containing U”, then R-rank(G/G,) <1. se 


Proof. Apply [D3, Corollary 2.3] iteratively. Also use the proofs of [D3, Corollary 2. 08 
апа Lemma 2.7]. a 


Now we obtain the analogue of [D3, Lemma 1.4] by using theorem 1.1 in place of E: di 
[D3, Lemma 1.1]. Also we use the recurrence conclusion of theorem 4.2 of Ratner in 
place of [D3, Lemma 1.6]. 


PROPOSITION 6.6 


Let the notation and assumptions be as in theorem 1.2. Let x, ye L/A and geGNP. f » 
ф(х, үн ф(у, P), there exists a parabolic subgroup О containing {9} P such that К: 


ф(2, P) = p(z,qP) for all zeGx апа qeQ. Moreover, ф(у,аР) = ф(у,Р) for all qeQ. i 
255 
Proof. Let Кє №, elements g,,...,9,+1 іп G, Һе one-parameter unipotent subgroups — 
{u,(t)} contained in P, and a semisimple element a and G and the associated expandin 
horospherical subgroup U * be as in proposition 6.5. For each i = 1,..., k, by Ratne 
theorem 4.2 applied to the diagonal action of {u,(t)} on L/A x L/N, there exists | 
a sequence t, — co such that (u,(t,,) x, u;(t,) y) > (x, y) as n — oo. Now for any ie(1,.. EMI 


ы С 


ф(х, 9:Р) == ф(у, Р)= ф(и((ї„)х, u;(t,)g;P) = $ (ui(t,) y, P), VneN. Ge 4 + 
In the limit as n > oo, we get ф(х,9;:; Р) = p(y, P). Since g, = 9, by induction oi 
get that Q(x, g;P) = ф(у, P) for all 1 <i < k +1. 
In particular, since g,,, = ё, 
$ (x, g, P) = p(y, P) = Q(x, P). 
Since F = {a":neN}-U* c g, Pg, ! ^P, we have that 


$(fx,g,P) = (Jx, P,  VfeF. 
Let G, be the smallest closed normal subgroup of G containing U”. The 
choice af a as іп Propositon 6.5, R-rank(G/G,) < 1. Therefore by the ћ 


theorem 1.2, G, x = Gx. By theorem 4.2, Gx is an orbit of a closed subgr 
L containing G, and the stabilizer of x in L’, sy A’ isa latticein Li . App 
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Then Q is a closed subgroup of G containing PU (g, j. Since g,€P, 
ОР. i (15) 


Now if g¢Q, then replacing P by О and L/A by Gx, we repeat the above argument. 
Note that by definition the new set given by (14) still turns out to be same as Q. This fact 
contradicts the new equation (15). This completes the proof. 0 


Proof of theorem 1.2. Define the equivalence relation 
R={(x,y)e L/A x L/A: (x, gP) = p(y, gP) for some geGj 


on L/A. Clearly R is a closed subset of L/A x L/A invariant under the diagonal action 
of G. Let X be the space of equivalence classes of R and let ф,: L/A — X be the map 
taking any element of L/A to its equivalence class. Equip X with the quotient topology. 
Then X is a locally compact Hausdorff space. 

For any xe L/A, put 


2(x) = {heG: (x, gP) = ф(х, ghP), VgeG]. 


Observe that 2(x) is a closed subgroup of G containing P and for any ye Gx, we have 
Ay) > Q(x). Let xe L/A such that Gx, = L/A and put О = 2(х,). Then 2(y) > Q forall 
yeL/A. Since Q is a parabolic subgroup of G, there are only finitely many closed 
subgroups of G containing Q. Therefore the set X 9:= {xe L/A: 2(x) = Q} is openin ЦА. 
Also X is non-empty and G-invariant. Now since С acts ergodically on L/A, the set 
L/A\X 9 is closed and nowhere dense. 

Note that for any x, yeL/A, if ¢, (x) = ф, (у) then by proposition 6.6, we have that 
A(x) = 2(y. Let p:L/A x G/P—>X x С/О be the (G-equivariant) map defined by 
p(x, gP) = (0, (x), gQ) for all xe L/A and дє С. Then there exists a uniquely defined map 
V:X x G/Q Y such that ф = Wop. It is straightforward to verify that y is continuous 
and G-equivariant. 

Take any xeXo, yeL/A, and g,heG such that $(x,ghP)- $(y,gP). Then 
%ı0)= Ф: (0), and hence he2(y)— 2(x) = 0. This proves that y restricted to 
ф,(Х„) x G/Q is injective and yeX9. 

Now if Y is a locally compact second countable space and ф is surjective, then using 
Baire's category theorem for Hausdorff locally compact second countable spaces, one 
can show that ф is an open map. This completes the proof of the theorem. 


Continuous G-equivariant factors of L/A 


Proof of theorem 1.3. Define ^, = (heL:ó(ghA) = $ (gA), Yge L}. Then A, isa closed 
subgroup of L containing A. Since G-acts ergodically on L/A, Ad(A) is Zariski dense in 
Ad(L) (see [Sh1, Theorem 2.3]). Therefore A? is a normal subgroup of L. Let A‘, be the 
largest subgroup of A, which is normal in L. In view of 1.1 (3), replacing L by L/A, A by 


1 
A, /A,, and G by its image in Г/Л, without loss of generality we may assume that 


Aj, = (e) and A, =A. 
Define the equivalence relation 
R={(x,y)eL/A x L/A:9(x) = ф(у)} 
on L/A. Then К is closed and A(G)-invariant, where A: L> L x L denotes the diagonal 
embeddiugoof hain Ма University Haridwar Collection. Digitized by $3 Foundation USA 
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Let 


К = (xe Aff(L/A):(z, «(z))e К and «(gz) = gt(z), Vze L/A, VgeG) 
and 


X, = (xeL/A:Gx = L/A}. 
Note that X, #9, since G acts ergodically on L/A. 


Claim 6.4. Let (x, y)e К. If xeX,, then ye X, and there exists тє К such that y = t(x). 

The claim is proved as follows. Since A(G) is generated by one-parameter unipotent- 
subgroups of L x L, by Ratner's theorem 4.2 there exists a closed subgroup F of L x L 
containing A(G) such that 


A(G) (x, y) = F(x, y) 


and F(x, y) admits an F-invariant probability measure, say A. 

Let p;:L x L> L denote the projection on the i-th coordinate, where i = 1,2. Then 
(9p), (4)isa p, (F)-invariant probability measure on p, (F)x. Hence the orbit p, (F)x is 
closed (see [R, theorem 1.13]). Since G c p, (F) and Gx = L/A, we have that p, (F) = L. 
Let N, = р, (Ес Кег(р,)). Then №, isa normal subgroup of p, (Е) = Land (N,z, м) c К 
for all (2, w)e F(x, у). Therefore N, c A, = {е}. Thus Foker(p;) 2 N, x {e} = {e}. 
Now since p,(F) = Land р, |, is injective, dim(p,(F)) = dim(L). Since L is connected, 
р,(Е) = L. Thus p;|, is an isomorphism, 

Now Gy > р,(Е)у = L/A. Hence ye X ,. Now interchanging the roles of x and yin the 
above argument, we conclude that p, |; is an isomorphism. Let o = p20(p, |r) *. Then 
c € Aut(L) and 


Е = ((g,c(g))eL x L:geL). 


Thus (gx,c(g)y)eR for all geL. Now for any óeL, if dx = x, then (gx, c(g)o(0) y) К 
for all geL. Let heL such that y = hA. Then $(c(g)hA) = $(c(g)c(0)h A) for all geL. 
Since o(L)h = L, we conclude that А7! c(0)heA,. Now since A, = A, we have that 
c(ó)y = y. Therefore the map v: L/A > L/A, given by t(gx) = c(g)y for all geL, is well 
defined and тє А (Г/Л). 

Therefore 


F-(x, y) = {(z, (2)):ze L/A). 


Since A(G) c F, we have that o(g) = д and hence т(д2) = gz, for all geG. Thus тє K, and 
the proof of the claim is complete. 


Claim 6.5. The group K is compact. 

We prove the claim as follows. Clearly, K is a closed subset of Aff(L/A), and hence it is 
locally compact. Let ш denote the L-invariant probability measure on L/A. Then 
Iu (X4) = 1. For any xeX;, if yeK-x then (x, y)eR, and by claim 6.4 there exists ceK 
such that y = t(x). Thus K-x is closed for all xeX,. Therefore by Hedlund's Lemma 
and the ergodic decomposition of ш, with respect to the action of К on Е /A, we have - 
that almost all K-ergodic components are supported on closed K-orbits. Thus for 
almost all xeL/A, the orbit K-x supports a K-invariant probability measure. 

For any xeL/A, put K, = (ve K:x(x) = x). Let €: К/К, — L/A be the map defined by 
#(тК „) = т(х)Ч©ю. allure KanSince Aditi) aotsccontinuauslss earl; vea have that ¢ is 


a 


124 Nimish A Shah 


a continuous injective K-equivariant map. Let xe X, be such that K:x supports а 
K-invariant probability measure. Since ё is injective, the measure can be lifted to 
a K-invariant probability measure on K/K,. Let тє Кү. Then for any geG, we have 
t(gx) = gt(x) = gx. Now since Gx = L/A, we have that t(y) = y for all yeL/A. Hence К, 
is the trivial subgroup of Aff(L/A). Thus K admits a finite Haar measure. Hence K is 
a compact group, and the claim is proved. 

Let О be any neighbourhood of e in Z, (G). Put 


R= ((x, yeR:yéK-Qx]. 


Let X, be the closure of the projection of К” on the first factor of L/A x L/A. Put 
Xo = (L/ANX.. 


Claim 6.6. X, c Xo. 


Suppose the claim does not hold. Then there exists a sequence {(x;,y;)} c R 
converging to (x, y)eR with xeX,. By claim 6.4, there exists тє К such that y = q(x). 
Therefore, after passing to a subsequence, there exists a sequence g; > e in L such that 
у= (gx) for all ieN. By the definition of R',g,£O с Z,(G) for all ieN. Also 
(x; g;X;)eR for all ieN. By Ratner's theorem 4.2, there exists a A(G)-invariant A(G)- 
ergodic probability measure w on (L/A) x (L/A) such that A(G)(x;, g;x;) = supp(u;). Let 
h;— e bea sequence in L such that x; = h;x for all ieN. By theorem 4.3, after passing to 
a subsequence, there exists a probability measure и оп L/A x L/A such that д jt as 


i> co, and the following holds: supp(j) = F-(x, x), where F is a closed subgroup of 
Lx L, and 


(hz! hp tgr ")AG)(h,,g,h,) Е, VieN. (16) 


In particular, F-(x,x) c R and A(G) c F. Since xeX,, we have that F > A(L). By an 
argument as in the proof of claim 6.4, we conclude that F ^ ker(p;) = {e} for i=1,2. 
Therefore F = A(L). Hence from (16) we conclude that g€ Z, (G), which is a contradic- 
tion. This completes the proof of the claim, and the proof of the theorem. Û 
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‘uniform versions’ of theorem 1.4 and corollary 1.2, as done in the above mentioned 
paper, for certain results. 
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Abstract. In this paper we extend a classical result due to Cauchy and its improvement due to 
Datt and Govil to a class of lacunary type polynomials. 
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1. Introduction and statement of results 


A classical result due to Cauchy [1] concerning the bounds for the moduli of the zeros 
of a polynomial P(z) can be stated as 


Theorem А. If 
P(z) = 2" + a, ,z" 1  --- + a4z + ag, 
is a polynomial of degree n and . 
M —max|aj, j—0,1,2,...,n— 1, 
then all the zeros of P(z) lie in a circle 
|2| < 1+ M. (1) 
In the literature [3—6], there exists some improvements and generalizations of 
Cauchy's theorem. Recently Datt and Govil [2] have obtained the following improve- 
ment to Theorem A. 
Theorem B. If 


P(z) =z" + a, .,2" ! +++ + a4z + do» 


is a polynomial of degree n and 
A-max|aj, j=0,1,2,...,.n—1, 
then all the zeros of P(z) lie in a ring shaped region 


[ao] 
2(1 + Ay! (1 + An) 


where Ао is the unique root of the equation 


1 
(1+ Ах)" 


in the intervab4Q, b) he wget agundain ledob B RAS à 


«|z| & 1 - 204 


xeex Íl 


~ 


pose of this paper is to extend the above results for a class of lacunary type 
We start by proving the generalization of Theorem A. 


гал. xr- M =0: (3) 


this reduces to Theorem А. 
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Theorem 2. If 

P(z)=2"+a,z?+---+a,z+2), 0<p<n—1 
is a polynomial of degree n and 

А = тах|а;|, j=0,1,..., р 


then P(z) has all its zeros in the ring shaped region 


[ao] 
<|2| < 1 А 
2(1 + A)" {1 + (p 1)4} Іа eo @ 


where œo is the unique root of the equation 


1 


: (1+ Ах)Р*! 


in the interval (0, 1). 
The upper bound 1 + «A in (4) is best possible and is attained for the polynomial 


P(z) 2z" — A(z? + 22714... Ez) 


2. Lemma 


For the proof of Theorem 2, we need the following lemma. 
Lemma. Let 


1 1 
sona- 


where n is a positive integer and A > 0. If (p + 1)A > 1, then f(x) has a unique root in the 
interval (0, 1). 


Proof of the Lemma. Consider 


(1+ Ах)" f(x) = (1 + Ax)"x — (1 + Ax?*! + 1, where p<n—1 


2 (16 оз азии 
= (0) (1) 4 + (5) х + «(ues 
1 1 
(Р Mas наа 
1 2 
1 
+ p Jantes 


pt1 k= x* 
-(ü-(p* DA) Y. Фа 


k\(p—k +2)! 
n(n —1)---(n—k +2) ) | 
x 4 k| ———É—————— + A |—(р+2)А 
| (ос л 
nti 
A* 1 x* ГД“ 
СС-0. Сигики! RES Digitized by S3 Foundation USA » 


12 and B А Zargar 


P+! (p + ШАКЫ 
=C (Еул о-ва 


‚Жа AM n Ак 1 xk (5) — 
E. + У ИЙ 275 


k=p+2 


{k(A + l,) —(p + 2)4} 


n(n —1)---(n—k +2) 
p+ )p--(p—k + 3) 
<0, the coefficients of x’*?,...,x"*1 are positive and k(A + ,) —(p+2)A 


>1 for all k=2,3,....p +1, as p<n—1. Since 


+ Ax)" f (x) =0 has exactly one positive root. Since 
er j 1 1 
4 cx la + Ах)" P1 (1 ES zl 
bo, 1 — 
=1 0205 Шла | © 


(FAX (1+ Ах): 


> 1, then it is clear from (6) that f'(0) < 0. Thus there exists а 6 > 0 such 
1 (0, 6). Also f (1) > 0, hence f(x) = 0 has one and only one positive root 
he lemma follows. 


^ | 


„Z +4,2?+----+a,z+a,, 0<р<п—1, 


apola ME lal 1 ا‎ 
1 + * Та, liz * la [үе 


,2,..,n—1, it follows that ^ == 


++ зҮ) 
ОД ЕР tig 


On the zeros of polynomials 


Hence all the zeros of P(z) whose modulus is greater than 1 lie in |z| < K. Since all thos Ў 
zeros whose modulus is less or equal to 1 already lie in |z| < К, the desired result follows. - 


Proof of Theorem2. We shall first prove that P(z) has all its zeros in |z| < 1 + «94, and. 21 
for this it is sufficient to consider the case when (p + 1) А> 1 (forif(p + 1)4 < 1, thenon  -. 
|z| = R > 1, |P(z)| > R” — (p + 1)А|2|Р > К" — R? > 0). - 


If 
А = тах|а;, j=0,1,...,p 
апа 2 E ^ ©. 
P(z)=2"+a,z?+a,_,2?-'+---+a), 0<р<п—1, - p. 
then Qro ЖШ 
la Beal laol EU 


ua 

Ist EJ 7 
ЕН EA 
l2 * (zl Dial E 

== п A —1 І 2 Ф 
zs л l1 J 


Hence for every « > 0, we have on |z| = 1 + Aa, 
(1 + Ао)? 1—1 


| P(z)) > (1 + Aa)" — s >0 
if : 
a(l + Aa)" > (1 + AQ) *1 — 1 d 
which implies А 
| (LA — 1 m» 
| (1+ Aa)" (1+ Aa)" 
1 1 
Thus if о, is the unique root of the equation 
exem 1 1 (by above lemma), 


(1 + Ax" 21 (1+ Ах)” 


in (0, 1), then every « > a satisfies (7) and hence | Р(2)| > 0 on |z| = 1 + Aa | 
that P(z) has all its zeros in , 


|z| < 1 + Aag. 
Next we prove that P(z) has no zero in 


[ao] 
2(1 + A4)" {1 + (p DA} 


Let us denote the pone g(z) by (1 ZARO then 


|2| « 


f 


then — 


m xli] < R1 + R" + La, |R?*! + X la; — a; ,| R? 


< R"[R + 1 + A + 24p] 
=2R"[R + Ap] 
— 2(1 + A)"[1 + (p+ 1)A]. (9) 


х , > laol qi mar ME (by Schwarz lemma) 
lol q2 + {1 + (p+ 1)4} (by) 


lao 
2(1 + AY! [1 + (p + 1) 4] 


of P(z) lie in 


_ aol 
AY U + (p+ DA]: 


ee de Bure Fréses, 1829 я 
гоз of a polynomial, J. Approx. T. heory 24 (1978): 8-82 
s, Amer. Math. Mon. 88 (1981) 205—206 ] 
cation of the zeros of polynomials, Bull. Can. Ma d. 10 
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Abstract. The result of Siegel that the Tamagawa number of SL, over a function field is 1 has 
an expression purely in terms of vector bundles on a curve, which is known as the Siegel 
formula. We prove an analogous formula for vector bundles with quasi-parabolic structures. 
This formula can be used to calculate the Betti numbers of the moduli of parabolic vector 
bundles using the Weil conjuctures. 


Keywords. Siegel formula; quasi-parabolic divisors; Betti numbers; Weil conjucture. 


1. Introduction 


The Betti numbers of the moduli of stable vector bundles on a complex curve, in all the 
cases where the rank and degree are coprime, were first determined by Harder and 
Narasimhan [H-N] as an application of the Weil conjuctures. For this, they made use 
of the result of Siegel that the Tamagawa number of the special linear group over 
a function field is 1. In their refinement of the same Betti number calculation in [D-R], 
Desale and Ramanan expressed the result of Siegel in purely vector bundle terms. This 
result about the Tamagawa number, called the Siegel formula, was later given a simple 
proof in the language of vector bundles by Ghione and Letizia [G-L], by introducing 
a notion of effective divisors of higher rank on a curve, and counting the number of 
effective divisors which correspond to a given vector bundle. The purpose of this note is 
to introduce the notion of a quasi-parabolic divisor of higher rank on a curve 
(Definition 3.1 below), and to prove a quasi-parabolic analogue (Theorem 3.4 below) of. 
а the Siegel formula, which is done here by suitably generalizing the method of [G-L]. In 
a note to follow, this formula is used to calculate the zeta function and thereby the Betti 
numbers of the moduli of parabolic bundles in the case ‘stable = semistable’ (these Betti 
numbers have already been calculated by a guage theoretic method for genus > 2 in 
3 [N] and for genus 0 and 1 by Furuta and Steer in [F-S]). T 


2. Divisors supported on X — 5 


Let X be an absolutely irreducible, smooth projective curve over the finite field К = К, _ 
and let S be any closed subset of X whose points are k-rational. Let K dr 7 
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Remark 2.1. Let Zy(t) be the zeta function of X. Then as S consists of k-rational points, 
it can be seen that the zeta function Z,_, of X — S is given by the formula 


Zx-s(t)=(1—1°Z,(0) (1) 


where s is the cardinality of S. 

Note that an effective r-divisor on X — 5 is the same as an effective r-divisor on 
X whose support is disjoint from S. Part (1) of the proposition 1 of [G-L] gives the 
following, with X — S in place of X. 


PROPOSITION 22 


Let b? be the number of effective r-divisors of degree n on X whose support is disjoint 
om S. Let Z®_ c(t) = =, ob Pt". Then we have 
X-S nzO0^n 


zo = I| Zx-s(e 9. (2) 
1<ј<г 
In order to have the analogue of part (2) of the proposition 1 of [G-L], we need the 
following lemmas. 


Lemma 2.3. Let V be a finite dimensional vector space over К = F,, and s a positive 
integer. For any 1 < i < s, let n;:k +k be the linear projection. For any surjective linear 
mapo: V > K', let V; be the kernel of т,ф: V >К, which is a hyperplane in V as @ is 
surjective. Let P= P(V), and P; = P(V,) denote the corresponding projective spaces. Let 
N(@) denote the number of k-rational points of P — Ui<i<sPi Then for any other 


surjective V: V >, we have N($) = N(Y). In other words, given s, this number depends 
only on dim(V). 


Proof. Given any two surjective maps $, V: V > Kk, there exists an ne GL(V) such that 
фп = y. From this, the results follows. 


Lemma 2.4. Let n be a positive integer, such that n > 2g — 2 + s where g is the genus of 
X and sis the cardinality of s. Let b, be the total number of effective 1-divisors of degree 
nsupported on X — S. Then for any line bundle Lon X of degree n, the number of effective 
1-divisors supported on X — S which define L is b, /P (1), where P(1) is the number of 
isomorphism classes of line bundles of any fixed degree on X. 


(Here, Ру(ї) is the polynomial (1 — t)(1 — qt) Z, (t).) 


Proof Let L be any line bundle on X of degree n, where п> 2g —2 +s. Then 


- H'(X, L(—S))=0, so the natural map 9: H*(X, L) > H°(X, L|S) is surjective. Let 


V = H*(X, L). Then dim(V) = n + 1 — g. Choose a basis for each fiber Lp for Pes. This 
given an identification of H°(X, L|S) with k. Now it follows that the number М(ф) 
defined in the preceeding lemma depends only on n, and is independent of the choice of 
Las long as it has degree n. But N(¢) is precisely the number of effective 1-divisors 
supported on X — S, which define the line bundle L on X. 
Using the above lemma, the following proposition follows, by an argument similar tg 
the proof of part (2) of proposition 1 in [G-L]. The proof in [G-L] expresses the number 
of r-divisors in terms of the number of 1-divisors, and the above lemma tells US the 
number GPS VIS ire witvenppertita Kolego spon die oai Bien line bundle on X, 


— 
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PROPOSITION 2.5 


For L a line bundle of degree n, let bf? be:the number of effective r-divisors оп 
X supported on X — S, having determinant isomorphic to L. Then provided that 
п> 2g —2 + s, we have 


Б DP Pel): (3) 
PROPOSITION 2.6 


SR (gr My Е - 
lim quo Рх) umi Zx- fn Akor- AG 2): (4) 


n=» oO 


Proof. The above statement is the analogue of proposition 2 of [G-L], with the 
following changes. Instead of all r-divisors on X in [G-L], we consider only those 
which are supported over X — 5, and instead of Z,(t), we use Z,y_,(t). As 
2500) =(1 — t Zy(t), the property of Z x(t) that it has a simple pole at t = 47! and is 
regular at 1/q’ for j > 2 is shared by Zy- (t). Hence the proofin [G-L] also works in our 
case, proving the proposition. 


Remark 2.7. There is a minor misprint in the equation labeled (1) in [G-L] (p. 149); the 
factor q? ^ should be read as 4! ®. 

Let L be any given line bundle on X. Choose any closed point Pe X — S, and let 
l denote its degree. For any O, module E, set E(m) = E ® 0 , (mP). If a vector bundle E of 
rank r, degree n has determinant L, then E(m) has determinant L(rm), degree n + rml 
and Euler characteristic y (m) =n + rml + r(1 — g). 

The equations (3) and (4) above imply the following 


: per s—1.,(r-—1)g—1)—-s r2) -r 
lim 7 =(9— 1) 4 A 2х-5(4 ^)...Zx-s(q ") (5) 


rx(m) 


m-*oo 


3. Quasi-parabolic divisors 


For basic facts about parabolic bundles, see [S] and [M-S]. We now introduce the 
notion of a quasi-parabolic effective divisor of rank r. Let 5 c X be a finite subset 
consisting of k-rational points. For each Р,є5, let there be given positive integers p; and 
T; ses ipo With т; у +... +r; p=". This will be called, as usual, the quasi-parabolic s 
data. "Recall that a quasi: parabolic structure on a vector bundle E of rank r on X by 
definition consists of flags Ep, = F; , >... > E; „> Е, „+; = 0 of vector subspaces in the 


„р i Pi 1 
fibers over the points of S ava that dim(F, Е, j+1) 7 ri, ; for each j from 1 to p;. E 
DEFINITION 3.1 AS 


Let X, 5 and the numerical data (т, j) be as above. A positive quasi-parabolic divisor 
(F, D) on X consists of (1) a quasi-parabolic structure F on the trivial bundle OY, _ 
consisting of flags F; in K at points Р,є5 of the given numerical type (r; ;), together with == 
(ii) an effective r-divisor D on X, supported on X —S. EA - 

Note that if (F, D) is a quasi-parabolic r-divisor, then the rank r vector bundle D has _ 
a quasi-parabolic structure given by F. We denote by РЇ the set of all effective 
quasi-parabolie.5-dixisorsybgesesassecatediquaspperaboBerbauadis Usdsomorphic to — | 


ET 
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a given quasi-parabolic bundle E. For any vector bundle E of rank r, let Hom}, (0%, E) 

denote the set of all injective sheaf homomorphisms O, — E which are injective when 

restricted to $. For any quasi-parabolic bundle E, the group of all quasi-parabolic 

automorphisms of E will be denoted by ParAut(E) Then ParAut(E) acts on 

Ноте (05, E) by composition. This action is free, and Pf? has a canonical bijection 

with the quotient set Нот? (0, E/ParAut(E). Hence the cardinality of P® is given by 
|ParAut(E)| 


For 1 <i<s, let Flag; be the variety of flags in К” of the numerical type (r; , ,. --» fip). Let 
Flag; = I, <;<,Flag;. Let f (q,r; j) denote the number of k-rational points of Flags. If 


a’) denotes the number of quasi-parabolic divisors of flag data (r; ,) with degree n, 
rank r and determinant L, then we have 


at = / (а, i) De / (7) 


Now let J(r, Г) denote the set of all isomorphism classes of quasi-parabolic vector 


bundles of rank r, degree n, determinant L having the given quasi-parabolic data (r; ;) 
over 8. Hence (6) implies the following 


ат!) = |Homj (05, E)| (8) 
3 EeJ(r,L) |ParAut(E)| 


Eor any integer m, the map from J (r, Г) > J (r, L(rm)) which sends E to E(m) = E & Ox(mP) 
Is a bijection which preserves |ParAut|. Hence for each m, we have 


(т) _ | Homê; (0%, E(m))| 9 
ат тті E : (9) 
Eel, L) |ParAut(E)| 


Lemma 3.2. With the above notations, 


. |Hom’ (0%, E 
lim CO Ca = Íl, (10) 


т со 


Proof. Let m be large enough, so that Е(т) is generated by global sections. Then ће 
subset Нот? (05,Е(т)) c Hom,,(0*,E(m)) is the intersection of the subset 
Нот, ; (0%, E(m)) c Hom(0*, E(m)) with the complement of a union of sr number of 
r-codimensional linear subspaces of Hom (O, E(m)). (Here, the values sr and r are not 
important: all that matters is that the number sr of these linear subspaces is a constant 
independent of m, and each is a proper subspace.) Hence the above limit equals 
lim, . (| Hom;,;(05, E(m))|/q*"™), which has the value 1 by lemma 3 of [G-L]. 


Lemma 3.3. The following sum and limit can be interchanged to give 


.. [Homi (0%, Em) _. [Homs (0%, Е(т))| 
lim rx(E(n)) P A = lim у, TXCEGn) . 
EeJir, L) m>% d [ParAut(E)| moo sere, q' | ParAut(E)| 


This lemma has a proof entirely analogous to the corresponding statement in [G-LJ, S0 


i ils. , 
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By (10), the left hand side in the above lemma equals 


1 
Y L—— 
кєл. 1| ParAut(E)| 


On the other hand, by (9), the right hand side is lim,, , „а т 0) By (5) and (7), this 
limit has the following value 


f(q, r; )(q = ШР Sae = 1)(g- Б) о Gi”): 


Hence we get theorem 3.4. 


Theorem 3.4. (Quasi-parabolic Siegel formula) 


1 


zi - Ma — 19-140 -1(9-1-s =® =r 
42, |[ParAut(B)| f (q.v; )(а I =G Zx-s(4 )...-Zy_5(q ) 


Remark 3.5. Using the expression Zy_,(t) = (1 — t Z x(t), the above equation becomes 
1 


—————— = E — 1571,40 - 1)(9— 1) 5 = =й 
42: ,, PATON Web "a П 0-472)2,(972). 


2<j<r 
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Abstract. The paper studies the degree of approximation of functions by matrix means of 
their Fourier series in the generalized Hólder metric, generalizing many known results in the 
literature. 


Keywords. Banach space; Hólder metric; generalized Holder metric; infinite matrix; deferred 
Cesàro mean. 


1. Definition 


Let f be a periodic function of period 2л and let fe L,[0, 27] for p > 1. Let the Fourier 
series of f at t = х be given by 


1 2 А 
590 + У (а,соѕпх + b,sin nx). (1.1) 
п= 1 
In the case 0 <р < 1, we can still regard (1.1) as the Fourier series of f by further 
assuming that f (t)cos nt and f(t)sin nt are integrable (see [21] p. 9). 
The space L, [0, 2] where p = œ includes the space C2, of all continuous functions 
defined over [0, 27]. We write 


71. = sup |f(| (p=) 


te[0, 27] 
1 2x l/p 
(= | ira) (pz 1) 
T Jo 
ПЕЕ 8 
| |f (OP dt (0 « p « 1). 
We write И 
w(6)=w(,f)= sup ||f(x+h)—f@)lle (1.2) 
O<h<é 
w,(6)=w,(5,f)= sup (lf + h)— fl, (1.3) 
O«h«ó 
w?)(5) = w(5,f)= sup ||f(x+h)+ f(x—h) = 2f (lp (1.4) 
о<һ<5 


which are respectively called modulus of continuity, integral modulus of continuity and 
integral modaduscafusmoedhnesss(seediub]opedia). Digitized by 53 Foundation USA 
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In the case 0 < f <1 and w(à, f) = 0(0") we write f € Lip ff, and if w, (0, f) =0(6") we 
write f'eLip(f, p). The case f > 1 is of no interest as in this case ri turns out to be 
constant. The class Lip(f, p) with p = oo will be taken as Lip f. 

Let 

= (feC,,:1f69— fO) < KIx — ур) 


where K is a positive constant, not necessarily the same at each occurrence. It is known 
[15] that H, is a Banach space with the norm ||:||, defined by 


Vf, = file + sup A* f(x, y) (1.5) 
where ° 
z Cy Me9— fol c ) 
A* f(x,y) = |x — y|* (x # y) 
and 
A? f(x,y) = 


The metric induced by the norm (1.5) on H, is called the Hólder metric. Since 
MSAD: 171, O<B<a<l 


it follows that H, € H, € C;,; that is, (H,, llla} is a family of Banach space which 
decreases as a increases. 

With a view to generalize Hólder metric, we proceed as follows. We define for 
0<2<1 


Hlo p)= {fe Lp 0<p < оо: [f(x +h) — /(х) 1, < КІ) 
and introduce the following metric. Еога> 0 


llan Ul, sup ЛЬ 


1710, = LAS (1.6) 


It can be easily verified that (1.6) is a norm for p > 1 and p-norm in the case 0 < p <1. 
Further it can be verified that H(a, р) is a Banach space for p > 1 and a complete 
p-normed space for 0 < p < 1. Note that H(x, оо) is the familiar H, space introduced 
earlier by Prósdorff [15]. 

Let A = (a, ,) be an infinite matrix and let S,(x) be the nth partial sum of the series 
(1.1). We denote T,(f) the A-transform of the Fourier series of f by 


T= Т„(/;х) = D Ay, Sy (X) (1.7) 
provided that the series converges for each n = 0, 1,2,.... 


Throughout the present paper we assume that elements of the matrix А = (anx) 
satisfy the conditions 


o 
All = sup Y; la, (1 <% (1.8) 
n k=0 
and 
© 
1 foreach n=0,1,2,. (1.9) 
CC: 0, lı kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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We write Ae: if conditions (1.8) and (1.9) hold. We use the following notations 
throughout: 


p(t) = f(x +t) + f(x — t) — 2f(x) (1.10) 
1, (x) = T.C х) — f(x) (1.11) 
50 sin(k + 3)t 


KOE SEDE 
© D һо sin(t/2) (1:12) 
Wn = У la, а, x«l (1.13) 
k=0 
k 
G,(k)= У а,, (1.14) 
r-0 
аж Fa dn, ne (1.15) 
r=k 


2. Introduction 


Présdorff [15] studied the degree of approximation in the Hólder metric and proved 
the following theorems: 


Theorem А [15]. Let fe H,(O0 < « < 1) and 0 < Û < a < 1. Then 


Я dise (0 «a « 1) ‚ 
lo — fg = O(1) Wo 1(1 + logn)!~ B (a =1) 


where c,(f) is the Fejér means of the Fourier series of f. 
The case f) = 0 of Theorem A is due to Alexits [2]. 
Chandra [6] obtained a generalization of Theorem A in the Nórlund or (N, p) 

and (N, p) transform set up. Later Mohapatra and Chandra [13] considered the i E 

problem by matrix means and obtained the above results as corollaries. Also see 

Singh ([18], [19]), who claims to have improved the results of Mohapatra and 

Chandra [13]. 

With regard to the approximation of functions in L, norm, the following theorem i is 

due to Quade [16]. E 


Theorem B [16]. Let f eLip(o, p, 0 < a < 1. Then 
n ^ (р > 1) 
lo- fll, = О(1)үл * (p=1,0 <a<1) 
(logn)/n (p=1,a=1). 
With a view to generalize the above results in Norlund transf 


attempts were made by Sahney and Rao [17], Chandra [5], [6]. Moh 
[14] considered this in generalized Nórlund mean set up. 


generalization В the fo plowing direc єп BF colection р Dig 
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(a) Holder metric is to be replaced by generalized Holder metric, 


(b) Transformation is by means of infinite matrix so-as to include deferred means 
introduced by Agnew [1]. 


(c) Modulus of continuity is to be replaced by more general integral modulus of 
continuity for 0 <р < oo. 


The degree of approximation problem for a class of continuous functions of bounded 
variation, integral modulus of continuity of order 1 have been extensively studied by 
Mazhar [10], [11], Mazhar and Totik [12] and Bojanic and Mazhar [3], [4]. 
However, these studies do not come within the fold of our theorem of the present paper. 


3. Main results 


We prove the following theorems: 


Theorem 1. Suppose that Аєт and let there exist a positive non-decreasing sequence (pp) 
such that 


У, (k+ la, „|= O(u,). (3.1) 
k= pa 
Then for p> 1 and fe H(«, p), 0 ca < 1, 0 < f < « 


(1 +1og(u,/2,)) + V (n) 417 7*5, (0 «a « 1) 


1 8 
о. + w(n4^logA,) ^ («=1) 


100) 1 = 001) 


where l,(x) and ү (п) are respectively defined in (1.11) and (1.13) and A, is any positive 
non-decreasing sequence such that A, < Hp. 


Theorem 2. Let (<p «1 and let A= (a, ,) satisfy the conditions of Theorem 1. Let 
feH(x, p) 0< В <a, 0 < a < 1. Then 


O(1) (a > 0,2p « 1) 

AG DNA (к>»2р—1,2р> 1) 
(logA, ^ («> 2p— 1,2p — 1) 

lil, (x) lg, = 0(1) у ел2 + (V (n) 1228-1 (0 <a <2p—1,2p> 1) 
(log 4, )! — Bla ДР” 1)B/a 


(a = 2p — 1,2p> 1). 


Theorem3. Let0<a<1,0<f<a,ap>1.Let A = (a, x) satisfy the same conditions as 
in Theorem 1. Let f €H (a, p). Then 


Hn es а ¬ (Bla 
IL Glas = OC (14104 (42) agim mm 


n 


я Jit Jp) + B >a = (Bap) «<1 + (1 
+0(1)/(п) fra (1.— ja) oo, 
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Remarks. (1) In case 


0 — lim inf (2) >0, (3.2) 


n 


for sufficiently large n 
Que n e$ ]- € 
5 Ж, PESE » la, xl 5 — у, (k + 1)[а, ,](n >К) 
Zi prays H 


Hn k= un n k= jin 

so that hypothesis (3.1) includes (1.8). 

(ii) The hypothesis (3.1) seems to be unusual and interesting. It was first introduced by 
Mohapatra and Chandra [13] in д„ = n + 1. The importance of (3.1) seems to lie in the 
fact that it moderates the effect of a, , for large К; in fact (3.1) annihilates it for iower 
triangular or even deferred matrices. For example if a, , = 0 for k > д„‚ then the 
hypothesis (3.1) is automatically satisfied. See $4 for a beautiful application of this in the 
case of deferred Cesàro mean (Corollaries 4 and 5). 

We require the following lemmas for the proof of the theorems. 


Lemma 1. Let 0 < p< oo. Then 


(i) w(6, f) < 2w,(6,f) 
(ii) 16. —x+nlp<4KISC)—S& +A), 


where K is some positive constant. 


Proof. For p> 1 and by Minkowski's inequality, we have 


2n 2n 1/р 
(| 9.01) < (| Lf (x + D= fora) 
0 0 


2л 1/р 
+ (| If(x— D= sores) (3.3) 


and for 0 < p < 1, we have by the modified Minkowski type inequality 


| ^ lé. (Olrdx < | лос) fold + | “үк — 0) — fold. 
: : i (3.4) 
Now Lemma 1 (i) follows from (3.3) and (3.4). For proving (ii) we first note that 
$.(0 — d...) = (FG 0 — f(x ++} + UG 0) — f(x + h— 0) 
—2{f(x)— f(x + h)j 


and then apply Minkowski's inequality separately for p > 1 and for 0 < p < 1. 


Lemma 2 [8]. Suppose that f eLip(a, p), p> 1,0 «a € 1. 


il 
then feLip|«—-+-, 
Ј P( р 4 ) 


р 
(i) If ap LELE 


n f : 5 s 
(ii) If ap > 1, then f eLip (« 55 + m a) for q> p and f is equivalent to a function of 


: 1 f 
Lip (« —- |, i.e., two functions are same almost everywhere. 
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eorem 1. We know that 


sin(n + 3)t 


Е lx) У, 2,49.) — £09 Э ON 
0 к=0 


T T3t 


1 л 
x |, $.() K,()dt 


ЕЕЗ 


1 © 
E. 920 sing 4 


ы» Minkowski s inequality for p > 


(3.5) 


„( is defined in (1.12). Note that the change of order of summation and 
is justified provided either side is convergent. We observe that by (1.8) the 
t) is convergent (even absolutely) and K,(t) = O(t !) for all 0 < t < t and 
ерга! given in (3.5) exists by (3.6) and by the fact that fe H (o, р) in which 
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We make use of the fact that, by Abel’s transformation 


oo h 1 oo 
2, An, x Sin (i+5)e=00-% » lan — а, «+ 1| ; (3.8) 


k=0 


and Lemma 1(1), we obtain 


1 л 
Г, = 41| IP) — $..., lI K,()Idt 
=o | t"K,(t)|de 


=ош E (Olea) (3.9) 


v(nlogA, (=1). 


To obtain alternative set of order estimates for J, and I, we make use of Lemma 1 (ii). 
Now we split I, into I, , and I, with limits of integration from 0 to 1/4, and from 1/д„ 


to 1/7, respectively. 
oo à 1 
+ ¥ ) a, «Sin ( + 2): 
К= р. +1 — 


We first note that 
Tos у la, i(k + 1)t + 3 (k+ bla, l| 


iM? 


- 1 
KUS 2 sin(4 ug È 
EE 


= O(u,) + O(u,) = O(u,) (3.10) 


by (1.8) and (3.1). 
Hence by Lemma 1 (ii) and (3.10) 


l/un 
1 1 == (or | ik, lar) 
0 
l/un 
=o (tri | ac) = O(ly/*) (3.11) 
0 


WE dt 1 
„= ойу) | 3 a, «Sin (++) 
k= 


1/иһ € 


1/2» d 
= оу) А\ | < 
1/ип 


= O(|yF)log=. (3.12) 


Combining (3.11) and (3.12) we obtain 


1, = O(|yl*) (1 + log 
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By Lemma 1 (ii) and (3.8) we have 


т 


1;-—O(lyP) | |К„(0)|4: 
1/Аһ 
а: 
= oun | 5 
1/An 
= O(ly)u(92,. (3.14) 
Combining the results (3.7) and (3.13) we obtain 
n, SIME Ge 
[Л Bla 
= oui + tog) 71284 (3.15) 
and combining (3.9) and (3.14) 


= ih 
I, = B^ [1 - Pis 


= VOD E (0<a<1) 
= O (| yl) (п), )"" "E a 


AE TR (0 « a « 1) 
16 
Ofen us. j 2 = 1). E 
Hence 
вар) 09, 
y*0 ارا‎ 
= ie E A erp (0 < a « 1) 
0(1) ( +log 3 45-* + O(1)y (n) |: jdogi'-^ (= 1) 
(3.17) 
It follows from the analysis of the proofs of (3.7) and (3.9) that 
Mt O<a<1) 
LOI = ( 3.18 
O o(z.) кошин, Om бш 
Now we combine (3.17) and (3.18) to obtain the degree of approximation for ||/,(x)llg.p) 
as 
ji-« 
(0 >» > 1) 
I), = 000] = +H) a, oat 
Hn р-а 45 - 94 o | 
+ ( 2-20 An “+ Vn) ae A)! ^ (#=)) 
| (3.19) 


whence the result follows. This completes the proof of Theorem 1. 
We omit the proof of Theorem 2 as it follows the lines of proof of Theorem 1. By 
Lemma 2(ii) we can make use of the fact that 


а. "E eLip (e: == | (ap>1) | (3.20) 
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for the proof of Theorem 3. Using (3.20) and adopting the argument similar to those 
used in proving Theorem 1, we can prove Theorem 3. 


4. Corollaries 
We specialize the matrix A to obtain the following corollaries from Theorem 1. 


COROLLARY 1 


Let p>1,0<a<1,0<f «a. Let A be a lower triangular matrix such that 


a, Z0, а, к <а, p+ 1(k =O, 1,2,...,n— 1), y a, y = 1. (4.1) 
=0 
Then for f € H (e, р) 
Saja je С" (0 «a « 1) 
I Qo Hg = 00)" 1 
"E, +a, ," (log n)! БА (a = 1). 
Proof. In this case 
пт 1 


n 
y (n) = y la, k — an kil = » (use 7 nk) E n,n 
к=0 к=0 


= 2a, ,— @„,о € 24, n 


Now, we take A, = д, =n + 1 so that condition (3.1) is automatically satisfied. 
COROLLARY 2 
Let the conditions of Corollary 1 hold. Then 


aJ (1 4- log(n + 1)a, n” (0a « 1) 


1-5 
al. aK + log(n+ 1)a, , + (ic ) | TER 


Proof. Since 1 = Ў" _ а, „< (п + 1)а, n we choose р, =n +1, А, = 1/а, n so as to 
satisfy condition (3.1). Also we have v (n) < 2a, ,, 


IAES) lle.) = O(1) 


Remark. The case p = oo of Corollaries 1 and 2 are respectively Theorems 1 and 2 of 
Mohapatra and Chandra [13]. 


COROLLARY 3 


Let p>1,0<a<1,0<f «a. Let A Бе a lower triangular matrix such that 


a, k 20, Ха к= ца k Z an pie 012 mE (4.2) 
Then for f €H (a, p) 
(1 + log(n + 1)a, o ^a? у, (0 «a < 1) 
Ill Cx) les, p = OG) 1 V 
(1 + log(n + 1)a, o a1? +a} o” ( ) (x — 1). 
n, O. 
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ROG y 2 1—-a-tf 0< 1 
aCe, = 00) ланг aa (44) 


this case 


n 
у(п) = È [o Q, k+l = Ў, (GG, 241) =а, о 
k=0 


k=0 
=n, А = l 
n, 0 
tain (4.3) or we may choose 


In the case a, , = (4371/42) (Cesàro matrix), a, о = (427 ! /A2) ~ (1/n). Cesàro 
fies the condition (4.2) in the case ô> 1 and it satisfies (4.1) in the case 
hus Corollaries 1 (or 2) and 3 together cover the degree of approximangy of 


Woo: 
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D(n, n + k) is called the delayed first arithmetic mean (Zygmund [21], p. 80) and it is 
known [21] that 


(Сри дез) т = O(1) as k — co with n. 


In fact, more generally, it is known [1] that 


Pn 


(C, 1) = D(p,,q,) if and only if = O(1). 
Qn = Pn 
It is also known [1] that 
D(p,,n) c (C, 1) 
and 
Рр) ~ (C, 1) if and only it- = = 0(1). 


Let A= {2,} be a monotone non-decreasing sequence of positive integers such that 
д =1 and 4,.,—4, <1. Then D(n —2,,n) is same as the nth generalized de la vallee 
Poussin mean V, (4) [9] generated by the sequence (7, }. 

We now obtain the degree of approximation of deferred Cesàro mean. 

It may be noted that the condition (3.1) is automatically satisfied by choosing 


a suitable и, for which a, p vanishes if k > д„. For example 


Hn = Qi ]8 An = an = Pr: 
Now 


со 
VD = У la, & ал 
k=0 


аһ 


а 3 la, x a Gn k+ |! 
k= pn 


== | c 
Sij lan, E ay, Pnt |! лг 1C, an Qn ant |! 


-|- | + Lp ab RN (4.10) 
Ch, 12), Cnn “п тер 


Thus from Theorem 1, we obtain Corollary 4. 


COROLLAR Y 4 
Letp>1,0<a«<1,0< Û < « and f € H(a,p). Then 
110, (2) Iles, р = 
Bla 
(1 +10. ) ЖЕР E (0<a<1) 
СОА (Ch 1) 
ош) 1 qn +1 V 
———— | | 1+ log | + (log(q,— р, | х= 1). 
(4„— Pn)” [( $ 3) бовад Ga 
Remark. In the case 
. Pn 
ô= lim sup— «1 (4.11) 
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we have 


x mea) 1 
i uP (; NA) pem 


so that from Corollary 4, we obtain Corollary 5. 


lim sup Е 


п со п n п со 


COROLLARY 5 
Let p>1,0<a<1,0<f < о. Suppose that (4.11) holds. Then for f eH (a, р) 


1 
(0 « a « 1) 


(pas 
Il Gl, ош Р) 


Gest! t osa, + р,)) ^]. (=1) 


At this stage we remark that the case p = oo of Corollary 4 for D(n — A,, n) is due to 
Stypinski [20] where one log factor seems to have been overlooked. Corollary 4 too 
covers the case of Chandra [7] in relevant cases. 


5. Additional theorems 
We establish the following theorems: 
Theorem 4. Let A = (a, x) satisfy the same condition as in Theorem 1. Further let 


ank Z an +270. (5.1) 
Then for fe L,,p > 1 


10,091, = Ow (= ) + O(1) pr =) 8 „(К + 1). 


Theorem 5. Let A = (a, ,) satisfy the same conditions as in Theorem 1. Then for pz! 
and f eH(«, p, 0 < x < 1,0 < f <a 


1 +a 
к= 1 k = 1 k 


+ G “eevee » ДЕ) 
а . 


where 


8(п,К) = X4 ED Y la 


m=k+1 


(5.2) 


nm а, m+ 1 | 
amd y, and 2, are defined in Theorem 1. 


Theorem 6. Let A = (a, ,) satisfy condition of Theorem 4. For p > 1, suppose that fe L; 
and wÜ'(t)/t is monotonic non-increasing as t increases for some 0 with 0 < 0 < 1. Then 


Hn ñ k 1 
InI, = 00)» (5) Г + У, o 


k=1 
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Lemma 3. Let (5.1) hold. T hen 
oo z 1 
У a, ,sin| k+=)t=0(G,(T)) 
K=O ^C 2 
where T = [n/t]. 


Proof. We have 


oC 1 
Y asin ( +з)! < 
k=0 „2 


"= 1 
У a, ,sin (к +5) 
к=0 2 
с=з 


< » Qn, k +а„тО( 2 
k=0 


AF У sin c 
fete n,k 2 


by Abel’s lemma. Since (T + 1)a, r 5 ZÎ-04,,„, Lemma 3 follows at once from the 
above inequality. 


Proof of Theorem 4. We know that (see the proof of Theorem 1) 
1 r 
1.09= = | $.(t) K,(t)dt 
T Jo 
By generalized Minkowski's inequality 


1. (7 
7T Jo 


Tf Hn n 
-i( | + | олко 
T 0 T Hn 


= л ЧЕЛ» (5.3) 


Now 
л/иһ (2) 1 
n=00 | wp (0 Y a, sin (K+ Jr dt 
0 t EZO 2 
T Hn 
= ошь, | w(t)dt (as in (3.10)) 
0 
njun 
= O(1) u, wO (n/u,) | dt = О(1)®\(л/н,„). (5.4) 
0 
By Lemma 3 
r ) 1 
1,700 | UL) S ier dfi DI dt 
nju =0 


— O(1) 7 ale 


» = we (0) 
a d 
с X D ii Kahgruniveysity men ША Digitized by S3 Foundation USA 


E F i Hn л/к dt 
= & O(1) У a,(k + 1)w(a/k) | y^ 
k=1 r/(k + 1) 
-o) Ў ETD wem] (5.5) 
k=1 


| In; th his section, we specialize the matrix А = (a, ,) to obtain the following corollary to 
| 135. 


а, Z0, È dn, ank Z s k+ 1 (6.1) 


DEC 0 (62) 


k=n+1 


B <a <1 and /єН(о, p) 


n ja n 1—(B/a) 
Peres) (Sa) | 


=1 


Р, 


Pro yof. Inti 


со 
У ааа і 
m=k+1 


k 
= X la, + (k + 1) 
m=0 


k 


T K: = ») anm + (К+ 1) Э (Cram 05, 2-1) 


m-0 m=k+1 
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А note on multidimensional modified fractional calculus operators 
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Abstract. In the present investigation some new formulas giving the images under multi- 
dimensional modified fractional operators of the celebrated H-function of Fox [ Trans. Am. 
Math. Soc. 98 (1961) 395-429] are obtained. Special cases are briefly pointed out and the 
results are also studied on general spaces of functions М,„(К", ). 


Keywords. Multidimensional operators; H-function; Mellin transform; fractional calculus 
operators 


1. Introduction and preliminaries 


The field of fractional calculus is presently receiving keen attention by many researchers. 
The latest monographs on the subject by Samko, Kilbas and Marichev [14], 
Kiryakova [4] and Miller and Ross [6] give fairly good account of the developments in 
fractional calculus, and consider several aspects of applications to potential problems 
in analysis. Most of the investigations carried out are for one dimensional case. 
However, some work relating to two dimensional (and multidimensional) cases have 
also been considered but in general these happen to be repeated applications of the one 
dimensional case (see, for example, [3], [8], [9], [14] and [16]). 

Our purpose in the present investigation is to obtain new classes of formulas giving 
the images under the multidimensional modified fractional operators introduced by 
Brychkov, Glaeske, Prudnikov and Tuan [1] of the celebrated H-function of 
Fox [2]. The H-function which is usually defined in terms of the Mellin-Barnes 
contour integral involving the quotients of gamma functions, and as already evidenced 
in the literature, such single Mellin-Barnes contour integrals are useful in several 
areas of applied mathematics and statistics ([5] and [15]), our formulas would possess 
wide applications. Moreover, the H-function includes, as its special cases, mathe- 
matically important functions such as the Bessel- Wright function J^(x), the Fox- 
Wright function p*q, the Mittag-Leffler functions E, and Е, р, the generalized 
parabolic function, the generalized hypergeometric function and the Meijer’s G- 
function. The results of this paper may, therefore, be regarded as key formulas. Some of 
the results given recently by Tuan and Saigo [17] are deducible from our general 
formulas. The results of the present paper are also studied on general spaces of function 
M,(R’,). 

Throughout the paper we follow the notations and conventions of [1]. Thus, 
R denotes the field of real numbers and C the field of complex numbers. R" represents 
the set of n-tuple real numbers, with К" denoting the set of non-negative real 
numbers, and C" the set of complex numbers. Also, we write x? for the product 
Dx? and x^ for the product Пух where x=(x,,...,x,), реб and 
À = (A4,..., 4,)e C". The symbol |A| means the finite sum A, + --- + 4,, and D! stands for 
(0"/0x, ... 
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[o= $0970 
-0 ф0)<0. (9 


b RI > C are defined by 


EN o! SUPE ale г 
t ¥109 = cer. | nins t| ros 
| 1 ч д 1-n 54 а 
E || ш 
n-a- Xi 26 Xntk 
x ty ЛЕ Puis Jan), (2.1) 


(— 1) xr Ls 
E. IS A [roe | 


= 1 ч д 1-n x: a 
ER T(x4 1) 2. ax, (s | (t, — Xy) 


AT a— p(B... 1k |, Xn E313] (22) 


X 


| 22) are introduced in [1] and have been invoked recently in [17]. 
iion of the region К” (see [17, p. 255]) for fixed xeR3, the 
perators (2.1) and (2.2) are expressed above in terms of finite sums of 


e dimension of the operators, the notations X^" and X*"are E 
d XZ. For n= 1, we have the following connections. à 


On fractional calculus operators 


where 

M N 

0(c) = | H T(b;4 Во) П (i - ره‎ = 4 
j=1 ј=1 
о Р =1 
х | П ra—5;—B5;o) [| ROE 4,0) у (3.2) 
ў j=n+1 J=N+1 = 

with 


* 


N P M Q 
A-YA M А, SB; Y BOF or A=0) 
1 N+1 1 M+1 


P Q Р 0 - + 
Re (Xa, = Xp, )= (P= 072+0 ( L4, Z8, |> 22298 

1 1 1 1 p - E. 
Re(b;) > —pB(j=1,...,M), Re(a))>1—pA,(j=1,..., N). 


Incidentally, special forms of H-function kernels have been used to define new 
fractional calculus operators in [4] (see also [12] and [13]). - 
Before stating our main formulas, we require the following results: chs ' 


Lemma 1. If s —(s,,...,$,)€ C", h = (h,,..., h,)e R^, , and g(y)y5/? le L, (R , ), then 


| x*-!g(max(x'',..., x Y)dx 
R^ 


Re(s) 20 (/=1,...,п), 
and 


| x? +g УЙ рса) 
RY 


(— 1 5 

و 
S1... 5,‏ 

Re(s) «0 (jel,...,n) 


where g* (u) denotes the one-dimensional Mellin transform of g(u). 


Proof. The results (3.3) and (3.4) follow easily from [17, p. 256]. These can also b 
independently by using the operational rules stated in [1, p. 200, Theorem 
We begin our derivation of the first formula by recalling the multi 


inversion formula [1]: жед ot 
fe gu]. Ind E 
26) с эрү s)x *ds, on PNE 
(2ж J ie an M 


` C LEE 


for the Mellin transform 


J *(s) = M {f(0} = | 


CC-0. Gurukul K: 


= s (у) tic yit ioo Ун ioo 

E | for | el | 

. ()—- io у іо Ул ioo + 
”,4;<0(j=1,...,n) and h > 0, then in view of (3.5), and by the application of 
(3 )9 Lemma 1 we can эз 
+ НЕ ооох) 

—1yw-1 (А) +оо 
وھ‎ ол 


h(2ni)" (2) - ico 2? n 
r= (11 г(ь, +В, YT П (1-а = Ay 13) 
j=1 
( П г(1-6-в в), П r(a+ | (3.8) 
j=M+1 j=N+1 th 


Now of perating X*, on both sides since Re( — s; — 1) > — 1 (j= 1,...,n), and using the 

[17, p. 257, eq. (3.5)]: 

Г(п — + ||) 

Кх ә —- d x), 39 

BETET E 
Re(B;)>—1(j=1,...,n), Re(|8|) > Re(z) — n, 


E a min (o5. I : 
NE | Nes). AM - 
SITO AG) зеная X SS (3.10) E 
NE ES 5 T 

and F *(s) is given by (3.8). 5 


S. of (3. 10) by means of (3.7), we arrive at the following result: 


x") (1 о], 
(b;, B), o, (1, h) 
edes (4,;. A) ERE BE 
N), Re(bj) > — [A B;/h (j = 1... 
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In an analogous manner, by using the formula [17, p. 257, eq. (3.6)] instead of (3.9), 
we would arrive at the following formula relating to operator (2.2): 


Formula 2. 


Хе x7 Hp maxi 


R х! M+1,N h h 
-= ни ЕЕЕ 


(a5, A;) p, (1 +a h) - 
(1, h), (b; Bj), о | (3.12) 


provided that Ҝе(о) > 0, heR,, A=(A,,...,4,)ER" with 4,70 GE 
Re(a;) < 1 — (141A j/h) Cj = 1,..., N), Re(b;) > — |4| B;/h(j = 1,..., M), and the conditions 
(i) and (ii) of (3.11) hold true. 


Remark 1. For 4;=1(j=1,...,P), В,= 10 = 1,...,0),апал = 1, then (3.11) and (3.12) 
yield the corresponding formulas for the Meijer's G-function [17, p. 260]. 


Remark 2. It may be observed that for n = 1, (3.11) and (3.12) reduce precisely to the 
formulas obtained earlier by Raina and Koul ([10, p. 99, eq. (7)] and [11, p. 277, eq. 
(2.5) ], respectively). 


4. Operators on space M,(R".) 


Following [17], let M, (R", ) denote the space of functions f which are defined on R5, 
where y = (у,,...,у JER", satisfying the conditions: 


(i) f (e*,..., e) can be analytically continued to an entire function of exponential type 
on C", 

A А 44 д ye Gas yt tel 

(ii) 10 + г, D" (1 2,0) (а=) (ье) er (zt zh f Gases.) 
< C, ,exp(a, eni E -+a,largz,|), forkjr;—0,1,2,...;j = 1,...,п are valid 
forall z2 = (Z2. CZ VEGAN ДОШ, =O 


z,) 


where the real constants а;,..., a, and C, „= Су... ate independent of zeC". 

The above inequalities imply that xta (дє L(R^. ) for feM, (R^, ). We now record 
the following known results pertaining to the space of functions. M (R5. ) involving tbe 3 
operators X% and X* . | 


o gS 


Lemma 2. [17, p. 262, Theorem 2]. If ВєС" and уєК" such that y; + Re(B;) < 1 E- 
(j = 1,...,n), then the operator x" X*, x? (Ке(о) > 0) is a homeomorphism of the space 
M,(R") onto itself, and 


SINE o (69) = 1 er) укш а ы Шш Isl) x5 


S XX 
Qni (y) tico T(r — |6| — Isl) 
provided that Re(«) + Re|f| + |y| <n. 


ds, 


Lemma 3. [17, p. 263, Theorem 3]. If Be C", ye К” such that y. 
then the operator х? X= x ®, Re(a) > 0, isa p 


t Rel B 
itself, and gem ЛАША 
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Using Lemma 2, we have 


RON EC ОНУ у [шїп (cj »- - <} J 
ie I(n— a — Ifl — Isl) | 

H*(s) —À———— x ds, 43‏ س 
exl. 2 Г(п — |6| — Isl) 3 . 43‏ 


where H*(s) denotes the Mellin transform of the involved H-function: 
Applying (3.4) of Lemma 1 to compute H*(s) and interpreting the resulting 
expression by means of H-function defined by (3.7), we get the following result: 


Formula 3. 


XE a HA (Min {x ».--» X») ] 


M,N+1 moh h 
saeia E (4.4) 


(1 —n + a + |l, h), (a; e 
(b; В), o, (1 — n + |6|, h) х 
provided that Ке(о) > 0, BeC", heR ,, Ке(о) + Re|6| + |y| < n, and the same conditions 
stated with Formula 1 (with |A| replaced by |y|) are satisfied. 
In an analogous manner (by using Lemma 3), we obtain the following result: 


Formula 4. 


хЁХ“ x PHA Ema (26s ---, 3) ] 


(4.5) 


n 


— HM+1,N h A 
RESI, | max... 


(4545, p, (1 a — n il 
E Bl. (БВ), о 1 


provided that Ке(о) > 0, BeC", heR , , Relf| + |y| > n — 1, and the same conditions stated 
with Formula 2 (with || replaced by |y|) are satisfied. 


Remark 3. It is worth noting that for f — 1, Formulas 3 and 4 at once yield the results 
(3.11) and (3.12), respectively. 


5. Fractional differentials on M KR) 


Corresponding to Lemma 2, there exists the inverse operator X% which is a homeo- 
morphism of itself, and is defined by ([17]) 


g RUP (7) tic ^ I'(n — |s|) 
I= Ga | oza n= as) 


provided that y; < 1 (j — 1,...,n), Re(o) + |y| <n, Re(«) > 0. 
Similarly, there exists the operator X —* defined by ([17]) 


=sds, (5.1) 


1 (у) + io = 
X-*f(x) = “Al f* Г(1+®—п-+ |s|) 
Qni)" J i T(1—n + [5]) 
provided that y,>1(j=1,...,n), Re(a) + | > п— 1, Re(a) > 0. 
Using (5.1) and (5.2) in conjuction with the appropriate results of Lemma 1 for 
computing Mellin transforms (as in the case of (4.4) and (4.5) above), we arrive at the 
following Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


БОШ ds) (53) 


КҮ! 
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Formula 5. 


X7 HF ¢ {шїп{х,...‚х®}] 


= HIA. ши (5.3) 


(1 — п, h), (aj, А»), p 
(bj, Bj), o, (1 — n + a, h) |” 


provided that Ке(о) > 0, heR,, Re(a) + [| <n, and other conditions easily obtainable 
from (4.4) exist. 
Formula 6. 


X-*HE [max (ere eve al 


n 


#2 M+1,N h h 
= zd. mes ed (5.4) 


(a; А), p, (1 — n, h) | 
(1 +a-—n,h), (b; B) б |? 


provided that Ке(о) > 0, heR ,, Re(a) + |у| > n — 1, and other conditions easily obtain- 
able from (4.5) exist. 


Remark-4. In view of the relations 


ее А М + ^ д ^ д 

> GS БӘ) = П ( ДЕ с Tee xg) (5.5) 
and 

Vind: Ae 1)" í ( , д д 5.6 

ХО) =( 11 n و + ز‎ + од (5.6) 


where r is a positive integer, and which are easy consequences of (5.1) and (5.2), 
respectively (see [17]), one can connect the formulas involving the H-functions from 
(5.3) and (5.4) with the ordinary derivative operators. 
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Changing the variable in convolution of distributions 
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Abstract. In this paper the author has extended the concept of changing the variables in 
distributions to the convolution of distributions. For an infinitely differentiable function h(x), 
he has first defined the convolution of two distributions f (h(x)) and g(h(x)) and then proved 
some ofits properties. Finally, he has applied his results to the fractional integral and fractional 
differential operators. 3 


Keywords. Distributions; changing the variables; convolution; infinitely differentiable 
functions; fractional; integral; operators. 


1. Introduction 


Jones [5] and Fisher [3] have given the concept of changing the variable in distribu- 
tions. For an infinitely differentiable function A(x), Fisher has defined the distribution 
F(h(x)) in the following manner. 

Let F be a distribution and h be an infinitely differentiable function. Then the 
distribution F(h(x)) exists and is equal to f(x) on the open interval (a, b), if 


lim E Е,(#(х))ф(х)йх = €f 69. 9» (1.1) 


for all test functions $€K (see [4, p. 2)] with compact support contained in (a, b). In 
(1.1), {F,,} is a regular sequence converging to F and is defined by 


F,(x) = Fx, = | F(x—1)6,(t)dt, — — (1.2) 
where ó,(x) = n p(nx), n= 1,2,3,... and p is a fixed infinitely differentiable function 
having the following properties: 


(i) p(x)=0 for |x| > 1. 
(ii) p(x) z 0. 
(ш) p(x) = p(— х). 


(1v) |? р(х)ах = 1. 


He has also proved that for $ eK, 
<F(h(x)), $ 6)» = (E(x), ф(р(х))|р'(х)|%, 


where p(x) stands for h ! (x). 

Since we know that the convolution of two distributions 
study made by Jones and Fisher encourages to see the ‹ 
the convoluta afudist kebaritüoinssity Haridwar Collection. Di 
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In this paper we have defined the convolution of two distributions and studied a few 
of its properties. We have also applied our results to the fractional integral and 


differential operators. 


2. Convolution of generalized functions and its properties 


This section is devoted in defining the convolution of two generalized functions f (h(x)) 
and f (g(x)) and studying a few of its properties. 


DEFINITION 2.1 


Let h(x) be an infinitely differentiable function and f(h(x)) and g(h(x)) be two 
generalized functions. The convolution of f (h(x)) and g(h(x)) is defined as 


J (h(x))*g (h(x) = Cf *g)h(x) 


= f f(h(y))g (h(x) — h(y)) k (y)dy. (2.1) 
For фєК, we have from (1.3) 
«(f *g)h()), 669)» = <(7*9)(х), Ф(р(х))|р'(х)|> 
= ((f*g)(x), Y Q9)». (22) 


быж Ч(х) = ф(р(х))|р'(х)|є К with compact support in (a, b). Following Kanwal 
[6, p. 179], we can i (2.2) as 


(=gh), $0)» = €f (9), X90). V (x + y)» 7- (2.3) 


We also define the convolution of f(x) and g(h(x)) as 


f(x)«g(h(x)) = | f()g(h(x) — (у) y)dy (24) 
and for peK, we define it as 
о) а(х), 09)» = €f C9), h(x) (g (у), V (A(x) + »)» >. (2.5) 


Equations (2.3) and (2.5) are meaningful only if (i) f or g has bounded support or (ii) the 
support of f and g are bounded on the same side. 


Now we will study some of the properties of convolution of two generalized 
functions. 


(1) The commutative law holds i.e. 


E Лр) g(h(x) = a(hG9) f (h(x)). 
ut 

fx)*g(h(x)) # g(h(x))* f (x). 
(2) The associative law holds i.e. 


(Ff 0569) g (09) kk (h(9)) = f (h(x) *(g(h(x)) «k (h(x))) 


and also 
(f 9)sg(h69))«k(hG9)) = f (x) *(g(h(x))  k(h(x))) 

provided the e of two of the three distributions are bounded or the support ofall 

; ессе ӨШ ribu utions are bounded on the s EM gid Foundation USA 
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9 (А(х)) = (= (f *g) Jr һ(х)) = С | h(x)). (2.6) — 


For фєК, we have 


(rem he, 609 ) 
x 


(3) Also 


d 
(20 доз) (by (2.2)). 


ll 


— <(f *g)(x), V'(x)» 
— Xf (x), <9(у), B(x + y)>> 
= (f (x), <9'(y), P(x + y)» 


d 
= (СУУЛУ 
x 
Similarly we can show that 


( (uo ue 609 )= (= _/* Je) 909) 
X 


(4) Lastly, let us consider the Dirac-delta distribution of h(x), which is defined as (see 
[2, p. 74]) 


Ko(h(x)) d(x) > = «9(x), ф(р(х))|р'(%)|> 
= ф(р(0))|р'(0)|, 
and its convolution with f (h(x)) is given as 
<f (A(x) «5 (h(x), $9)» = €f G9. (0), P (x + y)?» (Бу 2 2) and (2.3)) 
= (f(x), (0)? 
= Cf (h(x), $69)». 


Il 


Similarly we can show that 
<d(h(x))* f (A(x), $6)» = €f (109). 609». 
This implies that 
(/:*д)(А(х)) = f (A(x) = (9 f )(hG9). (2.7) 
The convolution of 6(x) with f(h(x)) is defined by 
<б(х) « f (h(x)), ф(х)? = «д(х), PG) €f (у), Pho) + y)2 > (by 2-5) 
=h'(0)< f(y), Y 0)» 
(provided h(0) = 0 but A' (0) > 0) 
= ¢h'(0) f (h(x), 6 C9)». 


O(a fxd) к-С амаг Collection. Digitized by S3 Foundation USA (2.8) 


E ne) = (+. (= (s =!) ДО), Q3) 


n deven for higher derivatives 


d* | - 
9) h(x) = СЕ) h(x) = СЄ) h(x). (2.10) 
HL- т ар is a linear differential operator, then 
E (f + Ló)h(x) = (Lf «ó)h(x) = (Lf )h(x), (2.11) 


shows that any linear differential operator with constant coefficient can be 
sented as a convolution. 
>I Pa 


_ 3. Application 


Kei f 3.1 
"nl. (h(x)— h())*- S Oh (tdt. (3.1) 


1g use of (2.4), we can write (3.1) as 


Tho f 69) = f 09,0109). (32) 


E № (х) 
TG) (3.3) 


а Уе 
И АЛ Tua LP P 
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SNOIN P (1—yyf-!dy. 
TE) uo» e 
очо) 
` Г@+Й)` 
= y+ g(h(x)). 
Result (11). If h(0) = 0 and A'(0) £0, then 
Гуд (х) = һ'(0)ф _ „(Л(х)), (3.7) 
and 
1 
I. (х) = KO) (0) (f(x) #156 (x c)}. (3.8) 


Proof. Equation (3.7) is obtained directly from (2.8) and (3.5). For (3.8) we have from (3.7) 


1 
Ф.) = zr c9 


which on substituting in (3.5) gives the desired result. 
It may be noted that (3.7) reduces to the result obtained by Kanwal [6, p. 96 eq. (4.4.50) ], 
when A(x) = x and « is taken to be an integer. 


Result (III). Consider the fractional differential equation 

Ij f (X) = Diw (X) = (3.9) 
By (3.5) we can write (3.9) as 

g(x) = Diy f (x) = ГО) P(A), 
which implies that 

g(x)* pz (109) = (SO) * ф_„(А(х))) Ф, (0()) 

= f(x)«(h_,(h(x))*,(h(x))) (by Associative law) 

= f(x)*_a+a(h(x)) (Бу (3.6)) 
= f (x). 


This shows that 


f(x) = g(x) * e. (h(x)) 


is the only solution of the fractional differential equation (3.9). 
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Abstract. In this paper, the oscillation of certain nonlinear neutral differential equations has 
been studied with the help of the oscillation of associated linear neutral differential equations. 
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1. Introduction 


In the literature we find two types of definitions for an oscillatory function, viz., 


DEFINITION 1 (D,) 


A function ye C([t,, oo), R), toER, is said to be oscillatory if there exists a sequence 
<tm> € [to, co) such that t,, — oo as т» оо and y(t,,) = 0 for m=1,2,.... 


DEFINITION 2 (D,) 


A function yeC!([to, оо), К), toER, is said to be oscillatory if there exists a sequence 
€t,» C [to, ©) such that liM m- bm = oo and y(t,)y'(t,,) = 0 for each m. 

We frequently encounter the first definition and its various forms in oscillation 
theory of differential equations. However, we find the use of the second definition in the 
studies of Gopalsamy [2] and Ruan [8]. It may be noted that if a continuously 
differentiable function is oscillatory in the sense of D, , then it is oscillatory in the sense 
of D, but the converse is not necessarily true. For example, we may take y(t) = 2 + sint. 
Further, every continuously differentiable periodic function is also oscillatory in the 
sense of D,. People working on mathematical problems related to biology or ecology 
consider the oscillation of a function about some line y=k, keR* (not necessarily 
y = 0) (see [3, 4]). We may note that y(t) = 2 + sint oscillates in the sense of D, about 
the line у = 2. However, there are functions which do not oscillate in the sense of D, 
about any line but oscillates in the sense of D;. For example, y(t) = (t/2) + sint, t > 4, is 
such a function. If we plot a smooth curve of the price ofa commodity against time, then 
usually we get such a function. The price of the commodity fluctuates as the time “A 
evolves but it seldom oscillates about a fixed price line. Such a consideration makes A 
definition 2 more realistic than definition 1. In the present work we follow the second 
definition. As in the oscillation theory of differential equations we often deal with 
continuously differentiable functions, the difference of two spaces in these two defini- 
tions does not matter. 

There exist several examples (see [5]) where the study of appropriate linear equa- 
tions predicts the dynamics of nonlinear ones. In stability theory of differential and 
difference equations, linearization technique plays an important role. By linearized 


oscillations wecusan thai SPURL AMINE sre equations, wader appropriate 
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hypotheses, have the same oscillatory behaviour as associated linear equations [6, 7]. 
In 82 we consider this problem for equations of the form 


[x(t) — p(t)g(x(t — т))]® + att) h(x(t — 0)) = 0, (1) 


where p and qe C([to, oo), R*), tye R and к“ = [0, оо), g and heC(R, К), te(0, oo) and 
сє(0, oo) such that 


lim supp(t) = poge[1,o0) and lim q(t) = qoe(0, oo), (2) 

19 о t> со 

a> foruz 0 and lim eM (3) 

|u| > oo u 

and 

uh(u >0 foruzO0, |h(u|2hg20 for |u| > 49 >0, (4) 
and 

} 
im) 1 
fom и 


The linear equation associated with (1) is given by 
[200 = poy(t — 3) ? + qo y(t о) = 0. (5) 


This equation is called the limiting equation. The oscillatory behaviour of solutions of 
(5) predicts the oscillatory behaviour of solutions of (1). We may note that (1) is highly 
nonlinear and hence it is difficult to predict the behaviour of its solutions. 

Suppose T = max, c). By a solution of (1) on [t,, оо), for some t, > tg, we mean 
a function xeC([t, — T, oo), К) оС! ([t,, со), К) such that [x(t) — p(t)g(x(t—1))] is 
n-times continuously differentiable on [t, , со) and (1) is satisfied for t > гү. We consider 
those solutions of (1) which are not identically equal to zero together with their first 
derivatives in any neighbourhood of infinity. A solution of (1) is said to be oscillatory if 


it is oscillatory in the sense of D,. Equation (1) is said to be oscillatory if each of its 
solution oscillates. 


2. Linearized oscillations 


We need the following lemmas for the proof of our main result. 


Lemma 1. Equation (5) is oscillatory if and only if its characteristic equation 
F(4) A^ LE рое ^*] + qoe ^* =0 (6) 


has no real root. 


Proof. Suppose that the characteristic equation (6) of (5) has no real root. Then every 
solution of (5) oscillates in the sense of D, (see [1]) and hence in the sense of D,. On the 
other hand, if (6) has a real root A (note that A = 0 is not a root of (6) because до > 0), then 
120 and y(t) =e” is a non-oscillatory solution of (5). Hence the lemma is proved. 


Lemma 2. Suppose that (5) is oscillatory. Then there exists an &y > 0 such that ай еас& 
8,04. Кес HESE? (ЖАИ Collection. Digitized by S3 Foundation USA 
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[z(t) — (po + 26)z(t — 3)]? + (qo — &)z(t — e) =0 (7) 


oscillates if n is odd or even and o >t. 


Proof. Since (5) is oscillatory, then from Lemma 1, it follows that (6) has no real root. As 
F(0) = qo > 0 and F(A) is a continuous function of 4, we have F(2) > 0 for all 2ER. 
Moreover, F(2) — oo as A> oo. 
Let 0 <e* < 140. Set, for AER, 
G*(4)— 2g* пет ^t + ежет 49, 
Thus 
F(A) — G*(4) = A" (1 — (po + 2£*)e ^ ^*) + (qo — &*)e %7 


and hence F(A) — G*(4) > со as A> co. It is possible to find A, > 0 such that A > 4g 
implies that F(A) — G*(A) > (m/2), where m = inf; ~o F(A) > 0. Further, writing 


— 2)0 — 1) 
FU) - 6*0) = e^" | e — (po + 22°) + (o e) T | 


and noting that 


lim 


А = со 


if с> т and n is even, we have F(4) — G*(4)— со as A> — оо. Since F(A) oo as 

дэ — oo when n is even and c >t, then min; y F(A) = т; > 0. Consequently, there 

exists д, > О such that F(A) — G*(A) > (m,/2) for A 5 — д, when n is even and o >t. 
Suppose that 


&) = min 4e* __t UG __ 
v ° > 225 + 1 2021 e^ e^o) 
Let 0 < в € ey. The characteristic equation of (7) is given by 
G,(A) = 4^ (1 — (po + 26e ^*) + (g9— 2)е7^ =0. (8) 


In view of Lemma 1, to complete the proof of the lemma, it is sufficient to show that (8) 
does not admit a real solution. Clearly, G,(0) = (qo — £) > 0 and, for A > 0, 


G,(A) = F(A) — 2вА"е ^' — ge ?* 
> F(4)— G*(4). 
If à > Ao, then G,(A) > (m/2). For Ає(0, 20), 
G,(4) = F(A) — sQÀ" e^ ^* +e" 77) 
>m— (240 + 1) 


m 


2 
Thus G,(4) > 0 for 4 > 0. Suppose that n is odd. We claim that G,(A) > 0 for A <0. If not, 
there exists a 4* < 0 such that G,(A*) =0. This leads to the contradiction 


Att 2. 
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Hence our claim holds. Next let п be even and o>t. For 4e(—090,—44,], 
G,(4) > F(A) — G*(4) > (m, /2) and for 4e(— 7,,0), 


А д A m, т, 
G,(4) > F(A) — £QA1 e^" + e^?) > m, — be me 
Thus G,(4) > 0 for 2 <0 in the case n is even and c >т. 
This completes the proof of the lemma. 


Theorem3. Suppose that (5) is oscillatory. Then every solution of (1) oscillates or tends to 
zero as t oo if nis odd and oscillates or tends to zero as t со if n is even and o >t. 


Proof. Let x(t) be а non-oscillatory solution of (1) on [t,, оо) for some t, > tọ. Let 
x(t) > 0 for t > t, > t,. The case when x(t) < 0 for t > t, may similarly be dealt with. 
Hence from the definition D, it follows that x'(t) > 0 or < 0 for large t. If x(t) «0 
eventually, then lim, , „ x(t) = 4,0 < A < oo. If A = 0, then there is nothing to prove. On 
the other hand, A > 0 implies that x(t) > К > 0 for large t. If x'(t) > 0 eventually, then 


there exists а K > 0 such that x(t) > K for large t. Hence in either case h(x(t)) > ho for 
t> 04 7 t5. Leto, = max (o, т). Setting, for t > t4 + Co, 


2(t) = x(t) — p(t)g(x(t — т)) 


(9) 
we obtain 
z"(t) = — q(t)h(x(t— 0)) < 0. (10) 


Thus z" H(A) > Oor < Ofort > t, > tz. If z"- (tr) > Ofort > t4, then integrating (10) yields 


ho | q(s)ds < | q(s)h(x(s — o))ds < 2"7 (г „), 


t t 


that is, |q(t)dt < оо. 
This contradicts the fact that 


| q(t)dt = oo, 

ІЯ 

because qo >0. Hence 2"-1(0) <0 for tzt,. Consequently, z(t)<0 for 
i=0,1,...,(n—2)andt>t, > t, and lim, , , z(t)  — co forn > 2. If n = 1, then z() «0 


and z(t) < 0 for t z t,. If lim, „ z(t) = и, — oo < и < 0, then integrating (10) for n = | 
as above, we arrive at a contradiction. Thus lim, _ „z() = — co for n > 1. 


We claim that lim, , „inf x(t) = oo. If not, lim, , „inf x(t) = «, 0 < « < oo. Hence there 


exists a sequence t, ) such that t,, — oo as m ¬» co and X(t) ^a as m oo. From (9) we 
get for t, 2 t5, 


xd z(t,, at: т) < p(t,, 35 т)д(х(ї„)). 
Taking lim sup as m оо, we have 


o» < lim sup[p(t, + t)g(x(t,,))] 


m= о) 


< lim sup p(t, + 7) lim g(x(t,,)) 


т-* с 


< Pog (a) < oo, 


diction. Thus our claim holds. Hence lim = 
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Equation (1) may be written as, for t >t, 


[x(t) — P(t)x(t — т)]"” + Q()x(t — o) = 0, 


that 15 

z (t) + Q(t)x(t — о) = 0, (11) 
where 

. p(t)g(x(t — 7)) _ q(t)h(x(t — o)) 

Po cm and DEI 4 
Thus, by (3), 

lim sup P(t) € lim sup p(t) lim EL = Po 

1» o0 t>o t>o ac 
and 


lim sup P(t) > lim sup p(t) = po. 

t= со t= co 
Hence lim, „ sup P(t) = po. Further, by (4), lim,., Q(t) = qo. Integrating (11) n-times 
from t, to t (t; < t), we obtain 


z(t) -- БТ || (t — s" ! Q(s)x(s — o)ds <0, 


that 15 


t 


x(t) — P(t)x(t — т) + EST. | (t — s"! Q(s)x(s —a)ds <0, 


ts 


x(t) > 


E +т) + a | (t +t- s^! Q(s)x(s— да|. 
(n — 1)! 


ts 


P(t +7) 
(12) 


From Lemma 2, it follows that there exists an в, > 0 such that for each ¢,0 < € € го, 
every solution of (7) oscillates if n is odd or even and o > т. In what follows we show that 
(7) admits a positive solution leading to a contradiction which completes the proof of 
the theorem. Clearly, P(t) < po +e for tz T, and Q(t) > qo —& for t> T}. Let 
To = max {t;, Тү, T; Y. Choose 


€ 
Pote 


Thus, for t > To, P(t) < (po + 25)/В and (12) yields 


1<В3<1+ 


xs Do + 2€ Ee Sach = 1)! | ж (t+ x — s)! Q(s)x(s— 29 
В (qo — £) tte T: 
Е OIM неа (13) 


Let X = BC([T, — с — т, оо), К), the Banach space of real-valued bounded continu- 
ous functions on [To — с — т, oo) with usual ‘sup’ norm. Let 


В = {yeX:0<y(t)<1,t> Ty —o — 7 but y(t) #0 on any sub-interval of 
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r К f 
unded and convex subset of X. Define T: B — X as follows: for ye B, 
{(Ty)(To), te To — 6 — <, T] 


Ыт 
820 аа (s—o)ds|, t> Т 
(1—1)! J, : ; p 


| > To — 6 —1, Ty(t) > 0 and 


- 1 DA ttt E 
yos + 5 3 (1+ t — s)" x(s—o)ds| 


MUTA UT) Еос т, To] 


[e+ D+ -t+ o) 


> 


ttr 
(tc — s8)" !x(s—e)(yi(s — o) — y2(s — o)}as 
To 


(Po + 2e) x(t) 


Gomme) [t 
(n— 1)! Jr, 


: a : СЕ тоо) 


Consequently, 


ETT 5-9 ['* n-i 
x(t 4-7 Vo LM t+tT—s 
x Volt 1)! B. ( ) 


Jd ӘН 
оё |, ^- 
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for t> To. Setting w(t) = x(t)yo(t) for t> Ty — с — т, we note that w(t) > 0 and 


(Яо en 
(n — 1)! J т, 


w(t) — Abd E +т) + 


ерус 
(po + 28) (CHET = s) WG л] 


for tz To. Thus 


fi (qo — €) 
(n — 1)! 


w(t) — (po + 2€) w(t — т) = 


| (t — s ^ ! w(s — a)ds. 
T, 


Differentiating n-times we obtain 
[w(t) — (po + 2) w(t — t)]™ + (qo — 2) w(t — о) = 0. 


Hence w(t) is a positive solution of (7), a contradiction. This completes the proof of the 
theorem. 


The following example illustrates the theorem. 


Example. Consider 


| = } 
Eo ( +t) xt — D(1 ect »| 


«(17 1)s«- 2 +e t= M0, 123. (14) 


Thus n= 1, p(t) = 1 + (1/0), q(t) = 1 — (1/0), glu) = h(u) = u(1 +e“) for ueR, т = 1 and 
с = 2. Clearly, g and л satisfy conditions (2) and (3) respectively. Further, lim, , p(t) = 1 
and lim,_,,, q(t) = 1 imply that the limiting equation (5) takes the form 


1-۰ 0 


Ly(t) — y(t — 1)]' + y(t — 2) 20 (15) 
and the characteristic equation associated with it is given by 
F(4)24(1—e-^)-Ee-?^ — 0; (16) 


Clearly, F(A) = 4 — (A/e^) --(1/e??) > +00 as 2 + со and F(2)ee-"?^[1 + Ae 
— е^] + oo as A> — co. Further, F'(4) 21—e^^4- 2e ^ —2e-?^ <0 and A «0 
implies that F(A) is decreasing in (— со,0] and F'(4) > 0 for A > 1 shows that F(A) is 
increasing in [ 1, oo). Moreover, F (2) is continuous and F(2) > 0 for 0 € 4 < 1 imply that 
there exists a A59 €[0, 1] such that 0 < F(A,) < F(A) for Ze[0, 1]. Hence (16) does not 
admit a real root. From Lemma 1 it follows that (15) is oscillatory. Consequently, every 
solution of (14) is oscillatory or tends to zero as t —^ oo by Theorem 3. 


Remark. We could have taken т = ø = 1 in the above example. 
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Abstract. А simplified analysis is employed to handle a class of singular integro-differential — 
equations for their solutions. p 
3 
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1. Introduction 
The problem of solving the singular integro-differential equation, as given by » 
[ж 1 
u(x) = = | SOC a g(x), (0 < x < oo) iD 
T 0 $S—Xx 


where u(x) and v(x) represent two linear differential expressions of the forms 


n 


u(x) — У a, f*(x) 
k=0 
and 


обд= Y, b f*G9, 
к=0 


in which a,’s апа b,’s are complex constants, f*(x) represents the kth derivative of th y 
unknown function f(x) with prescribed initial values f*(0), along with the conditions 


mathematical physics (see [3, 5, 6]). 

Varley and Walker [7] have discussed a general method of solving (1. 
converting it to a singular integral equation of second kind with a Cauchy Kern 
have discussed a method of solution of the resulting singular integral equation. 
avoids the complication (see [4]) of calculating various singular integrals ар] 
the final form of the solution. к. 

In the present investigation, we have employed a straightforward analysis w 
simplifies the work of Varley and Walker [7] slightly and demonstrates cl 
underlying difficulties. LAM 

А detailed procedure is explained to examine (1.1) for its soluti i 
assumptions that i a 


EL v(x) + O(x*), 
and 


eari 
h^ 


———— 
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2. The detailed method of solution 


With the aid of the Laplace transform V(p) of the function v(x) as defined by 


V(p)= | -v(x)exp(—px)dx, (p>0) (2.1) 


0 


equation (1.1) can beshown to be equivalent to the following singular integral equation 
(as in the work of Varley and Walker (1989)) 


1 (° V(q)dq 
U(p)-- — | ыр, (2.2) 
л Jo (q—p) 
where, V(p), U(p) and G(p) are the Laplace transforms of the functions v(x), u(x) and 
g(x) respectively. 
The expressions for (р) and U (p) are given by 


U(p)=A(p)F(p)—A,(p), V(p) = B(p)F(P) — B,(p), (2.3) 
with 
A(p) = a,p" 4- a, .,p" +- +a + ao 
Ар) = (a,p" ! + a, p" ? H Ha) So 
+ (ар? +a, ,p ?----aj)fit---a,f,.,. 
B(p)= b,p" + b, .,p" +--- +b, + bo 
and 


В, (р) = (Бр! +b,-1p"7? * +b) fo 
ЕРЕ) +---b, fi 
where f, = f*(0) for К —0,1,2,...,n 
Using the relation (2.3), equation (2.2) can be cast into the form 
B(p) 2f" V(a)dq 


V(p) + —— 
42 (2) л Jo GED) 


=C(p), p»0 (2.4) 


where 
C(p) = A1(p) B(p) — B,(p)A(p) + G(p) B(p). 


By the Abelian theorem on Laplace transforms (see [1]) and using the relations (1.4) 
and (1.5), we obtain 


И(р) = os ma) as p> oo (2.5) 
and 
1 

V(p)= o(a) as p>0. (2.6) 


The above behaviours of V (p) assure that the integral in (2.4) exists and is finite. 

We then discuss, in detail, the method of determination of the function V (p). 

We consider the general case of (1.1) for which the pair (ao, bọ) has the property that 
either ag Or » or both of them are non-zero; the same is assumed to hold good for the 


pair (Ane Pod also, Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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Defining 
з РОИА А ч 

TE zoz аа 0) (2.7) 
and using the Plemelj’s formulae (see [2]) from (2.7), we obtain that 

V (p) —v-(p)- V(p) (2.8) 
and 

1 [^ V(t)de 
W.(p)+w_(p)=— А 2.9 
V (p) + V - (p) К (2.9) 


where y , (р), Y _ (р) аге the limiting values оѓу(2)аѕ2 = p + ір approaches a point p of 
the positive real axis, from above and from below respectively. 
From (2.4) and the relations (2.8) and (2.9) we then obtain that 


A(p) + iB(p) C(p) 

prz qum сүлгү (Р) IVE (Yi) 7 À ——. 

A(p) — iB(p) A(p) — iB(p) 
which represents a Riemann Hilbert problem for the determination of V (z), which can 
be solved as described below. 

We first construct a sectionally analytic function n(z) in the z-plane cut along the 
positive real axis (0, co) satisfying the relation ; 

n.(p) _ А(р)+1В(р) 

n_(p)  A(p)—iB(p) 
where п; (p), n. (p) are the limiting values of n(z) on the two sides of the positive real 
axis. 

Assuming that A(p)+iB(p) possesses zeros at the points 4,,45....,4, and 
A(p) — iB(p) possesses zeros at different points 4,,2,,...,2, none of which lie on the 
positive real axis and setting n(z) = z?m(z), with ô = (1/2zi)In((a, + ib, )/(a, — ib,)), we 
can recast the problem (2.11) into the form 


p >0, (2.10) 


рє(0, оо), (2.11) 


т+(р) _ (P = Hi )(P = us)--- (p — №) 
т_(р)  (p—2AJK(p—23)-..(p — An) 
The solution of the problem posed by relation (2.12) can be easily written down as 


(see [2]) 


(2.12) 


nl mnt = t2). (ES Ha) 
| 1 |" (t — å, (t — 2,)...(2—2,) 
amz) = 2 — OX C: 


б t—z 


dt + In E, (2) (2.13) 


where E, (z) is an entire function, and, using Plemelj's formulae we obtain that 


1—2, 
вр) Чол а E i) 
1\Р mi] — 
n = In TI —— 37 dt (2.14) 
m,(p) È 2 (5 = a 2ni |, (t — p) 
After simplification this gives 
E,(p) yi 
NIU e —AJ V. wl 
се, pkul ШЕШ VA bor Digitized by S3 Foundation USA (2) 
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where à 
p-A eR LL (4,= ш) (^ In(t/Au;dt ) 
(р)= ELD C.ex (42 Seb = 
Хр) = (2 2 (p—4j joa 2лі o (t— 4j)(t — uj) 
(2.16) 


with y; = —(1/2zi)In(4;/uj) Ө, = arg (2;), 02j = argu) 


2лї 
2 In tdt 
1(0) = ب‎ 
р) | CANE- л) 
We thus determine the limiting value of (1/n + (p)), as given by 


1 — pntintot*(p—4,)(p—42)..-(p — 4) Vi (p) (р)... Va(p) 


C;= exp (- Bro + mij —i(2n — 0,,— 2») 


n (p) E,(p) 
(2.17) ; 
Next, using the relation (2.11), we can recast (2.10) as ^ 
_ C(pn- (р). T 
3 E v (2.18) 
giving 
(200) ШЕ в,а) 2.19 
s К KC 202) 225) 
where E, (z) is an entire function. 
By Plemelj's formulae from (2.19) we get 
1 Cy) n.p 
440) — 5 46)— iB(g)n- (р) 
\ 
1 ^ 3 C(tn.(t)dt E,(p) ы 
t nin, (v) | CO O xp ^ 9 
and 
NEUE. 
-W= — 7405 iB(y) 
1 2  C(t)n-(t)dt E,(p) 
pes EEC) noy "^o 02D 


The function V(p) is finally determined, by using the relations (2.20) and (2.21) in the 
relation (2.8), and we find that 


B xe n4 (p) 1 1 1 

V(D —5 45) твр) ae " ) + à x) V 
2 C(t)n_(t)dt 1 1 
o AO- BOCA * POT nu <a) 


+ 
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The integral in the relation (2.22) can be easily evaluated by considering the contour 
integral 


| С(&)п(&)ае 
г B6 — 2) 


where Г is a closed contour comprising of a circle of large radius along with a loop 
around the positive real axis in the complex plane, with the assumption that 
Š1, $2,..., 6, are the n distinct zeros of B(£), which do not lie on the positive real axis and 
B'(¢;) #0, for j = 1,2,..., n(thecase of multiple zeros can also be dealt with). Then, by 
application ofthe Cauchy residue theorem we obtain that ae the relation (2.11) also) 


ap C(t)n-(t)dt €. S p| 1+ e 2 » n(5) C($:) 
r Jo (A()—iBO)(t—p) В(р) ` 1 В'(@; Xon 
(2.23) 


Using the result (2.22) in (2.23) we derive that 


Pr E iE, | 


j=1 B'($)(p — 6j) 

E ل‎ ee ee 2.24 
(P) (a — ib, p — A) — Ag) р A)n« (P) “ш 

which on substituting for n, (p) from the relation (2.17) gives 
V(p) = H(p)p?*" И, (р) V4(p)... У„(р), (2.25) 

where 
B(p)[25- ,n(6;) C($;) — 2i(p — &,)Е,(р)] 

Н(р = —— ee ee 2.26 
Ы) (p E)E) P 


which is a rational function, with y = y, + Y2 + °°° +Y,- 
The analysis that has been explained above is applicable to (1.1) for the general case 
when a,’s and b,’s are complex constants. But, for the particular case, when a,’s, b,’s are 


real constants, we have 0 < ô < 1. Setting 0,; = 0;, 0,; = 2x — 0; and ш = Aj, we obtain 
yj; = (1 —(0;/n)), C; = 1 and using the relation (2.16) we find that 


sin Ө, [212l In tdt = 
f = ee) ass ee 2948 —4)1]-€/20. 
Vi(p) ep | a | t? i 2t cos 0; ar 1 2;)(p 2(3 


(2.277) 
This is equivalent to the result as obtained by Varley and Walker (1989). 
Ultimately, by using the form (2.25), we find that 
V(p)z T. as p co (2.28) 
and 
V(p)z H(p)p’**, аѕр-0, (2.29) ions 
which help in expressing H(p) as 
n—1 € 
H(p)— hyp’, (2.30) 3 
p» я 
where К—1<6+у<К, k=0,1,...,n—1, when the relations (2.5) and (2.6) are also E 
utilized. my 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


182 A Chakrabarti and T Sahoo 


The determination of л; can be completed by considering two separate cases as 
described next. These cases take care of even different degrees of the two polynomials 


A(p) and B(p). 


Case 1. If A(p) and B(p) are of the same degree n, the constants Ao, Л,,..., h, can be 
obtained by using the relation (2.4) along with the fact that £,, £,...., ¢, are the simple 
zeros of B(é). The other constants h_,,h_,,...,h_,, will remain arbitrary. 


Case 2. If n>m where, n is the degree of A(é) and m is the degree of B(é), the 
m constants h,,h5,...,h, can be determined by using the m zeros of B(č) and the 


` relation (2.4). The other n — т constants A, , ,...,.., can be determined by using the 


asympototic behaviour of m(z) as z — oo, as has been discussed by Varley and Walker 
[7]. The other constants will remain arbitrary. 

The function v(x) can finally be determined by using the Laplace inversion formula 
and we find that 


v(x) 22 Y, R;cos(x|A;|sin 0; + a; )e %05% + | | l(s)e х5, (2.31) 


ї= 1 0 


where R;e'“ denotes the residue of V(p) at p = 4; and 
I(s) = (27i) [V(se 7) — V(se'*)], (2.32) 


with the expression for V(p) as given by the relation (2.25). The unknown function f (x) 
can then be determined successfully, by using the the second relation in (2.3) along with 
the convolution theorem for Laplace transforms. 

Following are some observations on the method that has been presented above. 
(i) We have avoided a lot of complication by calculating the Cauchy type integral in the 
relation (2.22) directly. (ii) In our analysis, the determination of H(p) is simpler as 
compared to that explained in Varley and Walker's [7] paper. (iii) The behaviour of the 
function (р) at the end points p = 0 and p = œ along with the analyticity property of 
V (p) has helped us in arriving at the expression for H (p), as given by the relation (2.26). 
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Wave propagation in a micropolar generalized thermoelastic 
body with stretch 
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Abstract. In the present investigation, we discuss two different problems namely, 
(i) Rayleigh-Lamb problem in micropolar generalized thermoelastic layer with stretch and 
(ii) Rayleigh wave in a micropolar generalized thermoelastic half-space with stretch. The 
frequency and wave velocity equations for symmetric and anti-symmetric vibrations are 
obtained for the first problem. The frequency equation has also been derived for the second 
problem. The special cases of the above said problems of micropolar generalized thermo- 
elasticity with stretch for Green- Lindsay and Lord-Shulman theory have been discussed in 
detail. Results of these analysis reduce to those without thermal and stretch effects. 


Keywords. Wave propagation; micropolar; generalized thermoelastic; stretch; frequency 
equation. 


1. Introduction 


A theory of micropolar continua was proposed by Eringen and Suhubi [2] and Eringen 
[4] to describe the continuum behaviour of materials possessing microstructure. 
Basically, the difference between classical and micropolar theories is that the layer 
admits independent rotations of the material structure; that is, the local intrinsic 
rotations (microrotation), which are taken to be kinematically independent of the 
linear displacement. It is believed that such a theory is applicable in the treatment of 
granular and fibrous composite material. 

In the classical theory of thermoelasticity, the constitutive relations are assumed to 
be dependent on the time rate of change of the absolute temperature and this idea was 
advanced by Müller [11] and later the coupled theory of thermoelasticity has been 
extended by including the thermal relaxation time in the constitutive equations by 
Lord and Snulman [10] and Green and Lindsay [6]. These new theories eliminate the 
paradox of infinite velocity of heat propagation and are termed as generalized theory of 
thermoelasticity. 

The linear theory of micropolar thermoelasticity was developed by extending the theory 
of micropolar continua to include thermal effect by Eringen [5] and Nowacki [12] and is 
known as micropolar coupled thermoelasticity. Dost and Tabarrok [1] have presented the 
generalized micropolar thermoelasticity by using Green- Lindsay theory. 

Eringen [5] extended his work to include the effect of axial stretch during the 
rotation of molecules and developed the theory of micropolar elastic solid with stretch. 
The mechanical model underlying the theory of micropolar elastic solids with stretch 
can be envisioned as an elastic medium composed of a large number of short springs. 


These springs possess average inertia moments and can deform in axial direction. The - 


material points in this continuum possess not only classical translation degree of 
freedom of the deformation vector field but also intrinsic rotations and intrinsic axial 
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We extend the micropolar thermoelasticity with stretch given by Eringen [3, 5] and 
Nowacki [12], in the context of thermoelastic theory given by Lord and Shulman [10] 
and Green- Lindsay [6] and termed it as micropolar generalized thermoelasticity with 
stretch. There exists the following differences between L-S (Lord-Shulman) and G-L 
(Green- Lindsay) theory: 


(i) L-S theory involves one relaxation time of thermoelastic process and that of G-L 
involves two relaxation times. 

(ii) The energy equation of L-S theory depends both on the strain-velocity and 
strain-acceleration whereas the corresponding equation of G-L theory depends 
only on the strain velocity. 

(iii) In the linearized case, according to the approach of G-L, heat cannot propagate 
with a finite speed unless the stresses depend on the temperature velocity. 


Dueto theoretical and practical importance, many problems of waves and vibrations 
of micropolar elasticity have been investigated by Nowacki [12] and Sengupta and 
De [14] and Rao and Rao [13]. 

The problem of propagation of waves in micropolar elastic layer with stretch 
immersed in an infinite liquid has been investigated by Kumar and Gogna [7]. Kumar 
et al [9] have investigated the Lamb's plane problem in a thermoelastic micropolar 
medium with stretch. Kumar and Chadha [8] discuss the Lamb's problem in micro- 
polar elastic half-space with stretch. In the present investigation, we discuss two 
problems namely (i) Rayleigh- Lamb problem in micropolar generalized thermoelastic 
plate with stretch and (ii) Rayleigh waves in micropolar generalized thermoelastic 
half-space with stretch. Some special cases have been discussed. 


2. Problem I: Rayleigh-Lamb problem in micropolar generalized thermoelastic layer 
with stretch 


2.1 Formulation of the problem and solution 


We consider a homogeneous micropolar generalized thermoelastic body with stretch. 
Suppose that the body considered is a plate occupying the cartesian space 
= о <x< 0®, =H <2 < H, — о < y< оо and the free plane wave propagate in the 
plate in the positive x-direction causing plane deformation parallel to the xz-plane, 
then the displacement vector lies completely parallel to xz-plane and all the field 
variables depend only on x, z and t. 

Following Eringen [3,5] and Nowacki [12], the field equations of micropolar 
generalized thermoelasticity with stretch can be written as 


(u+a)V u + (A + ш – о)вгай div u + 20тоѓо — v grad(0 + t, Å) = s. 

(y + 20 + (y + f — c)grad div o — 4am + 24 rot u = 729 

KV20= pC* (0 +8) + vOo [ú у + буй, у], 

a9 V^ ó* — поф* = =, (1) 
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where A, и, у, œ, B, £, t9, No are material constants, p the density, J the rotational inertia, 
K the thermal conductivity, v = (34 + 24)a,,«, the coefficient of linear thermal expan- 
sion, C* the specific heat at constant strain, 0, the initial uniform temperature, to, t, 
аге the thermal relaxation times, ô, the Kronecker delta, u the displacement vector, 
@ the microrotation vector and ф* the scalar microstretch. The dot denotes the 
derivative with respect to time. 

For the L-S theory t, = 0, ô = 1 and for the G-L theory t, > 0 and 6, =0(k = 1 for 
1—5 and 2 for G-L theory). The thermal relaxations t, and t, satisfy the inequality 
tı > tọ > 0 for the G-L theory only. 

Taking u = (u,,0,u4) and о =(0,@,, 0), the system of equations (1) reduce to 


, Qe 00; u 

(u + a) Vu, + (4+ u =a) — 29 arde zt =p 25 
д д : д? 

(и + о)У2и, + (2 tua 22 5,0 6,6) — pê, 


Qu, Qu e^o 
2 2 E 2 سے‎ = = —s 
(у + V2» 4020 2a (Ss Ax Эс A) 312 


x Р А де de 
KV?0 = pC*(0 + 18) + vo {et atone 
Ja * 
Xo V?$* = no o* = = 709 ; (2) 
DINO be 
where 
FER дз 
2" 10x "А02? 
д? д? 
v2- 4 3z A. (3) 
Ox? x 


The displacement components и, and u, may be written in terms of potential functions 
as 


dva: Oen QN à 
“л O 
д д 


Substituting (4) in (2), we get 


1 
(v- 253) 6- 4)0 + 1,8) = (5) 
1 ô 
2 =0, 6 
(v 9) + e = (6) 
2 
Qi p aes = = 7 
(y 0. nmm AES toV Collection. Digitized by S3 Foundation USA ( ) 
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1/20 e? д д? 
ОДЕ > | کک‎ Ee = = = Vv? = 0, 8 
f d 09) : (бно) бт e) 
1 2 
(аә 1) =0 E 
where 


ci-(A-2uyp, с = (и + о)/р, 
c3=(y+e/J, с = К/рС*, 
c3 = 200/7, p= 2af(u + o), 
4= (4 + 21), ro = 20/(у + е), 
r = 40/(у + e), 02 = о/о. (10) 
Eliminating ф and 0 from (5) and (8), we obtain 


12? 1/93 д? д д? 

2 MEAS уу Жый ی‎ ri ж MN 

\(v ax)" (2+2) (ж + ête ) 
ЗСС Е (11) 


Also, eliminating V and о, from (6) and (7), we obtain 


2 1 2° 2 1 2° 2 i p 
V BELT V ш 2E +ropV? |(},о„) — 0. (12) 
2 3 


To obtain the solutions of (9), (11) and (12), let 
¢ = f (2) exp[i(kx — or)], 
0 = g(z) exp [i(kx — ot) ], 
V = h(z)exp[i(kx — wt)], 
Q5 = e(z) exp(i(kx — ct) ], 
$* = I(z) exp[i(kx — cot) ]. (13) 
Substituting (13) in (9), (11) and (12), after simplification, we obtain 
ф = [Asinh 4; z + Bcosh 4, z + Csinh 45z + D cosh 4; z] 


x exp[i(kx — ct)], (14) 

0 — [A,sinh 4,z + В, cosh A, z + C, sinh 4;z + D, cosh 4,z] 
x exp[i(kx — ot) ], i (15) 

y = [Esinh 4;2 + F cosh 4,z + Rsinh 44z + S cosh 4,2] 

x exp[i(kx — ot), (16) 

(0; = [E, sinh 2,2 + F, cosh 3,2 + R, sinh 4,2 + S, cosh 44,2] 
x exp[i(kx — ct), (17) 
CC-0. сиф каву ат eheu a] okil өз ext)iation USA (18) 


Micropolar generalized thermoelastic body 187 


where 
5 o? io 
2? + 13 = 2k? — UE a — i@ty) — imsq(1 — iot, )(1 — ictor) 
1 4 
ала e. ffe k2 2 , 2 ; ; 
A142 = a Scio) —k — iwsqk? (1 — iwt d,,)(1 — ict), 
2 2 2 2 1 1 
А3 + Ag = 2k* оя I | oP 
2 ©з 
2 2 
ASA (е -®) G + جگ‎ ( —горК?, 
с; @ 
A2 = 2 + v? —(w?/c?), 
A,=aA, B,=aB, C,-—bC, 
р, =р, E,=a,E, F,=4,F, 
RE = БОЕ У Ha, 
апа 


M vo 09 
b, = (е — 42 -5) (19) 


2.2 Boundary conditions 
Following Eringen [3, 5] and Nowacki [12], the stresses are given by 
= Ap 4,95 + (H — a) (u; j + uji) + 2a(u; ; — 8,:0,) — v(8 + E 16), 
my = Вов, „ФА + Во, кд + (у + о; + С DOR 8 


OI (20) 


The above equations in terms of potentials are 


02 д? : 
VE eme) — у(0 + t, 0), 


ех Ш |: CO ga zl —a(V?^y + 20,), 


Aj = oP + 


дхд2 022 Ox? 


0ф* Во до» 
= م‎ +> (21) 
C-0. Gui Oral Kanga оду Haridwar Collection. Digitized by S3 Foundation USA 
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The boundary conditions are 


268 0, 4,—0, atz=+H (22) 
д2 к 
where t.., t,, are the components of force stress, m., and A, are the components of 
couple stress and vector first moment. 

Now we discuss two cases, one by considering the symmetric vibrations and other by 
anti-symmetric vibrations. 


2.3 Symmetric vibrations 


We consider the symmetry of the displacement u, , the force stress t, and t,,, the couple 


stress m_, and the first moment 2, with respect to the plane z = 0, we obtain the 
following equations from (14)-(18). 

ф = [B cosh å, z + D cosh 25z] exp [i(kx — ox) ], (23) 

0 — [B, cosh 4,z + D, cosh 45 z] exp [i(kx — wt) ], (24) 

y = [Esinh 24z + R sinh 44z] exp [i(kx — ot) ], (25) 

w, = [E, sinh 2,2 + R, sinh 4,z] exp[i(kx — ot) ], (26) 

ф* = N cosh(45z) exp[i(kx — ot) J. (27) 


Substituting the values of ¢, 0, V, о, and ф* from (23)-(27) in the boundary condi- 
tions (22) and using (21), we obtain 


d cosh(4, H)B + d, cosh(4; H)D + 2iukA4 cosh(44 H)E 


+2112, cosh(4, H)R = 0, (28) 
2112, sinh(4, H)B + 2iukA; sinh(2,)D — d4sinh(4, H)E 

— d,sinh(4, H)R — 0, (29) 
(y £)23a, cosh(44 H) E + (y + £) 44b, cosh (2, H)R 

— ifi k cosh(4; H)N = 0, (30) 
A,asinh(A, H)B + A; bsinh(A, H)D — 0, (31) 
Вока; sinh(A,H)E + ifl kb, sinh (4, H)R 

3-3agAssinh(A; H)N — 0, (32) 


where 
d — (2 + 20)27 — AK? — v(1 — iœt, )a, 


d, —(4--29)47 — Ak? — v(1— ict, )b, 

d, = (и + &)43 + (u — о) + 2a, 

d, = (и + a)42 + (u — а)К? + 20Ь,. (33) 
Eliminating the constants B, D, E, К and N from (28)-(32), we obtain the period 
equation as 

(y+ 22.6, Ts [41^ k2, 2223 T, T; d(a — b) + dd, Т,(А„ T, db — A, T, d,a)] 

CC-0. бичка DAs fuer lis AHA condi, Панљу зай цату(АУАГ, db — А, T, d, a)] 
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634, Т, [44 K 2,4544 T, T; d(a — b) + dd, T, (4; T; db — 4, T,d,a)] 


— &yb, T,[412 k? 4,4544 T, T,d(a — b) + dd, T,(A,db — 4, T,d,a)] = 0, 
(34) 
where 
T; —tanh(ApH) (OSL 5 


у= ЖЕБЕ 
(For L-S theory): 

(y + £)À4b, T; [4и2 ? m,m,2, Tt Tžd*(a* — b*) + d*d, T,(m, T2d*b* 
—m, Ttdta*)] —(y + £)24a, T; [417 k? m,m,44, Tt Т%а*(а* — b*) 
+ d*d, T,(m, T¥d*b* —m, Ttdta*)] 
+ eya, T [4u k? mm,4, Tt T£d*(a* — b*) 
+ d*d, T,(m, TXd*b* —m, TF df a*)] 
— gb, T, [4u k? m m,4, Tt T$d*(a* — b*) 


+d*d, T,(m, T¥d*b* —m, Ttdfa*)] — 0, (35) 
where 
Tf =tanh(m;H), (i=1,2) 


2 2 2 o? а J 1 
my t m,—2k —-— iol — iot) ZERI о 
1 4 


mim = (= = е) isa — ict) — e| — iosqk? (1 — into), 
4 


1 
d* = (35 + 2u)m? — AK? — va*, 
d* = (4 + 2u)m$ — Ak? — vb*, 


2 
о \1 
ас = (m — k? + =). 
c? jq 


2 
1 
p*- С -k Zr (36) 


(For G-L theory): 

(y - 944b, T, [4p пуп, T, Т4'(а' —') + d'd, T(n, T^d'b' 
—n, T,d,a')] — (y + 4а, Ts [4/2 Kn, nA, Т, Tad (a — b') 
+44, T, (n, T5d' b' —n, T1d4a')] 
+ eya, T, [40 3 n,n544 T Td (a — b') 
+44, T, (n, ТЪЪ — n, Т, ау] 
— eb, T, [4j Kn nA, T, T5d'(a — b) 

сс. КаК ит 6 Fardval afla doll 0а by $3 Foundation USA (37) 
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where 
T,=tanh(n,H), (i=1,2), 


n? + п2 = 2k? — а? (+ „| = osi ot) 


nin? = — е) (s — е) + iosqk? (1 — iot,), 


d' = (A + 2u)n? — Ak? — v(1 — iot, )a', 
d, = (A + 2y)n? — Ak? — v(1 — iot, )b’, 


CAE UM а? eal 
En & q(1— iot, )' 


w? 1 
-k + араа (38) 


2.4 Antisymmetric vibrations 


Here, considering that the displacement u, , force stresses t,x, t.., couple stress т, and 
first moment 2, are antisymmetric with respect to the plane z — 0; we obtain from 
(14)-(18), the following equations 


ф = [Asinh 4, z + C sinh 45 z] exp [i(kx — ot) ], 
0 — [A, sinh 4,z + C, sinh 45z] exp [i(kx — ot) ], 
у= [F cosh 3,2 + Scosh2,z] exp [i(kx — ot) ], 
w, = [F, cosh 3,2 + S, cosh 44z] exp [i(kx — ot) ], 
ф* = M sinh(A,z) exp[i(kx — ot)]. (39) 


Substituting the values of potentials from (39) in the boundary conditions (22), and 
making use of (21), we obtain 


dsinh(4, H)A + d, sinh(4, H)C + 2iukA ,sinh(A, H)F 


+ 2iukA,sinh(4, H)S = 0, (40) 
2iukA, cosh(A, H)A + 2iukA, cosh(4; H)C — d,cosh(A,H)F 

— d4cosh(A, H)S = 0, (41) 
(y + 23а, sinh(A, H)F + (y + £) 44b, sinh(A4 H)S 

— ikBssinh(45 H)M =0, (42) 
ifl; ka, cosh(4 H)F + if; kb, cosh(A,H)S + 30,4; cosh(44,H)M = 0, (43) 
A,acosh(4, H)A + 4;b cosh(4; H)C = 0. (44) 


Eliminating the constants А, C, F, $ and M from (40)-(44), we obtain the wave 
velocity equation for the antiysymmetric vibrations of a micropolar generalized 
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(y + )Agb, T, [4]? 2 4, A544 T4 d (a — b) + dd (A, T, ab — 2, T5d,a)] 
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— (y + 944a, T, [442 2 4, 4544 T, d(a — b) + dd, (A; T, db — 4, Td, a)] 


644, T; [42 2 2, 4544 T4 d(a — b) + dd, (45 T, db — A, T5d,a)] 


—£4b, T; [A4]? K? 4, 4; 44 T4 d(a — b) 
+ dd4(A4; T, db — 2, T4,d,a)] =0. 
(For L-S theory): 


(у + £24 b, T, [412 k? m, m, 44 T4d* (a* — b*) + d*d,(m, Tt d* b* 
—m,T*dta*)] — (y + £)2,a, T,[4u? ? m,m; 4, T,d* (a* — b*) 


+ d* d (m, Tf d*b* — m, T$ d*a*)] 
+ 64a, T; [4u km, m, 44 T,d* (a* — b*) 
+ d*d (m, T? d*b* — m, T£dta*)) 
— £,b, T, [4] k? m,m, 44 T4d* (a* — b*) 
+ d*d,(m, Tt d*b* — т, T3dfa*)]=0. 
(For G-L theory): 
(y + 294,6, T, [4g n, n4 Ts (а —b') 
+ d'd,(n, T, d'b' п. Т, а)] 
— (y + 6)A,a, T,[41? k? ni n5 44, T4d'(a' — Б) 
+ d'd (n, T, d'b' — n, T, d, а)] 
+ за, T; [44 kn, n 44 T, d'(a' — Ь) 
+ d'd (n, T, d'b' — n, Td,a')] 
— gb, T, [4] k’ n; n5 44 T4d' (a — Б) 
+44,(п T d'b' —n, Т, d4a')] =0. 


2.5 Discussions of period equations 


(45) 


(46) 


(47) 


Case 2.1.1. When the wavelength is large as compared to the thickness of the layer, 
then the quantities 2, H, A, H, АН, А„Н and 45H are small. Equations (34), (35), (37) 


(for symmetric vibrations) and (45)-(47) (for antisymmetric vibrations) reduce to: 


(a) Symmetric case 
А 5 
d(y + £)(b, d3 — а, &) 5 + (y +)4,(а,4„— bida) a 
1 2 
+ Aj^ k? (y + e)(a — b)(b, – a1)2122 


F tl eee —b)(a, = bı), 4z + db(a, d4 — һа) 
A 1 


+ad,(b,d3— ada) | =0. 


CC-0. Gurukul Kangri University Haridwar @ellection. Digitized by S3 Foundation USA 
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+00434, 42b + a?0 od, —b аут 


Ee 
EC. ИРК у + )(a* — = b*)(b; — a,)m, m; 


MEE [uere =b уа =b, mya + d*b* (a, dy — by dy) "е 
T 1 


| +a*dī(b;d, -«4) | =0. (49) 
2 


40 + ON by ds — a, dg) + di (y + (a, da — b, dp) а 
" 1 2 
+4u k? (y + &)(а' — b')(b, —a,)n,n, 


i а] unie = b)(a, — b,)ni n; 


+d'b'(a,d,—b,d,)~2 + a' d (b b, — аш | Lo (50) 


 by(b; — ai)(y + e) + (y + є)(Ба$ — ad, S3) (25 ax, x) 


| S343 5,44 
; b 
E, а 1 
eide n (is - S a) 


1= (1009074): (52) 


ure bid, ad 
+ e) | b*d* S* — a* d* ж | 153 _ 14 
ы) 
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(For G-L theory): 


1 4 / J! cr 1H Cr b d a d 
Ay’ k (а — b')(b, =0 +9 +0 + 945, ad, sp) (SUR t) 
343 5444 


b 
+ Au? k? 4 As(a' =») (4 2-5 5] 
€ 
+ gb dS = ad, Sade = bda) =0 (55) 
where 

niH? 
E E EL 
ك‎ 

п? Н? 
s= | 1 اڪ‎ (56) 


Equations (48)-(50), (51), (53) and (55) represent the wave velocity equation for the 
longitudinal vibration of micropolar generalized thermoelastic layer with stretch. 


Special Cases 


(i) When we neglect stretch effect, the above equations (48)-(50), (51), (53) and (55) 
for symmetric and antisymmetric vibrations reduce in micropolar generalized 
thermoelastic layer. 


(a) Symmetric case 
(b, d4 —a,d,)(dbA3 — d,a22) + A k? (a — b)(b, — a,)414$ = O. (57) 
(For L-S theory): 


(b, d, — a,d,)(d* b* m2 — dta*m?) + Ay? К (a* — b*)(b, — a, )mîm = 0. 
(58) 


(For G-L theory): 
(b, d, — a, d4)(d' b'n2 — d a'n?) + 402 к(а — b')(b, — a, nîn? =0. (59) 


(b) Antisymmetric case 


b,d d 
Au? K? (a — b)(b, — a,) + (bdS, — ad, S3) (25 Г. = а) =0. (60) 
3°3 424 


(For L-S theory): 


bida аа 
42 k2 (a* — b*)(b, — a y ness arats ( ifa ч :) 2 
1 1 1 52 SE SMA 


(61) 
(For G-L theory): 


Au? k? (a — b')(b, — a,) + (b'd' S} — ad S.) (23 m e) =o. (62) 
4 


(ii) If we lett, = 0,б = 1 in L-S and tj = Oin G-L theory, then (57)-(62) reduce to the 
followingopecodequationsciamiesepolasccoupledethermnslastio layer as 
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(63) 
b,d,  a,d, 
4u k? (a, — Ь,)(Ь, — а,) + (5,4555 — a; ds S6) (s 3 -7 s) = (64) 
gi a Ag 
where 
lee 
S ( = 5 ) 
ATH 
— it = 
5 
d, = (A+ 20)24? — Dk’, 
d; = (A + 2042 — Ak?, 
2 
1 
= 7*2 — k? o E 
ы | ан 3 
о?\1 
DA (2-е +o) 
| ; 
At? + 18? = 2k? —w (= + =) — iwsq, 
CH GA 
2 . 
inan (= È 3 (= = 3 — icsck?. (65) 
Cy C4 
(iii) If we neglect thermal effect, then (63) and (64) reduce to 
d,(b,d,—a,d,) = 4^ k” 26(b, —a,), i (66) 
г bd, ad, E os 
d,S, Е T, S422 = 4u k (b, — à), Е (67) 


where 
d, = (3 + 2u)42 — AK?, 


o? ) 
B= (e -5) (68) 
Ч 1 


The above results agree with those obtained by Nowacki [12]. 

(iv) If welet t; = 0,0, = lin L-S and t; = 0 in G-L theory, (49)-(51), (52), (54) and (56) 
reduce to two period equations for symmetric and antisymmetric vibrations in 
micropolar coupled thermoelastic layer with stretch. 


lore -$ [шге —ьә®, -a)pag 


CC-0. Gurukul Kangri University a acon a4 Pals Фу 56е 0, (69) 
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b, 
MWA Ge ih — з) 
ИК (az — b2) |o MEOT Cn) sr Go (ee val 


: b,d, a,d 
+ (b;4,8, — 465.) 0 +) (2 2 = 3 а) 
з 94⁄4 


£44 
+55222126014 — id) | =0 


(v) If we neglect thermal effect, from (69) and (70), then we have 


E +9)- 2 |а, —a,d,) - Au! (b, ~a,)A2]=0 
5 


bida a,d 
(y + &)d5 S; (33-955) — 4120 (y + e)(b, — ai) 
Sane 
_ 5638545 by NATE 
TSS, 11410! De ais exc ب(‎ Ew 


Equations (71) and (72) represent the wave velocity equation for longitudinal | iy 
vibration of micropolar elastic layer with stretch. The above results agree with 
those obtained by Kumar and Gogna [7]. мес i 


> 


EI 
Case 2.1.2. If wavelength is small as compared to the thickness of the layer, then (34), — 
(35) and (37) (for symmetric vibrations) and (45)-(47) (for antisymmetric vbt 
reduce to a period equation as 


(у + €)(b d3 44 — a,d445)(bdA; — ad, 24) 
+40202 (y + 2)4,42434.(а — b)(b, — a1) 
+ 4p’ k’ £44,445 (a — b)(a, Ag — byA3) 
+ &(b,d4 — a, d4)(ad, å, — bdA;) =0. 
(For L-S theory): 
(у + (b, d4 44 — a,d, 24) (b* d*m, — a*dtm,) 
+ 4u’ k? (y + &)m,m5 454, (a* — b*)(b, — а, ) 
Ap? кезт, т,(а* — b*)(a4 44 — b, 23) 
+ £& (b, d} — a,d,)(a*df m, — b*d*m;) =0. 
(For G-L theory): 
(y + (b, 4344 — a.d, 24) (b/d'n; — a'di nj) 
+ Ai! k* п,п,434,(а — b')(b, — а,)(у + DI 


ЖОО ons —— 
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Special cases 


(i) When we neglect stretch effect, the above equations (73)-(75) reduce for the case 
micropolar generalized thermoelastic layer as 


43  2,452344(a — b) (b, — а,) + (b, d344 — a, d423)(bd2, — ad, ,) — 0. 
(76) 


(For L-S theory): 
4p? ? mm; 4444(a* — b*)(b, — a4) 
+ (b, d24 — a,d444)(b* d* m, — a*dt m, ) = 0. (77) 
(For G-L theory): 
4i? k?n,n54444(a' — b')(b, — a, ) + (b d24 — a, d4, 4,)(b'd' n, — a d, n,) =0. 
(78) 


(ii) If we put t, 20, ô = 1 in L-S and t; = 0 in G-L theory, then (76)-(78) reduces to 
the wave velocity equation for the micropolar coupled thermoelastic layer as 


4u? k2 25254424 (a, —b,)(b, — а,) 


+ (b, 444 — a,d444)(b5d523 — a5 dg AT) = 0. 
(79) 


(11) By neglecting the thermal effect from (79), we obtain 
d,(b,d444 — a,d444) = A] k’ (b, — a,)4544 24. (80) 


Equation (80) is a wave velocity equation for micropolar elastic layer and it is in 
agreement with those obtained by Nowacki [12]. 

(iv) By putting t, =0, д. = 1 in L-S and t£; =0 in G-L theory, we obtain from 
(73)—(75), the period equations for micropolar coupled thermoelastic layer with 
stretch 


(у + &)(b, 4,54, — a,d424)(bd545 — a5 dg AT) 
+412102 (y + £)41214444(a; — b5)(b, — a,) 
+ 4j K^ e, A 23 (a, — b,)(a, 44 — b, 44) 
+ €,(b,d, — a,d4)(a5d4 Af — 24,2%) = 0. (81) 


(v) Neglecting the thermal effect from (81), we obtain the period equation for 
micropolar elastic layer with stretch 


d (y + 8)(b, d44, — a,d,25) — Ap? k? (y  £)(b, — a1)4543 44 
= d,3(b, d — a,d,) — 4u^ k* 2326(4, 44 — b, 43) = 0. (82) 
The results (82) agree with that obtained by Kumar and Сорпа [7]. 
3. Problem П. Rayleigh waves in micropolar generalized thermoelastic half-space with 
stretch 


Here, we discuss the possibility of the existence of Rayleigh wave in a micropolar 


` gere falizedthermoslasfichallsspaeait Insireseb, Eoráhisspaanpose the plane boundary 
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is considered to be stress free surface. Therefore, the appropriate boundary conditions 
are as 
t.,=t,,=m,,=j,=0 atz=0 


20 
2650-0 atz=0. (83) 


We assume the solutions of (5)-(9) of the form 
ф = (Ае ^" + Be ?"Jelk-c0. 
0 — (A, e^ ^* + B, e ?)eik-en. | 
V = (Ce %4 De-^7)elke— e» 


(5 — (Сел ES D er Haje emo 


ф* = Ee ieke (84) 
where A,, A; B, B; C,,C and D,, D are related by 
A,=aA, B,=bB, C,=a,C andD,=b,D (85) 


where a, b, a, and b, are given by (19). 
Substituting the values of $, у, о,, 0, ф* from (84) in the boundary conditions (83) 
and making use of (21), we obtain the following equations 


dA +d, B—2ipkd,C — 2iukà,D — 0, (86) 
2iukA, A + 2iukà, B + d4C + d4D =0, (87) 
(y + £)à4a, С+ (y + £)44 b, D + iB kE — 0, (88) 
ika, Bg C + ikb, BaD — 3«9A5E = 0, (89) 
(h — 4,)aA +(h—A,)bB=0. . (90) 


Solving (86)-(90), we obtain the frequency equation in a micropolar generalized 
thermoelastic half-space with stretch 


42k? Ay 45 83 CD b, = Aaa) 
` - 4u? k? à, 444444 + ®)(а — b)(b, — a) 
— 4u? k? he, (44b, — 44a4)(45a — A, b) 
+ 42k? hd,A4(b, — a,)(45a — å, b) 
+ [bd(A, — h) — ad, (А, — hy] [es (a, d4 — b, d3) 
+ (у + £)(b,d444 —a,d,43)] =0. (91) 


(For L-S theory): 
The above equation (91) becomes 


41? k? m,m5&4(a* — b*)(A44b, — 24a,) 
— 4u?’ k? mum54444(y + в)(а* — b*)(b, — a4) 
CC-e- QyrdoP Heng (Au nbversityjati y GrrCptidictiennmbjdite)d by S3 Foundation USA 
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+ 47k? hA,A,4(b, — a,)(m,a* — m, b*) 
+ [b*d* (m, — h) — a* dt (m, — h)] [e (a, d4 — b, d3) 
+ (y + €)(b,d,4, —a,d,4,)] =0. (92) 


(For G-L theory) 
Equation (91) takes the form 


4u? k?n, nzela — b')(44b, — 2441) 
` 41712 n,n, AA, + ®)(а'— b')(b, — a4) 
— 4j? K? he, (44b, — 44a, )(па — n, b') 
+ Au? k? hÀ4 24,(b, — a,)(n;a' — n, b') 
+ [b'd'(n; — h) — a'd (n, — h)][&4(a, d4 — b, d3) 
x (y 906,44, —a,d,A,)] — 0. (93) 


Equations (91), (92) and (93) determine the wave velocities of Rayleigh type waves in 
a micropolar generalized thermoelastic medium with stretch. 


3.1.1 Special cases 
(1) If we neglect thermal effect, then the frequency equations (91)-(93) reduce to 
4u’ k? 4544 À4(y + £)(b, — a4) — 4j? K Age (44b, — 4404) 
+d [£5(a,d4 — 6,4) + (y + €)(b,d444 — a, d4å3)] = 0. (94) 


Equation (94) is a wave velocity equation in a micropolar elastic half-space with 
stretch. 


(1) By neglecting stretch effect, (91)-(93) reduce to the wave velocity equations in 
a micropolar generalized thermoelastic half-space 


Ay? k* hà4A,(b, — a,)(45a — A, b) 
—41 2445 4544() +) (а — Б)(Ь, — д) 
EDDC 2,4243) [bd(4; — h) — ad, (4, — һу] — 0. (95) 
(For 1—5 theory): 
4н? К? hÀ4A4(b, — a,)(m,a* — m, b*) 
— 4р2 mm; 4424(y + є)(а* 3 b*)(b, — a,) 
(y 206,434, —a,d,2,)[b*d*(m, —h)—a*dt(m, —4)] 20. (96) 
(For G-L theory): 
Ay KC hÀS A (b, — a) na —n,b’) 
— 4p’ Kk? nyn54444( + в)(а' — b')(b, — a,) 
CC-0. Gurukul Катїрй\лїт/ у Дамат боейт) [Bio Шу ЭВ)Рсибаб йуз h) ] = 0. (97) 
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(iii) By neglecting the thermal effect from the above equation, we obtain 
4u?’ k? 4A, A4(b, — a,) = d; (a, 44d4 — b; 44d4). (98) 


Equation (98) is the frequency equation for Rayleigh waves in a micropolar elastic 
half-space and itis in agreement with the result obtained by Sengupta and De [14]. 

(iv) If we let t; 20, б = 1 in L-S and t; = 0 in G-L theory, eqs (91)-(93) reduce to 
a frequency equation in micropolar coupled thermoelasticity with stretch 


Au^ k? At 23 e4(a5 — b,)(A4 b, — Алау) 
— 4u? k? At A A4A4Q + (а, — b3)(b, — a) 
— 4 k? he,(A4,b, — 444, )(4ža, —1*b,) 
+ 4и? k? hA,A4(b, — a,)(4$a5 — 2%Ь,) 
+ [5545043 — h) — a; dq (Af — А) ] [e (a, d4 — b, d3) 
t (y + £)(b; da4 — a, d4 24) ] =0. (99) 
(v) If we neglect stretch effect, from (99), we obtain 
4u’ k? hA3A4(b, — a, )(2ža, — А%Ь,) 
— 4u? k? AE A3 A4A4(y + e)la, — b,)(b, — a4) 
+ [5545(4$ — h) — a; ds (Af — h)](y + 8)(b, d4 44 —a,d,A,) = O. (100) 


Equation (100) gives the phase velocity in micropolar coupled thermoelastic 
half-space. 
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Abstract. Consider a family of stars. Take a new vertex. Join one end-vertex of each star to 
this new vertex. The tree so obtained is known as a banana tree. It is proved that the banana 
trees corresponding to the family of stars 

) (Kias Kiz- Kir p (xb) e КО Ка) ROO! 

i) (OK o Kinos 2К\«-1,(®+2)К, „2К ү L1, S2K,,, O<a<tand 
in) (ЗК SK Ке) 


are graceful. 


Keywords. Trees; graceful. 


1. Introduction 


A graph G with p vertices and q edges is graceful if there is an injective map ф from the 
vertex set V of G into(0, 1,...,q) such that the induced map ф from edge set E of G into 
(1,2,...,q) defined by ф(е) = 1 (и) — $ (v)| where e = uv, is surjective. Such a ф is known 
as a gr race labeling of С, ф(е) is known as weight of e induced by $. A tree is 
a connected acyclic graph. Fora tree q = p — 1. А well-known conjecture due to Ringel 
and Kotzig [3, 2] is that all trees are graceful. This conjecture is still unsettled. A banana 
tree [1] is one obtained from a family of stars by joining one end-vertex of each star to 
a new vertex. 

We prove that a banana tree Pa i to the family of stars (К, ,, K, 5,..., 
Ky 4 eS (x 1) Kyu Kirs Kinh 0 < is graceful when g < t. Using this result we 
show that a banana tree obtained from the family of stars (2K, ,,2K, 5,..., 
2K,, (%4 + 2) K,,2K, 1+1- S 2K,,,) is graceful when 0 < о < t. Chen, Lu and Yeh 
uJ "have proved that а banana tree obtained from the family of stars 
(2K, ,,2K,.>,--.,2K,,,) is graceful. We give a different graceful labeling for this 
banana tree and use it to establish that a banana tree obtained from the family of stars 
(3K, ,,3K, 5... 3K, ,)is graceful. The banana tree obtained from the family of stars 
(K, ,, K, 5... Kj.) is known as a standard banana tree [1] and we denote it by SB". 
We also establish that a banana tree corresponding to the family of stars 
(К, ,,K4 5, Ky p (i DK, „Кү, 15۰-۰, Кіп) «> t, is graceful. However, our 
graceful labeling here is not amenable to combining this banana tree with the standard 
banana tree SB" to get a gracefully labeled banana tree which has (2K, ,,2K, 5,..., 
2К,,1,(9+2) Ki ,2K,,, 4... 2K,,,) as the family of stars when g >t unlike the 
case when a < t. 

We use the foilowing Шор); Consider a banana tree obtained from the family 
of stars (К, „К, S К) Ts A vertex to which these stars are attached is 


called the ODES o he пуц! ices of t ity he wa оар БМ бак joined todtheapex are called 
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link vertices. The vertex of К, „ of degree x; is called its central vertex. Note that all 
vertices of K, „Other than the central vertex and the link vertex are end-vertices of the 
banana tree. 


2. Graceful labeling of SB” (t, a), a < t 


The banana tree obtained from the family of stars (К, ,, K, »,..., K, , ,, (x + I) К, 
K, ,44>---»Ky_,) is denoted by SB'(r,a), where х < t. Clearly, SB"(r,«) is a tree with 
а= (RR + 1)/2) + n + at + a edges. The star К, , is repreated æ + 1 times in the family. 
We denote them by К, p KT, , KP... Kf. 

Table 1 indicates the labeling of SB"(t, a), x < t and also the induced weights of the 
q edges and clearly points out that this labeling is graceful. Label 0 is given to the apex. 

Figure 1 shows a graceful labeling of SB?(5, 3) given as per table 1. For convenience, 
the apex and the link edges are not drawn. The topmost vertex of each star is its link 
vertex. 


3. Graceful labeling of 2 — SB” (t, a), a < t 


The banana tree. corresponding to the family of stars (2K, ,,2K, 5,...,2K, ,-;, 
(«+ 2)K, ,,2K,.,41,---,2K,,,) is denoted by 2— SB"(t,a) where « <t. The banana 
tree 2 — SB"(t, a) can be thought of as the one obtained from the standard banana tree 
SB" and the banana tree SB"(t, a), х < t, by identifying their apex vertices. Chen, Lü and 
Yeh [1] have given a graceful (in fact interlaced) labeling of SB" which is given in table 2. 
Figure 2 gives a graceful labeling of SB’. 

Now we give an algorithm for obtaining a graceful labeling of 2 — SB"(t,a), ж < t, 
using the graceful labelings of SB"(r,«) and SB" as given in tables 1 and 2. 


44 39 33 26 20 14 8 


52 50 49 4746 45 43 42 41 40 38 37 36 35 34 28 27 25 24 23 22 21 19 18 17 16 15 131211 10 9 7 


Figure 1. Graceful labeling of SB’(S, 3). 
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Figure 2. Graceful labeling of SB? 
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Algorithm I 


Step 1. Identify the apex vertices of SB" and SB" (t, о), « < t. Give label n to the apex of 
2 — SB"(t, a) thus obtained. 

Step 2. Add n to each label of SB"(t, о) except to the apex which is now the apex of 
2 — SB"(t, a) and is covered by step 1. 

Step 3. For all the central vertices of SB" change label x to n — x. 

Step 4. For all other vertices of SB" change label x to n? + 4n + a(t + 1) + 1 — x. 


Remark. Note that q(2 —SB"(t, «)) = n? + 3n + a(t + 1). Also note that x > n + 1. 

Table 3 gives the edge weights of 2 — SB” (t, о), « < t, when this algorithm is executed. 
Table 3 does not include the edge weights of edges from SB"(r, о) part of 2 — SB” (t, a) 
since they are exactly the same as those of SB"(t,«) and these are already listed in 
table 1. These account for weights 1 to ((n? + 3n)/2) + a(t + 1) = q(SB"(t, о)). 

Let p, = ((п? + 3n)/2) + a(t + 1)=q(SB"(t,«)). The edge weights (B,--1) to 
(q(2 — SB” (t, 2) = B, ((n? + 3n)/2) are covered by the edges of SB" part of 2 — SB” (t, a). 

Figure 3 gives a graceful labeling of 2—SB7(5,3) obtained by our technique. 
Figure 3 is to be read with figures 1 and 2. As before, the apex and link edges are not 
shown. The apex gets label 7. 


4. Graceful labeling of 3 — SB" 


The banana tree corresponding to the family of stars (3K, ,,3K, 5,...,3K, „) is 
denoted by 3 — SB". The banana tree 3 — SB" can be thought of as the one obtained 
from SB" and 2 — SB" by identifying their apex vertices. Here 2 — SB" denotes the 
banana tree corresponding to the family of stars (2K, ,,2K, 5,...,2K, „). Chen, Lu 
and Yeh [1] have given a graceful (in fact interlaced) labeling of 2 — SB". Interlaced 
labeling is a specialized graceful labeling. However, their graceful labeling of 2 — SB" 
and their technique of combining interlaced banana trees to get a larger interlaced, and 
hence graceful, banana tree does not give a graceful labeling of 3 — SB". The reason is, in 
their interlaced labeling of 2 — SB", the apex receives the label n (and not 0). 
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Here we give a different graceful (but not interlaced) labeling of 2 — SB" in which the 
apex gets the label 0. This new labeling depends on the parity of n. We consider 2 — SB" 
as two copies of SB" with the same apex. Table 4.1 gives a labeling of one copy of SB’, 
table 4.2 gives the other copy of SB" when п is even and table 4.3 the other copy of SB" 
when n is odd. Table 4.2 has, in fact, two parts. We have called them table 4.2 (even) and 
table 4.2 (odd). Table 4.2 (even) indicates the labeling for even sized stars involved in 
SB", that is, for K, ,, К, ,,.... Table 4.2 (odd) indicates the labeling for odd sized stars 
involved in SB", that is, for К, ,, K, ,,.... Similarly we have table 4.3 (even) and 
table 4.3 (odd). Figure 4.1 shows a graceful labeling of 2 — SB? while figure 4.2 shows 
a graceful labeling of 2 — SB’. We have included a graceful labeling of SB? to be used for 
that of 2 — SB. 

Now we give an algorithm to gracefully label 3 — SB" where 3 — SB"is obtained from 
SB" and 2 — SB" by identifying their apex vertices. 


Algorithm II 


Step 1. Do the graceful labeling of SB" part of 3 — SB" as per table 2. 

Step 2. Do the graceful labeling of 2 — SB" part of 3 — SB" as per tables 4.1, 4.2 and 4.3. 
Step 3. Identify the apex of SB" with that of 2 — SB" and give label n to it. 

Step 4. Add n to each label of 2 — SB" (except to the apex which is covered by step 3). 


2 39 35 30 24 17 3 
43 41 40 38 37 36 34 33 32 31 29 28 27 26 25 23 22 21 20 19 18 16 15 14 13 12 11 10 


Figure 4.1. Graceful labeling of SB$. 
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AAAS 


69 67 66 64 63 62 60 59 58 57 55 54 53 52 51 49 48 47 46 45 44 


20 18 23 


TAA AA 


19.21 22 17 16 15 24 25 26 27 13 12 11 10 9 29 30 31 32 33 34 


Figure 4.2. Graceful labeling of 2 — SB? 


Step 5. Change label x of SB" to n — x for all the central vertices of SB". 
Step 6. For all other vertices of SB" change label x to 3 ((n? + 3n)/2) +n + 1 — x. 


Remarks 


1. Note that 3((n? + 3n)/2) = q(SB") + q(2 — SB"). Also note that x > n+ 1. 

2. Steps 3, 4, 5 and 6 of Algorithm II are same as steps 1, 2, 3 and 4 of Algorithm I with 
q(SB'(t,a)) replaced by q(2 — SB"). In other words, techniques of the algorithms are 
same. 


Table 5 gives the edge weights of 3 — SB" when this algorithm is executed. This table 
does not include the edge weights of 2 — SB" part of 3 — SB" since they are exactly the same 
as those of 2 — SB" and are already listed in tables 4.1 and 4.2. 

Figures 5(even) and 5(odd) give graceful labelings of 3 — SBF and 3 — SB? respectively. 
These figures are to be read along with figures 4.1, 2 and 4.2 respectively. As before, for 
convenience, the apex and the link edges are not drawn and the top-most vertex of each star 
is its link vertex. 


5. Graceful labeling of SB'(t, о) with arbitrary t and х 


In $2 we gave a graceful labeling of SB"(r, o) when « < t. Here we give a graceful labeling of 
SB"(t, X) without any restriction on о and t. Let B(zK, ,) denote the banana tree whose 
family of stars consists of x copies of K, ,. One of the results of C hen, Lü and Yeh [1] gives 
a graceful labeling of B(z, К, ,) when о < t. We give here a graceful labeling of B(aK,_,) 
with no restriction on a and t. Our graceful labeling gives label 0 to the apex and hence it is 
possible to combine B(«K, ,) with SB" to get a graceful labeling of SB"(¢,~) without any 
restrictions on / and a. 
Our graceful labeling of BK, ,) with no restriction on x and t is given in table 6. Apex is 
labeled 0. In fact, after giving the table 6 we have also indicated the labeling function $ in 
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61 


TAA ASA 


95 93 92 S0 89 88 86 85 84 83 81 80 79 78 77 75 74 72 71 70 68 67 66 65 64 63 62 
| 17 52 
: | | k A oN S N 

33 31 30 35 36 37 28 27 26 25 39 40 41 42 23 21 20 19 18 45 46 47 48 49 50 51 
97 99 102 


B. 4.4. 


98 100 10) 103 104 105 107 108 109 110 112 113 114 115 116 118 119 120 121 122 123 125 126 127 128 129 130 131 


Figure 5 (even). Graceful labeling of 3 — SB*. The apex gets label 8. 


77 75 63 57 50 
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Figure 5 (odd). Graceful labeling of 3 — SB’. The apex gets label 7. 


Refer to table 2 for the graceful labeling of SB" as given by Chen, Lü and Yeh [1]. We 
have recast this graceful labeling in the form ofa labeling function y after the description of 


the function ф. 
We now give an algorithm to get a graceful labeling of $В"(г, о) where there are no 
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Graceful labelling of B(5K1,3) Graceful labelling of se? 
8 91212002E 37 зв 39 40 42 43 44 45 46 


Figure 6. Graceful labeling of SB°(3, 5). 


Algorithm ПІ 


Step 1. Identify the apex vertices of SB" and B(xK, ,) to get SB"(r,a). Give label n to th bon 
apex of SB"(t, о) thus obtained. | 

Step 2. Add n to each label of B(«K, ,) part of SB” (t, о) except to the apex which is covered Y 
by step 1. 

Step 3. For all the central vertices of SB" change label x to n — x. 

Step 4. For all other vertices of SB" change label x to (( + 3n)/2) + a(t + 1) + (n + Ji 


Remark. We do not include a table for this case. The reason is, the edge weights of theeds 
of the B(aK, ,) part of SB"(¢, о) remain the same and they are already indicated in table e 6. 
Though the edge weights of the SB" part of SB”(t, о) change, one can refer to table 3 with 
В, = a(t + 1) instead of ((n? + 3n)/2) + a(t + 1). 

Figure 6 gives a graceful labeling of SB°(3, 5) obtained as per Again Ш. 


The functions ф and y 


Let v; and u; be the link vertex and central vertex respectively of the star КЎ, of the 
tree B(aK, ,), 1 <j <a. Let wj be the end vertex of the star КҮ, of this banani 
1<у)у<г—1,1<г<@. 

The compact form of the labeling function is as follows. 


s=- (225) - (825) for j = 21— 1 


=it +i forj=2i 
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=(i—1)t+(i+ 1) 
js to forl<j<t—1 and r=2i 
—it 4 (i— 1). 


Rt vj and и, be the link vertex and central vertex of the star К, j involved in SB" for 
1< jen. Let "| be the end vertex of the star K, , of the banana tree SB’, 1 <j<r-1, 
1 <r <n. 


i) 


for j =n —i 


Vv) = (n + 1) + ni— = 


? уи) =) 


i(i — 1) 
2 +1 


Ow") = (n + 1) + ni — 


to for-n—i 1<j<n—i, 1<i<n-i. 
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Abstract. Let Q(u;,...,uj) = Ediju;u; (i,j = 1 to 1) be a positive definite quadratic form in 
1(2 3) variables with integer coefficients d;,( — 4). Put s = с + it and for a > (1/2) write 


Zo(s) = У (Qu ,...,u)) *, 


where the accent indicates that the sum is over all /-tuples of integers (u,,...,u,) with the 
exception of (0,..., 0). It is well-known that this series converges for o > (1/2) and that 
(s — (1/2)) Zo(s) can be continued to an entire function of s. Let ô be any constant with 
0<5 «bs Then it is proved that 20(5) has »,TlogT zeros in the rectangle 
(le —4| <5, T « t «2T). 


Keywords. Quadratic forms; zeta-function; zeros near the line sigma equal to half. 


1. Introduction 


Let Q(u, ,u,,..., uj) bea positive definite quadratic form X d;; u;u;, (i,j = 1 to Din I(> 3) 
variables and with integer coefficients d;; (= d; for i,j). Put (with s =o + it). 


Zo(s) Yau, coc) °, 


where the accent indicates that the summation is over all integer l-tuples (u,,u,,..-,u;) 
with the exception of (0, 0, . . ., 0). (It is known that Zo(s)(s — (//2)) is an entire function.) 
Let N(x, T) denote the number of zeros of 20(5) in o zo, T <t € 2T. We prove the 
following theorem. 


Main Theorem. We have 
N(a, T)» TlogT 
if « = (1— 1)/2 — 6, (ô > 0 any constant) provided l> 3. Also we have 
 N(,T)«T 
if B = (1— 1)/2 + 6. 


For a neat consequence of this see Remark 2 below. E 


Remark 1. 'The proof of this theorem depends on the following two important results. 
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First the lower bound 


1 (27 | Е Д 
т), IZo(c + it)| dt > T°, c= h 


where 6 > Qis а constant if! > 3. Next for} + e < (l — 1)/2 — ô < (l — 1)/2 — e (£ is a small 
positive constant), we have 


1 2T 11 н 2 
|, z (5 -5+и) 


for l > 3. Both the results follow from the ideas of R Balasubramanian апа K Rama- 
chandra (see [RB, KR], , [RB, KR],, [KR],, [KR], and [KR],). Also one has to use 
Theorem 3 of [RB,KR],. 


dt « T?? 


Remark 2. Using the functional equation of 20(5) (with some associated quadratic 
form Q) and applying the theorem we have the following corollary: Z o(s) has > Tlog T 
zeros in (|с —3| < б, T < t < 2T). In a rough way we may say that am critical line (for 
Zo(s)) gets blown up into an inner critical strip 4< ø < (I — 1)/2 and that in the 
neighbourhood of the vertical borders there are plenty of zeros of Z9(s). This is the 
justification for the title of the present paper. 


2. Notation and preliminaries 


1. C,,C,,...,A;,A>,... denote effective positive constants, sometimes absolute. 
2. £1,£2,...,04,05,... denote small positive constants. 

3. f(x) « g(x) and f (x) = O(g(x)) will mean that |f (x)| € C, g(x). 

4. We write s=o+ it, w =u + iv. 

5. f(x) = o(g(x)) means that f (x)/g(x) as x > oo. 


In any fixed strip «<a < fl, as t— оо we have 
I(c + it) = t2 ** - 0/2g- (2 it + (in/2)(o = (0/2). (1 EIS (2)) (2.1) 
t 
20(5) satisfies the functional equation (see [EH] or [HMS]) 


A! 5 Al-an (1/2)—s l A l 
(=) rozao- ( T ) r(; -s) Zo (5-7). (2.2) 


where A =| det((d;;))|. If we write 


Zo(s) = Vo(s)Zo (5-5). (2.3) 


then, from (2.1) and (2.2), we obtain, 


Vo(s) = A er poe C grin (1/4) 2214) o) t /A [ut 
С (2л)? 2ле 


-2it 
Ct? >o) 24 
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Hereafter, we write 


акы 1 
Zo(s) = DEC Res») 


n= 


and its analytic continuations. The analytic continuation of Z9(s) shows that in |t| > 10 


we have in — 1 <o < the bound |Z)(s)| < t4 for some constant A depending on the 
quadratic form Q. 


3. Some Lemmas 


Lemma 3.1. We have 
X a, — С.х?) s OQ (x2 — 12) 
nsx 

where С, depends on A and l. 


Proof. See for example [EL] Hilfssatz 16. 


Lemma 3.2. Let Q be a primitive positive definite quadratic form in l-variables with 
integer coefficients. For l > 3, we have 


2) [= 1— 1)(41— 5)/(41— 3) 
У, a, = Cx + O(x 1X ), 
nsx 
where C, is a positive real constant which depends on Q. 


Proof. See Theorem 6.1 of [WM]. 


Lemma 3.3. Let {b,} and {b}, n =1,2,...,M be any set of complex numbers. Then 


T; M M - M M 1/2 
| (2 sy » ЭШ» bb, +0(( у nll) 
O \n=1 п= 1 n=1 n=1 


M 1/2 
x ( уу, nls) ) 
n=1 
. Proof. See [HLM, RCV] or [KR],. 
Lemma 3.4. For T z 100, we have 
1 2T 
T | |¢ + 8, + it)l* dt <; 1, 
T 
where ô, is a fixed positive constant. 
Proof. See for example [ECT]. 


Lemma 3.5. (see [KR, AS]). Let I be any unit interval in [ T, 2T ] and define 
т) = - max |¢(o + i0|. 
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Then, we have 
$m). «,, T. 
I 
COROLLARY 
If M(I) = тах, C$ + it)| where I is any unit interval contained in [ T, 2T ], then 


X (М (Y < T?. 
I 


Proof. Let m(I) = (c; + it;)| and let D (sọ) = D, 2)($о) denote the disc of radius (0,/2) 
with centre s. By Cauchy's theorem, we have (s; = o; + it;), 


1 
1505,1“ < 7 || IC(s)]* dodt, 
D(s) 


where A = r(0,/2) is the area of D(s;). For any fixed j, D(s;) intersects D(s;) only for 
O(1) values of j’. Now, summing over j, we obtain 


Уе") =E 


100 2T+1 
« | (| ОГ 
(1 +д,)/2 Теп 


«; T. 
Now, the corollary follows on using the functional equation for ¢ (s). 


4. First power mean-lower bound 


Theorem 4.1. Let 6>0 be any fixed constant such that 4+ e < (I — 1)/2 — ô < (1— 1) 
/2 —£. We make only the following hypothesis (which is satisfied by a, in Zo(s) from 
Lemmas 3.1 and 3.2): 


Hypothesis (x). For each fixed |, we assume that for the corresponding a,, the 
inequalities 


а, 
D пй2у=1 > * 
х<п<2х 
апа б 
qe Ve 
» d2-1] «Хх 
х<п<2х п 
hold. 


* Postscript. Instead of Hypothesis («) of Theorem 4.1 we can manage with the following hypothesis 


Re Y apx? and У |а, «х!"!. 
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Then for T > 10, we have 


il fpe 1—1 э 
1]. ZEE) 


Note. We use the notation in the proof, 


dt» Т?. 


ASA (5s) and (*z(*(i- it) 


Proof. Let M(I) = max|é + it)| where t runs over all points in the unit interval к; 
te 


I contained in [ T, 2T ]. From the corollary of Lemma 3.5, we have EL 


JM) > C, T! «д, (11) _ 
3 | 


where C, is a large positive constant. We define 
9a PM s ^ 

A(s)= У = (ешр еш шерү (4.1.2) — 

п Y Е 


n=1 Е 


where С; and C, satisfy 0 < Cg < C, < 1 (will be chosen suitably) and 3 N 
ez e(: dF i) = i ee (4.1.3) |. 
n<T z 


We divide the interval [T,2T] into disjoint unit intervals I. Now, consider 


2T A * d 
i lAlde> Y, E cm |, 4 i 
i 


where accent in the above sum indicates that the sum is over those I for which 
M(I) < С, T*4. Hence from (4.1.4), we obtain , UR 


2T 1 Zn 5 E | eg EU. 
A|dt > AC* a-f t)|A ) 
| 4 eum. jaga T ) E. 
i . 1 21 > 2T ^ 
22 тт} [ Al*dt -f polara}, (4.1.5) 
C,T Tqi T a CU, 


where (£) is the characteristic function of those I for which M(I) > C, ТЧ. 
that from (4.1.1), 


I y (t)dt < д 


Now, from Lemma 3.3, we have 
Es 1 a „(ет WCT) _ e^ ele) 


е Афаг= =T р ne DI2-3* 1j4 


NN ONU Ut ee 
` 
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cr Uea) (ет) 
(т) 


1 2 
a. п(3/4- аи а =)} 
(ПА) а 
Hu LL = €, EE үй (4.1.8) 
| NCC T^ ГОТ? 


provided 1 > C; > 20C, > 0. This implies that for sufficiently small A, there exists an 
absolute constant С, о such that 


Now, for A < 1, we have 


J,2T Ў; nt- yE = 1)/2—5 + 1/4 
n<TAC, 


2T у, n- 1)/2- qos isa 
л<ТАС, ^ 

n 

CEDE 

( 


2 


Ј 2 Оа CU. (4.1.9) 
Now, 
oo 
J,« Т? » E І D е (2nlC,T) 
со 
< 55 n25e - (/26,7) 
n=1 
«ТФ+\са?+у —— (4.1.10) 
since 
= 1 
» петиот | £(— 26 + w)I'(w)(2C , T)"dw (4.1.11) 
n=1 2ni Rew=2 


and move the line of integration in (4.1.11) to Rew=1+26 so that the residue 
of the pole at w = 1 + 25 is (2C, T)! *?? Г(1 + 26). Note that, we have used the 


hypothesis («) in estimating J, and J,. Therefore from (4.1.7), (4.1.9) and (4.1.10) we 
obtain 


A2 TY 
| At* dt > Cio SAKE LE md Cir MARED GUES 
T 


— TGIA* 2) (1/4 +6) Cy GH 
cut C,, C$ 1— Cc gama ): (4.1.12) 
We choose C, small and then C, such that 
C 
[o RIDES 5 10 CQ» 
11 
i.e. 
Cro ee. Coa +) 
=| — c > 2 
sin) nnne 
This is satisfied since C, is small and (1/4 + 6)/(1/2 + 8) < 1. Hence we have 
ا‎ 5/446 
| At*dt > C, TS+, (4.1.13) 
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where C,, depends only on 6. Now, from Hólder's inequality, it follows that 


2T 2T 1/2 C2T 1/4 2T 1/4 
| СЫ! | ига) (| woar) (| ШО ; 
T T T T 


(4.1.14) 


From (4.1.1) and from Lemma 3.5, using the functional equation for ¢(s), we notice 


that 
2T 1/4 2T 1/4 T \1/4 
(| woar) (| Ж) «(a) (12) < Com (4.1.15) 
T 4 


Also from Lemma 3.3, it follows that 


lA dt « У 1-1-28 


| oo (T + n)la, |? (e7 V/s — e= ec. T»2 
T n=1 7 


(T + n)la, |? e - 0 "6: 


oo 
«ys nl- 1-26 


© а Т) oo 
«T DED с Ж, ne7 QnIC,T) 


Т5 (4.1.16) 


on using the hypothesis and noticing the fact similar to (4.1.11). Therefore from (4.1.14), 
(4.1.15) and (4.1.16), we obtain 


2T 
| v (t)|AC*|dt < C; ! TG!/^* 5. (4.1.17) 
T 
Therefore from (4.1.5), (4.1.13) and (4.1.17), we get 


2T 
| |A|dt > 
T 


nite (4.1.18) 


1 à S 
Ck Ті (Ci; TO C4 С,» TOTO 


since C, is large enough. Here C,, and C,, depend only on ó. Now let 
Res = ((1— 1)/2) — ô. By Mellin’s transform, we have 


A(s) = E Zo(s + w)((Cs5 T)" — (Cg T)")T (w)dw 
2ni J Re w= 100 


Eus [| 206 + w)((Cs T)" — (Cg T)")F(w)dw + O(T-?). (4.1.19) 
ew=100 


2ni 
lul < (log Т)? 
We move the line of integration in (4.1.19) to Rew = 0 and we obtain 
— C} i ^ 
fA! 3 NC 26 ls (1 + iv HEAT ا‎ 
игики/ «Чы Kal Sar) llection. Digitized by S3 Foundation US 
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2T 
|. |A(s)| 


and hence 


Ga — Сі 
«[ [- z( cien JI ———*||T(1 + iv) dvdt 
lvj&(logT)* JT v 
2T + (log T)? A. 1 iv (ір 
«[ | ЛЕЕ = Г(1 + iv)|dvd« 
|v] <(logT)? J T — (log T)? 2 v 
2T + (logT)? 1—1 
T - (logT)? 


From (4.1.18) and (4.1.20), the theorem follows, since we can define the integrand to be 
zero outside the interval [T, 2T]. 


5. Mean-square upper bound 


Theorem 5.1. Let 6 satisfy the condition as in Theorem 4.1. We make only the following 
hypothesis (which is satisfied by a, in Zo(s), from Lemma 3.2). 


Hypothesis (x, x) For each l for the corresponding a,, the inequality 


а. We 
Ў, (ав) «х 
nsx 
hold. 


Then for T > 100, we have 


1 2T 11 2 
|. z( 5 sni) 


Proof. It follows from the papers [KR], and [KR],. 


dt « Т2°. 


6. Balasubramanian-Ramachandra principle 


Theorem 6.1. For T > To, if 


1 (27 i 
al IG(c, tit)|dt> A,w | (6.1.1) 
п ; 
an | Ts 
il. IG(c, + it) dt < 4,2 (6.1.2) 


hold for a Dirichlet series G(s) on a certain line o, with positive constants A, and A, , then 
there exists at least > [(41/2A5)(T/H)] — 1 intervals I of length H such hat йа л} of 
the intervals I, the inequality 


A. ^ 
a], IG(c, + it)ldt > 19! - (6.1.3) 
holdswhere da: gri ri Unw Gay Vas (Бенз еа by S3 Foundation USA 
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Remark. This principle has been used in several occasions (for example see [ RB, KR],, 
[RB,KR],,...). For the sake of completeness, we sketch the proof. 


Proof. We divide the interval [T, 2T] into smaller disjoint (but abutting) intervals of 


length H (but with length < Н for an end interval). By defining G to be zero if t < T or 
t > 2T, we get 


2T 


А, ШТ < | IG(c, + і) [аг < z| |G(o, + it)|dt. (6.1.4) 
1 TJI 

Now, we omit these intervals I appearing in the sum of (6.1.4) for which 

f ое, + it)dre A Ry. (6.1.5) 
Let N, be the number of those intervals I for each of which the inequality 

| IG(c, + injdtz S Hy (6.1.6) 

, 2 

holds. Therefore applying Hólder's inequality, we find that from (6.1.4), (6.1.5) and (6.1.6), 


Ayre | |G(o, + it)|dt 
2 1 1 
2)1/2 
«JN. Ix (| б iar) | 
I I 
< Ум, \Ў (| IG(c, + war) } 
I I 
</N, (zn | IG(o, + Pap 
I I 


2T 1/2 
< HÛ j б, ear) 
T 


< JN, HVT А1, (6.1.7) 


ie. N, > А2/А,:Т/Н, and the accent in the first two steps of the inequality (6.1.7) 
indicates that the sum runs over those intervals I for each of which the inequality (6.1.6) 
holds. This proves the theorem. 


7. Proof of the main theorem 


Taking Н = 1, from Theorem 6.1, there are > Т well-spaced points t, at which 
IZo(I — 1)/2 — ô + it,)| is large. Now from Theorem 3 of [RB, KR],, each such point 
gives rise to > log T zeros of 20(5) in o > (I — 1)/2 — ô. This completes the proof of the 
first part. Second part of the main theorem follows from the fact that 


1 "iz a 
qc o E 
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Abstract. After establishing the Fourier character of the Hardy—Littlewood series the 
authors have studied the degree of approximation of functions associated with the same series 
in the Holder metric using Euler means. 


Keywords. Hardy-Littlewood series; Banach space; Hólder metric; Euler means. 


1. Definition 


Let C,, denote the Banach space of all 2z-periodic continuous functions defined on 
[— л, л] under sup-norm. For 0 < « x 1 and some positive constant K, the function 
space H, is given by 


H, ={fEC2,:|f(x) -f0)I € K|x — у|*}. (1.1) 
The space H, is a Banach space (6) with the norm ||: ||, defined by 


If M, m IF lle + sup (A* f (x, y)} (1.2) 
where el 

Ifl; sup |f(x)| 
and al 

A f(x, y) = 1f 69 = /(у)|х— yl x x y. (1.3) 


We shall use the convention that A? f(x, y) = 0. The metric induced by norm (1.2) on 
H, is called Hólder metric. 

Let f be a periodic function of period 2r and integrable in the Lebesgue sense over 
[— х, л]. Let the Fourier series associated with f at x be 


+a, + Y, (a,cosnx + b,sinnx) = У A,(x). (1.4) 
n=1 n=0 
Let us write 
Ф, (и) = {f(x + u) + f(x — и) — 2f 09], (1.5) 
ke) Ğuru ul Фф) сору, 12 M Collection. Digitized by 53 Foundation USA (1.6) 
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Let S, (х) and S*(x) respectively denote the partial sum and the modified partial sum of 
(1.4), i.e., 


n-1 


SO SAO У Ак) 14,09. 
k=0 


k=0 


It is known (£7], p. 50) that 


$*69 f(x) a ®,{u)sin nudu (2) 


o  2tanu/2 
Given any sequence (t, } its (E, д), (q > 0) transformation is defined by ([4], р. 180) 


E(t) = (4 + 1) " y (rmm. (1.8) 


2. Introduction 


By writing Hardy—Littlewood series or in short HL-series, we mean the series 


Q1)‏ ر 


n=1 п 


We take this opportunity to acknowledge the fact that this nomenclature for the series 
(2.1) is first due to Prof. R Mohanty (see [5]). 
Hardy and Littlewood [2] have shown that (2.1) is summable (C, 1) to the value 


„| Е“) ошо овозии 
T J o4 2 


whenever the integral 


| Ф, (u) cotu/2du (2.2) 
0+ 
exists. Further ([2], see also [7], p. 122) if 
t 
| |{Ф(и)|ди = o(t) as t0 +, (2.3) 
0 : 


then (2.1) converges if and only if (2.2) exists. The interest of the HL-series lies in its 
relation to the integral (2.2), these relations being very similar to those between the 
conjugate series У B, (x) and the integral 


[у HO qu (2.4) 


where у. (и) = 2f (x + u) — f (x — u)). It is known [7] that if fe L then (2.4) exists 
almost everywhere. On the other hand there exists a continuous function f for which 
the integral (2.2) diverges for almost all x [2]. 

At this stage, we remark that the above results on HL-series remain unaltered if we 
replace the HL-series by 


cos S SO 


1 : (2.5) 
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where 


2) [Ft u 
m=z |, Ф.(и)5 cot u/2du. 
The series (2.5) is summable (C, 1) to the value 


| P (u) 1 cotu/2du E 
0+ 
whenever this integral exists. Thus the convergence ог summability problem of Q.5)is | 
same as that of (2.1) though their sums are different and hence we may term (2.5) as _ 
HL-series. E s 
Let T (x) denote the nth partial sum of the series (2.5), i.e., $ 
5% (и х | EC 
T, (x) = icy у шы - ЈО) CO 


ыу: 


3. Main results са 


Chandra [1] has studied the degree of approximation problem for Fourier series by — — 
Euler’s means. The object of the present paper is to determine the degree of approxi- - 
mation of the series (2.5) by means of Euler's transformation in the Hólder metric. We me 
prove the following theorem. Mech 


Theorem. If O € f <a<1 and feH, then 


[Е4(Т,.) — X(N) ||p = O(n (овп)! +’) 
where 
_ 7(1 +q) 
Е, п 


and E*(T, x) is the Euler's transformation of T,(x). 
Fourier character of HL-series (2.5) 
Let 
x(u) = x,(u) = | Ф (и) 5 cotw/2dw. 
It is known [3] that y is even and Lebesgue integrable. 
Let 
a і 
X^ Flot D, c,cosnt. 
п=1 Р ^ E 
We have ^S METER 


(qm 2 | xx(Ddt = 2 | (| Ol) содаи) de m e 
T Jo T Jo t i i 
2) т - и V 
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and forn>1 


| 7,.(t)cosntdt 
T Jo 


cosnt (| o) cotuf2du) dt 
0 t 


Q(u)$ cotu/2du | cosntdt 
0 


2 (* @(u)sinnudu 
лп) 2tanu/2 
_ Sr) —f 09. 


n 


(3.5) 
Thus, we have the following. 


PROPOSITION 


The Hardy—Littlewood series (2.5) is the Fourier series of the even function y(u) at 
и = 0. In these circumstances 


2 л 
Т,(х)=5с+ У с -2/ xx (u) D, (иаи (3.6) 
k=1 T Jo 
where 
sin(n + 3)u , 
2sinu/2 


Throughout the paper we suppose 26 < min[z/4, 1/4], а > 0. We further use the 
following notations 


D,(u = 


n 


(3.7) 


Е„(и) = xx(wu) Fs XX(N) (3.8) 
G(u)— F,(u)— Fy(u) (3.9) 
palu) = (4 + 1) "(1 + 4° + 24cosu)"? (3.10) 
' qcosu 
D= "eren eC 0 (3.11) 
1 
п 
£onci(. Sy 
b(y) = tan (= 38 2] (3.13) 
О T А тл 
f, = t,(2)= 2 + sin qsin Ban for r= 0,1,2, (3.14) 
to(z) = t(z)=t (3.15) 
logn/(n) "> 
Ri) = | t {F (t) — F.(t,)) р"()аг (3.16) 
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P(n,u)=(q+1)™ y (2) този 


k=0 


Q(n,u) = (q + 1)” y (p) sink 
k=0 


LOL (Lil 
K,(F,) = Ё —— |E,()p;()g(2) 
b(N) t ty 


Т 
— (2 — 3 F.(t,)pz(t,)g(z + n/n) | sinnzdz 
2 
Г. (x) = ЕТ, x) — x, (N). 
4. Lemmas 
To prove the theorem we will use the following lemmas. 


Lemma 1. If feH,,0 <a <1, Then 


Ib. (u) — Ф,(и)| = O (u°) 
and also 
Ib. (u) — ,(u)| = O (Ix — yl). 


231 


(3.17) 


(3.18) 


(3.19) 


(3.20) 


(4.1) 


(4.2) 


The proof of the Lemma is an easy consequence of definition оѓФ, (и), ®,(u) and H,- 


Lemma 2. ([1], p. 101). Let O <u < x. Then р"(и) < e^ ^"^ 


where 
A = 2q(n(q + 1)) ^ 
and 
b(N)»n !, (n> 4(q +1), q > 0) 


Lemma 3. ([1], p. 101). Let 0 < z < ô. Then 
t, —t, .,—0(n )) (r=1,2) 


r 


and 
2t, — t— t, = O(n ?)(z + п/п). 
Lemma 4. ([1], p. 103). Let 0 < z < б. Then 
pXt,)g(z + n/n) — pi(t)g(z) = O(n *){z + п/п + nsint, }ра(2). 


sinu 


Lemma 5. Let Ө = tan ^! (ms 
q + cosu 


) and p'(u) be as in (3.10), then 


Р(п,и) = p; (u)cosn0, 
Q(n, u) = p; (u)sinnð, 
P(n,u) = O(1), 
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(4.4) 


(4.5) 


(4.6) 


(4.7) 


(4.8) 
(4.9) 
(4.10) 


(4.11) 
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Proof. By familiar computation 
I z , 
P(n,u) + iQ(n,u) = (q + 1)" Y; (то 
к=0 
= (4 +1) "(q + e^ 
` = p;(u)(cosnð + isinn0) 


which ensures (4.8) and (4.9). Since |cosku| < 1,|sinku| < ku and £} -o (2)q" ^ = (а + 1)", 
estimates (4.10) and (4.11) follow at once. 


Lemma 6. If f eH, and 0 < a < 1, then 


и, u>N 
F,(u)= o0. AN (4.12) 


и> М 


7 
n* u<N (419) 


G(u) — 00] 
and 
logn, u>N 


logl/u, и< М. Co 


G(u) = ойу) 


Proof. As f eH,, we have 
Р, (и) = x,(u) — x,(N) 


N 
= | $.(w)$cotw/2dw 


u 


N 
-00 Í w*-idw 


=ош“, и> № 
n* USN. 


Again using Lemma 1, we get 


N — 
G(u) = | aw = oq | we'd 


_ [" {®,() — 9,9) 
Go | CONSIDER 


N dw 


= O(1)|x — r| Pt 


logn, u>N x 
= O(1)\x— у 
O(1)|x — y| m cM | 


i e proof. 
This.completes, th: Riy Haridwar Collection. Digitized by S3 Foundation USA 
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Lemma 7. If f eLipo, (0 < a < 1) then 
К,Р) | = O(n *) + OC RAI), (4.15) 
where R1 and K,(F,) are defined in (3.16) and (3.19) respectively. 


мә CA 4 
K,(F,) ET owe F (t) p; (t)g(z) 
ьм (\ f1 


= (2 ESAME + лї) sinnz dz 
2 


ti 


Proof. 


= I. (=) (Е, (0) — Е,(2,)}ра(2,)9(2 + n/n)sinnz 


b(N) L. tit, 

S =) {p36 g (z) — p(t, )g(z + n/n) } E „(sin nz 
1 

аа 0) 


tt, t, 


i (ZE) ОЛОТ 


tt, 


{р"(:,)9(2 + x/n)} F,(t)sinnz 


= K}(x) + K?(x) + K3(x) + K#(x), say. (4.16) 


By using Lemmas 2 and 3 we have 


b(5) 
к}, =ош | ty t5 ! |F,(t) — F(t, )|pg(t,)dz 


b(N) 


5 
= O(n” »[ ty * (GS) — F(t, ))| p(t, dz 


1/п 


logn/(n)?/? 
-oo|[ tı ! [F,) — F(t, )| pot, )dz 


1/n 


ó 
«| t7 IFAD ЕРЕ} 


logn/(n)*? 
ó 
= ок) + 00 | ty F(t) — F,(t,)l pq(t,)dz 
logn/(n)*/? 
д 2 
= о(\к}+ 00 | t le “mdz 
logn/(n)*/? 
= oR!) + ой) | ¬1 ¬ 42° dz 
te 
c a—2 d — Anz? 
= O(||Ril|)+ O(n 7) zt a (Ceara da 
CC-0. Gurukul Kangri University Haridwgriegilggljon. Digitiz&i£by S3 Foundation USA 


234 G Das et al 


= O( IIR?) + O(n *) f 7 (=e RE 


б 
-f eem 
logn/(n)*/? 


1 a-2 
= OIR) + O(n) 87 exp(— бов)? 


= O(|R$2I) + O(n’). (4.17) 
Using Lemmas 2, 3, 4 and 6 we get 


IK? — 


мө ft 
| (Е IG — p; (t,)g(z + n/n)) F ,(t)sinnzdz 
pny \ 1 


b(d) -« 
ES E n meta nunt) pi) |F t)] |sinnz|dz 


b(N) 
E шы (nz) 8 cad dz -00 | E cai: 
b(N) 1/п 
= O(n E zt E —e^4"^dz 
ee ی‎ Ja +(1 -of = - e^ Anz Jaz} 
1/n 
O(n^ (4.18) 


Using Lemmas 2, 3 and 6 we get 


"s (t, —t,)(t, — t) 


К = 
р мм) ttt, 


pi (t,)g(z + n/n)F .(t)sinnzdz 


-0673 |, t *|F,(t)|dz 
1/n 


= O(n 9. (4.19) 
Again by Lemmas 2, 3 and 6 we get 


| (==) p; (t) F(t)g(z)sinnzdz 
1 


b(N) 


4| = 
К, lle = 


=2 DIEZ 
1/п 


tt, 
8 
= on-a f 2°71д2 
1/n 
= 0(п^7). (4.20) 
Using (415 (8:19) G20) and (421 jini (417 АГА et Lemm n USA 


Wenn 


a 


eur 
x 


Degree of approximation of functions by Euler means 
5. Proof of the theorem 


From (3.6) and (1.8) we have 


Es) = (q +1)” У (2) uH AO wau | 


k=0 
Hence 


L, (x) =, E(x) LN Xx(N) 
To- | " 00р, и)аи 
0 


-2f о) 00) fa 07 Y ӨЛ "b e 
k=0 
2 Е kN |, зіп(к+2)и 
= 2 Ffar” Y (i) a Corn jo 
-2 | Few [a o" Y oH )е ^ ans 
+ م‎ 4+07 X (JE ==} 
k=0 


2tanu/2 
-2 |А Fy) == PEU) du+— di EE ДЕД 


апи/2 
Апа һепсе 


L9- L9)- 2 | (Ft F(0} 0069 a 


+ Зр {Е (и) — Е,(и)}Р(п, и)аи 
0 
_ 2 |7 G(u)Q(n, u)du 
@ 2 (7 2tanu/2 
=I+J, say. 


1 [r Р N logn/(n)*^? x 
I бшдРт„дан= > | -f +f ] 
T Jo TL Jo N logn/(n)*/2 


=J, +J, +J}, say. 


Using Lemmas 5 and 6, we obtain 


~ 


+ 1 | G(u) P(n, u)du 
T Jo 


Now 


N 
d= oa» | du= O(n 1%) 
0 1 
and А ] 


21 
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Using Lemmas 2 and 6 


] flog»5/(m'^ 
درد‎ | С(и)Р(п, u)du 
TJN 


Іовл/(п)2/2 A 
-00 | we 4" du 


N 


@ A logn/(n)*/? Л а » 
= O(n (е4) 
( I Ere “du 


logn/(n)* 
= O(n") {IDA een +01) | 
N 
= O(n 9. 
Again by Lemmas 5 and 6 
d 1 logn/(n)*/2 
| G(u) P(n, u)du 
T JN 
Іовл/(п) 1/2 
=00) урт | du 
N 


2 
= O(1) — p ED”. 
п 


Ву Lemmas 2 and 6 
1 x 
72) G(u)p;(u)cosn0du 


T logn/(n):/2 


= O(1) |. и*рг(и)іи 


logn/(n)*! 


n 
= об) ue kay 
logn/(n)™!2 


л 


= O(1)e- 4s? | u*du 


logn/(n)*/2 
1 
=0 zm p A > 0 however large 
and . 


1 [7 
Ј= E G(u)p;(u)cosn0du 


logn/(n)*/? 
=O()e—yitlogn |" emis 
logn/(n)*/2 
= O(1)|x — y logn e 4s? | a 
logn/(n)*/2 
,logn 
= 0(1)|х—у| = А > 0, however large. 
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(5.6) 


(5.7) 


(5.8) 


(5.9) 


Collecting the estimates of J, (i = 1,2,3) from (5.4), (5.5), (5.6), (5.7), (5.8) and (5. 
using them in (5.3) we get ! 


n? 


Ix — yl 


Ep [ G(u)Q(n, u)du 
Оол) 2tanu/2 


E 


=1, +1, + Ig, say. 


7-00) 


а (gn). 


By Lemmas 5 and 6 


i _ 2 (^ G(u)Q(n, u)du 
1л),  2tanu/2 


N 
= O(1)n * | du 

0 
= O(n^*) “ 


_ 2 (^ G(u)Q(n, u) 
Шу |. 2tanu/2 du 


and 


п 


DAE PAL 
= 0(1) |x — yn | log-du 
0 u 


= O(1)|x — y|" logn. 
Combining (5.12) and (5.13) we get 


n a 


AC) a — y|*logn. 


By Lemmas 2, 5 and 6, we get 


а 2 (7 G(u) py (u)sinnOdu 
3 EU 2tanu/2 


=0(1) | ut Lem Am? dy 
ó 


= O(1)e- 4" | uh du 


ó 
= 0(1)е 4^ 
= O(n ^, A-0howe 
2 ЗЛА oe 


* G(u А 
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21 R p` Anu? 
= O(1)|x — y|* togn | du 
F $ 
= O(1)|x — yfe 4" logn | u du 
ó 
y | = o, А >0, however large. 


Combining (5.15) and (5.16) we get 


n 5, А > 0 however large 


= 00) ey 


n 


By Lemma 5 


1 ó 
= = |, G(u) cot u/2 p;(u) sinnüdu 


DNS IEO 1 Е | 
= |, ET sinn + G(u) iz = 1 ОЛ du 
=L+M, say. 

Using Lemmas 2 and 6 and the fact that (tanu/2) ! — u^!) = O(u) we get 


ó 
м=00[ енча diy 
N 
ed 
=o(n~ | uw —(—e-^"^du 
n du 


ó 
= O(n ') fine e Il + | 


ute ma 
N 
= O(n !). 
Now for the estimation of L, we use the transformation 
u = t(z) = z + sin ! (qsinz), 
which is same as z= tan ! (sinu/(q + cosu)). 
By simple calculation, we have 


du = g(z)dz, 


| 
— 
рр 
=) 


sinu 
q--cosu - 


3 Я Е: sinu ; 
sinn@ = sinn| tan ! | ———— | | = sinnz 
q + cosu 


where g(z) is defined in (3.11). 
Throughout the present work, we write t for t(z). Hence 


fh |, Settosinna 
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(5.16) 


(5.17) 


(5.18) 


(5.19) 
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2 ( Gu 
-i| P p()sinnzg())dz 


b(N) 
1 Sis. b(5) + z/n b(N) + z/n b(8) + rn 
کا‎ «| = | | А (5.20) 
7 PIZ b(N) + n/n b(N) (5) 
1 | +л/п G(t) 


b(N) + x/n t 


Now 
p; (t)g(z)sinnzdz 


b(6) 
— 3) са б) p, )g(z + x/n)sinnz dz. (5.21) 


b(N) ty 
Using (5.21) in (5.20) we get 


Ь(5) 
я Al {t GAOI) — t; * G(t,) g(t, )g(z  n/n))sinnzdz 


b(N) 
1 b(N) + z/n (5) + п/п G(t 
+ (| — | j£ б GC) "na (z)sinnzdz 
TA J BN) b(6) 
1 1 b(N) + n/n b(5) + n/n G(t 
=-T+ (| — | J£ (٤ GO) ya cg (z)sin nz dz. )5.22( 
T Л N J b(N) b(3) 


Using Lemma 6 and the fact that g(z) = O(1), we get 


(5) + n/n G t 
| SO pg (si nzdz 


b(N) 
b(N) + л/п b(N) + л/п 
= 0(1) ea -o0[ 22 
b(N) b(N) 
= O(n ^), (5.23) 
Again by Lemmas 2 and 6 
b(3)- л/п G 
| GO Ogo sin nzdz 
Ь(5) t 
(5) + п/п 
=0(1) Hatem Чат 
(5) 
= 0(1)е 4" = O(n 4, А> 0 however large. (5.24) 
Using (5.23) and (5.24) in (5.22) we get 
1 
JL 2 T + O(n ®. (5.25) 
Using (5.19) and (5.25) in (5.18) we get 
1 
Izd O(n ^) (5.26) 
Now 3 


Ь(б) 
Т= —G(t z)s 
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sinnzdz 


b(ô) 
+ | {р2(0)9(2) — р,(ї,)д(@ + л/п)} а) 
b(N) ti 


= Т, +T, say. (5.27) 
By Lemmas 2 and 4 


Ъ(5) 
T, = 0(1) n {z+ п/п + nsint, }р"(2) dz 


b(N) 


m < 


=O(n~%), (5.28) 
integrating by parts. Now 
H {G(t)— G(t 
"| { (t) CD) mdz 


b(N) ty 


B(N) + (n/n) 0) 
^ (| | \(G-z) G(t)p;(t)g(z)sinnzdz 
: 2) ТАЧ 


= I ase T2 + ey say. (5.29) 
As 


G()— Gt,) = (F,() — F,(t,)) — (F,()— Fy (t, )), 


we have 


д — 
T= ow | KOO CE naa 


ijn 


Іовл/(п) 2 E 
-о% | IG(t) EN (да, 


1/п ti 


4 
Ў | COT CE c az] 
logn/(n) 2 t 1 


logn/(n) а « 
=0(1) | | EO Falta aa ade 


1/n 1 


+ 202180 р"(0а2 + |, Лоа, | 
1/n ti logn/(n) 2 h 


- 00| к) + Еу) + | E nos: | (5.30) 


logn/(n)*/ ti 


By Lemmas 4 and 6 we have 
d G(t) — G(t 
| IG(t) € dz 


logn/(n) Жыр Ж mos : 
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д 5 
j = oo | e = / 
Іовл/(п) 1/2 
1 
=0 (=). А > 0 however large. (5.31) 
Using (5.31) in (5.30), we get 
T, , = O(1)(Ri(x) + Ri(y)) + O(n ^). (5.32) 


By Lemmas 3 and 6, we get 


b(N) + zjn -1y d 
T,,— oo | п гипса 
b(N) üt 
d 
= -00 | 
b(N) 
me (5.33) 
: l íl , 
2Т, з= 2 Т. (t) p; (t)g(z)sinnzdz 
b(N) + n/n 


NE [к и ee [^ л/п 

b(N) b(N) + x/n b(N) b(3) 
Ь(б) Ь(д)+ n/n Ь(д) + л/п 1 1 

= | ar | PEE ow f (5 —— |16(0|42. (5.34) 
b(N) B(N) + n/n (5) t t 


Since t, (z) = t(z + п/п) and t, (z) = t, (z + z/n), replacing 2 by z + л/п, we get 
(5) + z/n 1 1 
f C ЭСТЕСЕ 


b(N) + n/n t ti 
® (р 1 
ED | (2 бт =) G(t,)ph(t,)g(z + r/n)sinnzdz. (5.35) 
pony \E1 t2 


By Lemmas 6 


(5) + n/n 
| t -+ Jeans 
b(6) t t 


b(ó) + n/n t =}! 


=0(п 1?) 
b(ô) ti 


= O(n. (5.36) 
Using (5.33), (5.35) and (5.36) in (5.34), we have 


oT, = | ez) OOIE) 
{ ым UNE А 


= (2 = x) G(t, )pa(t,)g(2 + s/n) sinned + O(n~*) 
1 2 
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Hence by Lemma 7 we get 


2Т, з= O(IRZI) + O(n 9. (5.37) = 
Using (5.32), (5.33) and (5.37) in (5.29), we get 
T, = Ri(x) + Ri(y) + O(n” 9 + O(||Ri |). (5.38) 


Using (5.28) and (5.38) in (5.27) we have 
T= Ri) + R O) + O( Rill) + O(n *) 
= O(|| Ril) + O(n ^). (5.39) 
Using (5.39) in (5.26), we can write 
1; = О(|Кл |!) + O(n 9. (5.40) 
By Lemmas 5 and 6 


2 ° G(u)Q (n, u)du 

2 mjw 2tanu/2 

= O(1)ix — yl logn | ш 
АП 


= 0(1)|x — y (logny". (5.41) 


Since /ЄН,, we can write 


HFMD- F6) = a| E 
3 ow | КОЛГО (542) 


Hence 


logn/(n)*!? 
Rill =| 172 F(t) — F(t,) || p(t) dz 


[n 


logn/(n) 2 
= O(n а) | dz 


1/n 2 
= 0(1)n *logn. (5.43) 
Using (5.43) in (5.40) and combining with (5.41) we get 


n “logn 
Ес IE 


Using (5.10), (5.11), (5.14), (5.17), (5.44) in (5.2), we get 


(5.44) 


n *logn (545) 


25 = 0(1 
IL, (x) — 1,00)1 (1) z = y|“ (logn)?. \ 


Using (5.45), we get 
сс. cud ero nn DD nf) ss nfi Usa 
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= O(1)(Ix — y|* (logn)?)"^ (n *logn)! 
= O(1)|x — yl! n^7* (logn)! +” 
which further ensures that 


sup (Af, (ey) | و‎ а 


E E] |× — y|’ 
= O(1)n^-* (logn)! * ^. (5.46) 
Again f eH, => Ф, (v) = О(|о|*) and so proceeding as above, we obtain 
12,0) 1. = sup |L,(x)| = O(1)n *logn. (5.47) 


Now the theorem is completely proved by combining (5.46) and (5.47). 
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Abstract. Results of Matsushima and Raghunathan imply that the first cohomology of 
à cocompact irreducible lattice in a semisimple Lie group G, with coefficients in an irreducible 
finite dimensional representation of G, vanishes unless the Lie group is SO(n, 1) or SU (n, 1) and 
the highest weight of the representation is an integral multiple of that of the standard 
representation. 


We show here that every cocompact arithmetic lattice in SO(n, 1) contains a subgroup of 
finite index whose first cohomology is non-zero when the representation is one of the 
exceptional types mentioned above. 


Keywords. Cohomology groups; arithmetic groups. 


1. Introduction 


In this paper we prove some results on the non-vanishing of certain first cohomology 
groups. We recall that if G is a real semisimple group without compact factors such that G is 
not locally isomorphic to SU (n, 1) or SO(n, 1) and Г c Gis any irreducible cocompact lattice 
and p is a finite dimensional irreducible representation of G, then H' (I, p) is zero. This 
vanishing theorem is proved in [R1] when p is non-trivial, and when p is trivial, the 
vanishing theorem is proved as a consequence of “property T" (in [K1] when С is not 
locally isomorphic to Sp(n, 1) or the real rank one form of F, and [Kos] in the remaining 
cases). See also [Mat] where a large number of groups are covered. 
| In the remaining cases of С = SO(n, 1) ог SU(n, 1) suppose V is the standard 
representation of С on C"*!, V* the dual, sym'(V) (respectively sym'(V*)) the Ith- 
symmetric power of V (resp. of V*), Q the quadratic form on V which is preserved by 
SO (n, 1), Qsym'- ?(V*) the space of elements of sym'(V*) (i.e. polynomials) which are 
divisible by Q. Let Н, be the quotient space sym'(V*)/Qsym'- ?(V*). If G = SU (n, 1), 
р + sym'(V) and p з= sym'(V*) for any l, then H'(TI, р) = 0 for any cocompact lattice 
Г c SU(n,1). If G = SO(n, 1) and p = H, for any l, then H' (T, p) = 0 for any cocompact 
lattice Г с SO(n, 1). These two vanishing theorems are proved in [R1]. 
Thus only the cases (1) G = SU (n, 1), p = sym'(V) or sym'(V*) and (2) G = SO(n, 1), 
p = H, remain to be considered. We note that in these two cases, the representation f 
p may be described as the irreducible representation of G whose highest weight is 9:29 
I-times the highest weight of the standard representation. are #3 
In this paper we prove the following: 


Theorem 1. Let n> 4 bean integer and assume that n #7. Let А c SO(n, 1) bea cocom- 
pact arithmeticolattiea.klagti 021 eiaaawánteuperon Vojaitizetle standardaren С" і 
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„+1. Let H, be the quotient 
sym'(V*, ,)/Qsym'~?(V*, ,). Then there exists a subgroup A’ of finite index in A such that 


H+ (A', Hj) #0. 


SO (n, 1) and О the quadratic form preserved by SO(n, 1) оп V, 


Remarks. (1) Theorem 1 holds even when n — 7, provided A comes from an arithmetic 
structure which is not of the type (in the notation of [T]) °D4o or °D4o. 

(2) Theorem 1 is proved for all n > 6in[L]. The case n = 5 and | = 0 is handled in [L-M] 
and [R-V ]. The case ofn even and | = 015 proved in [M1]. The case n even and lis non-zero 
is proved in [M2]. Thus, Theorem 1 is new only for n = 5 and 15 0. However, our proof, 
which is a continuation of [К-У], works uniformly for all n > 4 and />0 and yields 
additional information which we describe below in Theorem 2. The main point of interest 
in our proof is that the non-vanishing of cohomology is obtained as a consequence of 
a relative congruence subgroup property which was proved in [R-V] and is therefore 
completely different from the usual proofs involving representation theory. 


1.1. Notation. In this paper we only consider arithmetic lattices of SU (n, 1) which are 
of the following kind. Assume that K is a totally real number field, L is a totally 
imaginary quadratic extension of К, V is an (n+ 1)-dimensional vector space over 
L,ho:V x V> La bi-additive map which is hermitian with respect to the action of the 
nontrivial element of the Galois group of L over K. Let G be the K-algebraic group 
SU(hg). We assume that G(K @R) is isomorphic to the product of SU (n, 1) with 
a compact group. The groups I' that we consider are the ones coming from these 
arithmetic structures on SU (n, 1). 


1.2. Notation. We now describe all the arithmetic lattices of SO(n, 1) (n > 4) except 
those of SO(7, 1) which arise from K-forms of the type 5D,, ог ?D,,. They arise as 
follows. 

Let K be a totally real number-field, D a central simple algebra over K of degree 
d <2, V an m-dimensional D-vector space, and гап involution on D given by (tr(x) — x) 
if d is 2 and (x) if d is 1, for all x in D. Let h:V x V> D be a biadditive map such that for 


- all 4, ue D and v, we V we have h(Av, uw ) = 1(A)h(v, w)u. Let H = SU(V, h) be the special 


unitary group of this form h. We assume that h is so chosen that 
H(K GR) = SO(n, 1) x a compact group, 


where n + 1 = md. 
By [T], the only arithmetic lattices in SO(n, 1) (n > 4, nz 7) arise as SO(n, 1)- 
conjugates of arithmetic subgroups of H(K), for some H as above. 


1.3. Notation. Let А c SO(n, 1) be an arithmetic lattice as in (1.2). Let L/K be a quad- 
ratic extension which is totally imaginary and which splits D (it is easy to see, using 
weak approximation on K, that such an L exists). Let, for x in L, x — x be the action of 
the non-trivial element of the Galois group of L/K. Let D „= DGyL. On D,, define the 
involution 1 by (494) = (4) ®а. Let V, = V@, L and define h,:V, x V, D, by 
hy (v, @ 41, v2 922) = R(01,02)® a, a2 for all v,,v,€ V and a,,a;c L. Consider the 
K-algebraic group G — SU(V,, h;). Then it is easy to see that 


= SU(n 
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Moreover, the arithmetic structure on SU (n, 1) is the same as the one defined in (1.1) for 
a suitable ho. 

Thus, given an arithmetic lattice A of the type (1.2) in SO (n, 1), there are natural ways 
of extending A to an arithmetic lattice Г in SU (n, 1), of the kind described in (1.1). We 
will fix one such. Р 

We have defined, in Theorem 1, the spaces VF, , and the spaces H,. We have the 
quotient map sym'(V*, ,)— H,. If G is as in (1.1), and ce(AutG)(K), we have the 
homomorphism c(I) > Г, given by xc ‘x. This induces the map 


H (T, sym (V*, ,)) > H! ((T), sym (V, ,)). @ 


We also have the inclusion тар o([) 1H c о(Г) and the quotient map above which 
induce the map 


H' (c(T),sym'(V£, ,)) > H' (o(T) ^ H, H;)). (2) 
The composite of (1) and (2) yields a map, which we denote by 
Res,: H' (F,sym(V*, ,)) > H' (o(1) OH, Hy). 


Denote by Res the product тар П, (ck Res,. Then we have 
Theorem 2. If n > 6, and n + 1 is even, then the map 


Res:H'(L,sym(V*,,)-— [|  H'(e1)oH,H)) 


ce(AutG)(K) 
is injective. 


This paper is organized as follows. In $2, we prove a proposition (see (2.4)) which 
relates the congruence subgroup kernels of two groups С and H with the injectivity of 
certain restriction maps closely related to those that occur in Theorems 2 and 3. We 
also show that the assumptions of (2.4) on G and H are satisfied for a large class of 
groups С and Н (see 2.7). In $3, we prove Theorem 2 using (2.7) and (2.4). In $4, we 
prove Theorem 2. А more involved version of (2.4), namely Proposition (2.5) is used. We 
also prove an analogue of Theorem (2.7) in (4.4). In $5, we deduce Theorem 1 from 
Theorem (4.6), and a Theorem in [B-W] for certain cocompact arithmetic lattices in 
SU (n, 1). 


2. The congruence subgroup kernel and H' 


2.1. Notation. Let G be a linear algebraic simply connected semisimple group defined E 
over a number field K. Assume that G is absolutely almost simple. Let H be a simply 
connected semi-simple group over K, i: H —^ G a morphism of algebraic groups over 
K with finite kernel. If A is an algebra over К, we denote by G(A) the group of 
A-rational points of G. We assume that I sœ G(K,) and II... H(K,) are both noncom- 
pact. The group G(K) may be given the structure of a topological group whose 
topology (called arithmetic (resp. congruence) topology) is obtained by designating 
arithmetic (resp. congruence) subgroups of G(K) as open. The completion G(a) (resp. 
G(c)) of G(K), with respect to the arithmetic (resp. congruence) topology is called the — | 
arithmetic (respo eonguuenea)ueQmpjatianveicGiKnetotlatsbysassumptiem T... G(K,) is 


1 EE 
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not compact and therefore, by strong approximation, G(c) = G(A ,), where A, denotes 
the ring of finite adeles over К). The identity map G(K) > G(K) induces a natural 
continuous homomorphism G(a) > G(c) whose kernel, as may be easily checked, is 
a compact profinite group. We have thus an exact sequence of groups given by 
1 + C(G)— G(a) ¬ G(c) > 1, where C(G) is called the congruence subgroup kernel of С. 
The map i: H >G induces natural continuous homomorphisms i(a): H (a) > G (a) and 
i(c): H (c) С (с) such that i(a)(C(H)) = C(G). Moreover the rectangles in the following 
diagram commute: 


1> C(G) > Gla) ^ G(c) ^ 1 


Tia) 11а) Tile) 
1 > C(H) > H(a) > H(c) > 1 


By taking Н = С and f:G — С an automorphism of G over K, we see that the group 
(AutG)(K) acts on C(G). Moreover G(a) normalizes C(G). We denote by C(H,G,i) 
the closed subgroup of C(G) generated by the collection {a(i(a)(C(H))); c e(AutG)(K)) 
of subgroups of C(G). This group is normalized by G(K) < G(a) and since G(K) is 
dense in G(a), we see that C(H, С, i) is normalized by G(a). We denote by C,, g,; (or by 
C when there is no ambiguity about H and i) the quotient group C(G)/C(H, G, i). 
Let G be the quotient group G(a)/C. Then we have surjections G(a) > G > G(c) and 
G(K) is a subgroup of б. We write С(К) 6 for the topological space obtained by 
the relative topology on G(K) in б. It is then easy to see that an arithmetic group А is 
open in G(K)oG if and only if An c(H) is a congruence subgroup of o(H) for all 
ce(AutG)(K). 

_ Wenow consider (mainly for handling the case of SO (4, 1) and SO(5, 1)), a quotient of 
G. Let A be an arithmetic group in G(K) which satisfies the condition («) below: 


(+) there exists a congruence subgroup Г of G(K) such that for all ce H(K) we have: 
S(H)n A 2 c(H)nT. 


In particular, o(H) a A is a congruence subgroup of G(K), i.e. A is open in С(К)с б, 
by the remark made above. The completion of G(K) with respect to the topology 
generated by designating A which satisfy (¥) to be open, is denoted by G*. We clearly 
have surjections G + G* — G(c). Write C* for the image of C in G*. Note that 
C* = Cf с: depends on i and Н. 

It is immediate from the definitions that C = lim(A/A) where A runs through 
arithmetic subgroups which are open in G(K) G and А is the smallest congruence 
subgroup of G(K) which contains A. It is also immediate that C* — lim(A/A) where 
A now runs through arithmetic subgroups which are open in G* ^ G(K) and A is as 
before (here, lim denotes the inverse limit). In particular, we observe that C* is 
contained in the closure of A in G* for every A, i.e. the closure Г* (of any congruence 
subgroup Г of G(K)) contains C*. 


22. Notation. Let p:(AutG)(K) СЦЕ) be a rational representation on a finite 
dimensional complex vector space E. Suppose that Г с G(K) (resp. А c H(K)) is 
a congruence subgroup of G (resp. Н). We have homomorphisms л:С(К) — (AutG)(K) 
and z9i:H(K)—(AutG)(K). Consider the cohomology group H'(I,poz) (resp. 
H(A, p°7°i)). We have the homomorphism o:o ! (F) Г for all ce(AutG)(K) which 
inute kangh de i Rust Bilgion(Bkie2e)yesichiagiverson a one-cocycle Z (y) 
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by Н\(в)(2(у)) = p(o) (Z(c(y)). Thus we have a map H* (T, p) = Hio (Г), p). We 
also have the “restriction” map H' (o` ! (I), p) 20 H! (i o! (D), p). The composition 


of these two maps will be denoted Res,: H!(I,p)— H(i ‘oa (Г), p). We denote by 
Res the product map I], (AG Res, where 


Res:H'(T,p)> [| H(i o (Г), р). 
сє(АшС)(К) 

The representation p is defined over the algebraic closure К of К (and hence on 
a finite extension K' of K), since (AutG) is a reductive algebraic group over K. Therefore 
E = Ек. Qg C where Ек. is a K'-vector space, and p(G(K)) = p(G(K’)) = GL(E,,). 

Let | bea non-archimedian local field containing K’. Let K, and Q, be the closures of 
K and Q in l. Write E, = Ej, Gl. Let Q = GL(E,) be a compact subgroup. Then it is 
easily checked that there exists a compact open subgroup &(Q) of E, such that £ (Q) is 
stable under multiplication by the integers О, in l, and under the action of the group О. 

If T c G(K) is an arithmetic group, we have p(I) с р(С(1)) = GL(E,) and since Г is 
contained in a compact subgroup of G(I), it is clear that p(T) lies in a compact subgroup 
О of GL(E,). Let € = £ (Q) as above. Then @ is stable under the action of Г on Е. We 
have 


НГ, р) = H' (T, Е) = H` (T, Ex) @x-C, 
H'(I,Eg)Qgel- H' (T, E) = H' (T, 8) @o]l. 


Given če H' (E, p), we may restrict the class of č to the subgroup I ^a(H) for every 
ce(AutGY(K). We thus obtain a map 


(xx) H' (T, p) 2 [[H (Te (H), p) 
which we again denote by Res. 


2.3. Lemma. Suppose that C* is finite. Then, the kernel of the map 


Res: H' (T, 4) || H' (Fn o(H), £) 


isa torsion group. Here Г isa congruence subgroup of G(K) and Res is the restriction map 
got by replacing p by & in (жж). 


Proof. Suppose ёєН (Г, ) is such that Кеѕ(&) = 0. Let Z be the one-cocycle represen- 


ting £,Z:T — 4. We may view Z as a homomorphism tz of Г into the semi-direct 
product GL(6)x &: 


у) Z6 
m (88 A 


Since Res(£) = 0, we have, for each c, and уєс(Н) aT, a vector veó such that 


_ [1 SONA) 0/1 v 
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Let % be an open subgroup of GL(&)x Ф. It is easy to see that 4/ contains an open 
subgroup 4/ of the form @,х 4, where V, c GL(6) is an open torsion free subgroup 
and 


U, > {(p(g) — 1)(wy; get, , we). 
It is easy to see that 
т; (0) ло (Н)лГ 2p ^! (V,)oe(H)nT. 


The group p !(Z, I) is a congruence subgroup since the map p: G(K)— GL(E,) 
extends to a map 


p:G(K,)> G(I) 5 GL(E,). 


Therefore, т; *(%) is open in G* ^ G(K). This shows that т, extends to a continuous 
homomorphism тў:Г* > GL(&)x &. Then G(K)n p" ! (&,) = Г, is a congruence sub- 
group of G(K) and t3 (Гў) с Y, x &. Since Г# > C*, and by assumption, С* is finite, the 
group 77 (C*) is a finite subgroup of the torsion-free group #, and is therefore trivial. 
Thus, we get a homomorphism 


zT (co) GL(£)x € c GL(E,)x Е, 


where Г(с) is the (congruence) closure of Г in G(c). It is easily shown that 
H" (T (c), Ej) = 0. Therefore, Z(y) = p(y)w — w for some w in E, for all уєГ. Since & is an 
open subgroup of E,, there exists an integer M > Osuch that pM we (recall that | > Q,). 
Hence p“&=0 in H'(T, &) i.e. č is a torsion. 


2.4, PROPOSITION 
If C* is finite, then 
Res: H (T, p) 5 [] H (Fn o(H), p) 


is injective. 
Proof. Consider the commutative diagram 


H! (r,4) 5T] R'(T, 4) 
dc RAE, 
H! (T, E) > [] Н\(Г,Е,), 


where a, d are restriction maps; b, c are induced by the inclusion of & in E, and o runs 
through all the elements of (AutG)(K). 

Let F be the kernel of d. Then there exists a finite subset X of (AutG)(K) such that if we 
let o run through only the elements of X in the commutative diagram above but denote 
the maps by the same letters, then kernel of d is again F. This is a consequence of the 
well-known fact that for the arithmetic group Г, the space Н'(Г, Ej) is finite dimen- 
sional over l. We will therefore assume that in the above diagram the o’s lie in È. 

Clearly, ker(b) and. ker(c) are torsion groups and by Lemma (1.3), ker(a) is also 
torsion. Then, 


CC-0. Gurukul ken (QT Eone Кет 0 seh erae = с(кет gr(ba)) 
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is a torsion group. Since H' (E, Ej) is torsion-free it follows that ker(d) n Im(c) = 0. But 
Im(c) &,! is H! (F, Ej) and therefore Im(c) is an open subgroup of H'(I, E,). Hence 
0 = ker(d) Im(c) is an open subgroup of the /-vector space ker(d) i.e. ker(d) = 0. This 
proves the proposition. 

We now reformulate Proposition (2.4) slightly differently, replacing Tn o (H) by the 
group с(Г) е Н and considering the restriction map defined at the beginning of (2.2). 


This is because, we prefer to work with a fixed H and varying groups с(Г). Thus, we 
have 


2.4. PROPOSITION (reformulated) 
Let (G, Н, i) be as in (2.1). Assume that C is finite. р, Г are as in (2.2), then the map 
Res:H'(T,p)> [| Н: (Г), p) 


ge(AutG)(K) 
is injective. Consequently if H' (T, р) #0 for some congruence subgroup Г of G(K) then 
H' (A, р) #0 for some congruence subgroup ^ of H(K). 


2.5. Notation. In place of Н, we may even take infinitely many K-groups Hm, with 
K-homomorphisms i,:H,, — С with finite kernel. Instead of C(G, H,i) consider the 
closed subgroup B of C(G) generated by the collection (C(G, H m» im)} of subgroups of 
C(G). The quotient group C(G)/B is still denoted C. We define a new topology on G(K) 
by designating an arithmetic subgroup A c G(K) to be open if there exists a congruence 
subgroup Г of G(K) such that for all ce(AutG)(K), and all ¢, we have 


c(H,)n^ ^ 2 e(H,)oT. 


Then, the completion of G(K) with respect to this topology (we must check that a left 
Cauchy sequence is right Cauchy; this can be readily checked; then, one can form the 
completion; cf. [S1]) is again denoted by G*. We have, as before, a surjectionG > G* 
and the image of C under this map is again denoted by C*. As in (2.2) we may consider 
the restriction maps 


HiT, > П нот (Г), р) 
сє(АшС)(К) 
for each m. We may then take the product of all these maps and obtain the big í 


restriction map 


H*(r,o[] II Hiao (D), p). 


m ce(AutG)(K) 


We then obtain the following. 


2.6. PROPOSITION 
Let (G, H,,, Ìm) be as in (2.4). Assume that C* is finite. p,T are as in (2.2), then the map 


H'(,p]] II He (E) p) 


m ce(AutG)(K) 


H' (^, 0 for some con ino subgroup ^ of H,(K forse me m. 
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Proof. The proofis exactly the same as that of Proposition (2.4), except that instead of 
one group Н, we have to consider infinitely many groups H„. We will need this 
proposition to handle the case of SO(5, 1) and SO(4, 1). 


2.7. Notation. Suppose K isa totally real number field, D a central simple algebra over 
K such that every Archimedian completion K, of K splits D. Let W be a finite 
dimensional right D-module equipped with a D-valued form h on W x W such that his 
Hermitian with respect to the standard involution 1(1(х) = tr(x) — x on D if the degree 
of D over К is 2 and (х) = x if D = K). Let Н = Spin(h) be the spin group of the 
Hermitian form /. We assume that h is so chosen, that for a fixed Archimedean 
completion oo of К, the group H(K,,) is isomorphic to Spin(2m-1, 1) and for all 
other archimedean completions v of K, the group H(K,) is isomorphic to Spin(2m) 
(here, m is the dimension of W over D). We now choose a totally imaginary quadratic 
extension L over К such that L splits D. Let a + û be the nontrivial Galois automo- 
rphism of (L/K). Write W, -WGyL, D, DG L. Given 4=d@aeD, with 
deD and aeL, let 4 = 1(4) ® GeD,. Then we get an involution x — x of the second kind 
on D}. On the free D, module W, x W, define a K-biinvariant map by writing, for 
Ww, W2EW and A,ueD,,hy(w, 92, w: ® u) = Ah(w,,w5)u. Let G=SU(h,) be the 
special unitary group of the form h, on W, which is Hermitian with respect to the 
involution on D, defined above. We have then a K-homomorphism i: Н — G with finite 
kernel. 


2.8. Theorem. In the notation of (1.1), if the degree of D over K is 2, К 4Q and 
dimp(W) > 3, then C(G, Н, i) is finite. 

We refer to [R-V] for the proof. We also note that if K — Q, but the other 
assumptions of (2.8) hold, then, by the Hasse-Minkowski theorem for quadratic forms, 
it follows that the Q-ranks of H and G are both 1. Thus, the arithmetic lattice is not 
cocompact. 


3. Proof of Theorem 2 


3.1. Notation. Let © be an abstract group. We consider the category @ = € (Q) of finite 
dimensional completely reducible complex representations of О. If E, c E,€@, then 
H’ (Q, E,) is a direct summand of H! (Q, E,), since E, = E, ФЕ, for some E! e€ and (1) 
H'(Q, E,) = H'(Q, E,) G H'(Q, E! ). Suppose that f:0.—Q' is a homomorphism of 
groups such that if p is a semisimple representation of €, then the composite of p and 
f is a semisimple representation of О. Let E' be a semisimple representation of Q'. Let 
E" be an О invariant subspace of E'. We may write Е = E" E as О modules. There is 
a canonical restriction map (2) Res: H! (Q', Е) H'(Q, Е). In view of (1), we get 
a projection map from H'(Q,E') into H'(Q, E”). We denote again by Res, the 
composite of this projection with the restriction map. 


32. Notation. Suppose m,n are integers with 1 < т < n. Let V, be an n-dimensional 
vector space, and sym'(V*) the space of polynomials of degree Гоп V,. If 0 <i, we have, 


sym'(V,/V,,)* c sym'(V*) and 
i 1-i 
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Let Q be a non-degenerate quadratic form on V,. In particular, we have Qesym* (И)! 
We have 

Qsym'- *(V*) = {Pesym'(V*); Q divides P}. 


With these notations, we have 


3.3. Lemma. For all i > 0, and m <n, we have 
Qsym' 7 ?(V*)o [sym'(V*) & sym! (V,/V,,)*] = 0. 


Proof. Suppose that Qf = ХА, В,, where f, A,, B, belong respectively to the spaces 
sym! ?(V*), sym'(V*), and sym'~‘((V,/V,,)*). We may write V, = V,,® Wm for some 
subspace W,, of V, and for g in sym*(V*), we may write g = g(x, y) for x in V,, and y in 
W,,. Then, for all complex numbers a, we have 


Q(ax, y) f (ax, y) = У A,(ax)B,(y) = ai У A, B, =a' Qf. 
This shows that Qf is divisible by Q (ax, y) for all a = 0. This is Ew by the unique 
factorization of polynomials, unless Q f — 0. 
3.4. Notation. We continue the notation of (3.2). By Lemma (3.3) we may assume that 
E, = sym'(V*) & sym’ (V, /V,,)* is a subspace of 
Н, = sym! V * /Qsym' ?^V*. 


Now let О be a reductive subgroup of SO(Q) which maps V,, into itself. Then the 
spaces E,, H, are all semisimple Q-modules, and therefore, H, = E; @ E; for an Q-stable 
submodule E; of H,. We thus get the following inclusion of Q-modules 


sym'V* = ФЕ, c @H, (1) 


where the last sum is taken (l + 1)-times 


3.5. COROLLARY of (2.8) 
Let n+ 1 be even and suppose that n > 7. Then, the map 
Res:H'!(T,sym'V*,,)o [|  H'(c(T)o H,sym*(V£. ,)) 


ae(AutG)(K) 


is injective. 


Proof. Observe that K # Q (cf. the remark after the statement of Theorem (2.8). The 
corollary follows from Theorem (2.8) and Proposition (2.4). 


3.6. Notation.. Assume that n+1 is even and that nz 7. Let H be as in (2.2). 
By the Morita theory (see [Sch]) we may assume that the degree of D is always 2 
(since (n + 1)-dimensional quadratic spaces may be thought of as ((n + 1)/2)-dimen- | 
sional Hermitian spaces over D = М,(К)). We write, as in (2.2), Н = Spin(W, h). As is 
easily seen, we m find a basis e,,...,e of W over D such that if - 
W'=e,D@---@e,_,D, then Spin(W-,h)= ЧОК m K-algebraic group with — 738 
O(K @R)= Spin(n — 2, 1) x K' where K' is compact. Furthermore, W — W @e,D i С 
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3.7. Lemma. Let (n+ 1) be even with nz 7. Let H and О be as in (3.6). Then the 
restriction map 


Res:H*(A,sym'V*,,)> [|] H'(G(A)oQ,sym'V? 


te(Aut H)(K) 


ntl 
in injective. 


Proof. If К = Q, then Q-rank(H) = Q-rank(Q) = 1 and therefore the arithmetic group 
is not cocompact. Therefore, K 5 Q and, by the main theorem of [К-У], the group 
C,,/C(H, О) is finite (this is where we need n > 7) and by Proposition (2.4), the lemma 
follows. 


Theorem 3. Let H,G be as in (2.2) with n + 1 even and n > 7. T hen, for every congruence 
subgroup Y of G(K), the map 


Res:H}(I,sym'(V*,,))> [| H'e(DaoHH) 


ce(AutG)(K) 


is injective. 


Proof. Let £eH'(L,sym'(V*,,)) be such that Res(¢) is zero. Then, for every 
ze(AutH)(K), we see that the restriction of é, as an element of H' (т(о(Г) ^ Н) AQ, Н,)іѕ 
zero. In the notation of (3.4) this means that the restriction of £, as an element of 
H'(x(c(T)n H)nQ, E;))is zero. But, by (1) of (3.4), it follows that Res(£) as an element of 
H'(x(c(T)o A) AQ, sym'(V*, .) is zero. By Lemma (3.7), Res(£) as an element of 
H'(c(V)o H,sym'(V*, ,)) is zero. Now (3.5) shows that ё is zero. 


3.8. Notation. We will now assume that n + 1 is odd, with n + 1 > 9. In the notation of 
(2.2), we have D — K and Q is a quadratic form on an n 4- 1-dimensional K-vector space 
W; set Н, = Spin(W, Q). Let V = WG e, , , K bean (n + 2)-dimensional K-vector space. 
We may define a new quadratic form h on V by writing, for win W and Ae K 


h(w + À,w + А) = Q(w, и) + 420 


for some scalar Qe К such that the group Н = Spin(V, h)(K & QR) is isomorphic to the 
product of Spin(n + 1, 1) with a compact group. We may also find a subspace W’ of 
codimension 1 in W such that (а) W = W' Фе, ; , К is an orthogonal direct sum for 
some vector e,,, and (b) if А denotes the restriction of h to W’, then the group 
H' = Spin(W’, h')(K &QR) is isomorphic to the product of Spin(n — 1, 1) with a com- 
pact group. Let A = H(K) bea congruence subgroup. Then, by Lemma (3.7) (notice that 
n + 2 is even!), we have 


ResH'(Asym'V*,;,)5 [|  H'(c(A)^H,,sym' V?) (1) 
ce(Aut H)(K) 


Is injective. 
Since V = W Ge, , К, we see that V,,,=V,., Фе, С. By (1) of (3.3), we get the 
following relations of Н ,-modules 
sym уж. =@E,c ФН, (2) 
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3.9. Theorem. Suppose that n + 1 is odd. We use the notation of (2.2) and (3.9). The map 
Res:H'(I,sym'V*,,)> [|  H'(e(TD)oH,, Hj) 
oe(AutG)(K) 
is an injection, provided п 2 8. 


Proof. Let W”=e,,,K @e,.,K. For every teSpin(W’”, h)(K) we consider the map 
Res H'(I,sym'V*,,)> []  H'(e(D)oc(H,), (Hj) 


сє(АшС)(К) 

where t(H,) is the quotient space defined ір (ж) with V,+, replaced by (V, , 1). 
Consider now the map Res of the Theorem. Suppose that for some £e H? (I, sym! V*, ,), 
we have Res(€)=0. Considering the restriction to the smaller group H’, 
Res,: H' (F,sym'V*, ,)> H'(6(1) 0H’, Hj) we obtain: Res, = Oin H! (o (l)a H’, Hj), for all 
c€AutG(K). Now (2) shows that sym'V*, , is an H’ submodule of @H,. Hence, by the 
remarks in (3.1), Res, = 0 in H'(c(I)^ H',sym' V*, ,). By the naturality of the restriction 
map, we may replace V,,, by the space t(V,,,) and obtain for all с and т: 
Res(€) = Oe H` (o(T) ^ «(H"), sym'«(V, , ,)*). But, as an H’-module, the sum X,sym'xV, , ,)* 
is the same as the sum X,sym'V* @ sym' '(«(V, , ,)/V,)*. This, in turn, is sym'V*, ,. We 
now apply the remarks in (3.1) to conclude that č lies in the kernel of the map 
Res:H'(F,sym'Vt,, [|  H'(e(D)o^H,,sym'V?,;) 

ae(AutG)(K) 
and from (1), we get Res(€) = 0 in IT, 4 G5 H (9(Г) ^ Н, sym'V*, ;). Now Theorem 2 
(replace n by n + 1 there) shows that č = 0. 


4. The cases n = 4 and 5 


4.1. Notation We now assume that n — 4 or 5. We use the same notation in these two 
different cases in order to treat them simultaneously. 

If n = 4, then we start with an arithmetic lattice in SO(4, 1), which, as we remarked in 
(2.2), comes from a quadratic form О; over K. We now choose 0e K* as in (3.1) so that if 
(Ws, Q.) is the quadratic space on which SO(Q;) operates, then И; ® es К = W, has the 
quadratic form О = 0; ® 04? on it. Write E = W,. Moreover, 0 is so chosen that if 
Hg =Spin(W,, Q6), then Н„(К @ QR) is the product of Spin(5, 1) with a compact group. 
Clearly, Hg contains H, = H as a K-subgroup. We may write W, as an orthogonal 
direct sum W, Фе; К with respect to О; such that, if Q, denotes the restriction of O; to 
W, and H, =Spin(W,,Q,), then H,(K,,) = Spin(3, 1). We may also choose a two- 
dimensional space E' over K with a quadratic form Q' so that if W,=W,@E’, 
Qs = O0, Q'; and Н, = Spin(W;, Qs), then Hg(K GR) is isomorphic to the product А 
of Spin (7, 1) with a compact group. Choose a quadratic extension (L/K) as in (2.7) and Y 
let Gy = SU(W, © L, Og L) as in (2.7). | 

If n — 5, then an arithmetic lattice in SO(n, 1) comes from a Hermitian form over 
a central simple algebra D (of degree 2 over К) as in (1.2). Let E = E, be a free module 
over D of rank 3 and h, a D-valued Hermitian form on E, with respect to the standard 
involution on D described in (2.7). Set Hg =H =Spin(E;,h,). Let h, denote the 
restriction of H, to E,. Write H, =Spin(E,,h,). Furthermore, we may choose E; so 
that H,(K,,) = Spin(3, 1). We also choose a 1-dimensional space E, over D, and 
a Hermitian form й on it such that if л, =й; ФА is the Hermitian form on 
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acompact group. Let (L/K) denote a quadratic extension as in (3.1) and write, as in (2.2), 
Gg =SU(W,@ L,h,® L). 

We note once again that H4, Hg, H, E, С, stands for two different things depending 
on the cases n = 4 or 5. From now on nis 4 or 5. Note that G,(K Gy, R)is the product of 
SU(7, 1) and a compact group. Consider the standard action of SU (7, 1) on C? = Vj. If 
К — 3,4 or 5, then for the action of H, , ,(K) on V, via H, , ,(K „) = Spin(k, 1), we have 
V, —V,,,0 C5 * ! where C®~*~? is the trivial Spin(k, 1) module of dimension 
(8 — k — 1). We have thus surjective homomorphisms V3 > V£,, and the restriction 
maps of (3.1) may be defined. We also denote by О, . , the quadratic form preserved by 
НИ on V,, , and write Н, = sym'V*, ,/Q, узуш! ?V* 


nti n+1° 


4.2. Lemma. The restriction map 
Res:H'(C',,sym(V$) — [|  H'(e(,)o H,.sym' (Vi) 
oe(AutGs)(K) 
is injective. 
This is just a restatement of Lemma (3.7). 


4.3. Notation. Let {H,} denote the collection of simply connected K-subgroups of Hg 
such that for all ¢, (1) H,(K,,)=Spin(3,1) and (2) Н, = $ріп(Е,.л,) where E, is 
a D-submodule of E such that E = E;@ E, as an orthogonal direct sum, H, is the 
restriction of h to E,. Let C(H,{H,}) denote the group defined in (2.5). We also write 
H,=H(E,). 


44. PROPOSITION 
The group (С(Н,)/С(Н,,{Н.,}))* is finite. 


Proof. Let A be an open subgroup of Н„(К)с\Н*. Let О be a congruence subgroup 
such that for all o and all ¢ we have 


Ano(H,) e(H,0Q). 


Let A* denote the smallest congruence subgroup of H,(K) containing A. Let v be 
a vector in W(K) such that uD is isotropic over K „. Let r, be the reflection with respect 
to v in AutH(K). Let ©’ be a congruence subgroup such that r,Q'r; ! c О. For 
бєА*г\О' we have, r,ór; ! ó^ ! lies in the group H (vD + ó(v) D) ^ Q and the latter lies in 
A. But any element of A* may be represented by an element of A* ^ Q' modulo A since 
AQ’ > A*. This shows that on the quotient group A*/A, the element r, acts trivially. 
Since the group (C(H,)/C(H., {H,}))* is the inverse limit of the groups A*/A (see (2.1)), 
it follows that r, acts trivially, and hence elements of H(K) of the form r,xr; ! x ^! act 
trivially on the group (C(H,)/C(H,,{H,}))*. The proposition now follows by the 
projective simplicity of H (K) (see [To]). 


4.5. COROLLARY 


Let A, be a congruence subgroup of Н.(К). Then the restriction map (for every finite 
dimensional representation p of SO(5,1)) 


Res:H*(Ag,p)> [| I| H'G(Ag)o B, p) 


¢ te(AutHe) 
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This is immediate from Proposition (4.4) and Proposition (2.6). 


4.6. Theorem. Let Г» = Gg(K) be a congruence subgroup. Then, in the notation of (4:1), 
the restriction map 


Res:H'(F,,sym(V£)- J|  H'(c(TV,j^H,Hy) 


ge(AutGs)(K) 


is injective. 


Proof. Suppose that £e H' (F4, sym'(V£)) is in the kernel of Res. Restricting further to 

б(Г» ^ H,), we obtain, for each o and ¢, Res(£) = 0 in H' (o (T ^ Hy, H,). Correspond- 
ing to the inclusion E, c E, we get a subspace V, of V,+, апа surjections Иж, , > V$. 
епс азап H, module, sym'(V*, 1) EOD: as ФЕ, (i) where Е (й = sym (их) 8 
sym (И V5) y)*. By Lemma (3.3), each E,(i) is an Н, stable subspace of Н апа 
therefore, Res(Z) = 0 in H' (c(T'4 ^ H,, E,(i)) for all i. 

We now replace с by то where V, = У„@ C* for the action of H (and С“ is the trivial Н, 
module), and тєС» leaves the space V, pointwise fixed. By using the naturality of the 
restriction map, it follows that Res(Z) = 0 in H'(c(Ug ^ Hg, t ' (E;(i)) for all i, c, o. But, c is 
so chosen that t(H,) = H; and t(V,) = V4. Hence, for all t, 7, i we obtain, Res(£) = 0 in 


H'(c(Vg ^ H,,sym'Vt & sym" («(V4)/V,)*)). 


But, as is easily checked, the c's act irreducibly on sym'(C^) = sym'(V4/V,) and hence 
the sum over all i of X,sym'VtGsym' '(((V,)/V,)*) is the sum over all i of 
sym'VtGsym' (V,/V,)*) which is sym'V*. Hence, Res(£)— 0 in the group 
H? (c(Ug ^ H, sym'V£) for all c, ф. 

Therefore, if A, denotes any опе of the groups с(Г,) оН and &, = Кеѕ(ё)є 
H' (A5, sym'V£), then Res(Z)eH' (A44 ^ H,, sym'V£) for every ф. By corollary (4.5), this 
means that č, = 0. Now (4.2) shows that č = 0 and the Theorem is proved. 


5. Proof of Theorem 1 


5.1. n + 1 is even and greater than 8. By [T], every arithmetic lattice A in SO (n, 1) arises 
as one of those in (1.2) with the degree of D over K being 2. We may extend A (by 
replacing it with a subgroup of finite index, if necessary) to an arithmetic lattice Г of 
SU (n, 1) as in (1.3). By replacing A and Г by subgroups of finite index if necessary, we 
may assume, by [B-W], Ch. [8], Theorem (5.9), that 


H* (T, sym'(V*)) £0. (1) 
Now, Theorem 2 shows that if n > 9, then, the map 
Res: H'(T,sym'(V*)) ¬» [| H? (c(T) o Spin(n, 1), H,) Ў (2) 


is injective. In particular, we see that the map * 


Res:H'(I, sym!(V*)) > П Н:(с(Г) a SO(n, 1), Hj) 
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This proves Theorem 1 for odd n > 9. 


5.2. n+ 1 is odd and greater than 7. By [1], every arithmetic lattice А in SO(n, 1) is one 
of the form described in (3.8). Let Г be an arithmetic lattice іп G = SU (n + 1, 1) as in 
(3.8). As in (5.1) we may assume that 


H'(T,sym'(V*)) £0. (1) 


Now, Theorem (3.9), and arguments similar to those in (5.1) to replace Spin(n, 1) by 
SO(n, 1) show that 


H(A’, H,) £0, 
where A' = o(T)^ SO(n, 1) for some ce(AutG)(K). This proves Theorem 1 for even 
п>8. 
5.3. n=4or5. Wehave already described the arithmetic lattices of SO (n, 1) in (4.1). Let 
Г» be an arithmetic subgroup of SU(7, 1) as in (4.6). We may assume that 

H: (Tg, sym (V*)) #0 (1) 


by replacing it by a subgroup of finite index if necessary. Now Theorem (4.6) implies 
that 


HX(A',H,) £0, 
where А” = o (Ig) 0¬ SO(n, 1) for some ce(AutG,)(K). This proves Theorem 1 for n = 5 
or 4. 


5.4. n— 6. As observed before, arithmetic lattices in SO(6,1) arise as unit groups 
of quadratic forms Q, in 7 variables over K. Let W}, O, be the quadratic space over К. 
We may write W, = W,@e_K, and denote by О, the restriction of О; to Wg, so 
that 


SO(W., Q6)(K QR) = SO(5, 1) x Ke, 


where Kç is a compact group. We may also find a quadratic space Wg = W, © eg K with 
a quadratic form О» whose restriction to W; is O, and 


SO(W,, Qs (K DoR) = SO(7, 1) x Ks, 
where К» is a compact group. Write 


H, = sym (W*)/Q, sym'-^ (W*) 
and 
H,(6) = sym'(W)/Qssym'- ? (Wt). 


Then, as a representation of Н, = Spin(5, 1), H,(6) is a direct summand of H,. By 
Theorem (4.4), the map 


Res: H! (FP, sym'(W£)) > | | H' (c(T4) ^ Spin(5,1), H,(6)) 


is injective. Therefore 


1 
CC-0. Guru eR id Назу таи а, 1o Spin 1), H) 


First cohomology of arithmetic groups 


is injective. In particular 


Res: H' (F4, sym'(W£)) П H' (c(Ug) ^ Spin(6,1), Н,) 


is injective. We may choose, by Theorem 2 (and by [B-W], Theorem (5.9), Ch. (8)), D. = 
such that Es 


H' (Us, sym'(W$) 40. O 
Thus, Theorem 1 for n = 6, follows from (1) and (2). ' 
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Abstract. A direct method of solution is presented for singular integral equations of the first 
kind, involving the combination of a logarithmic and a Cauchy type singularity. Two typical 
cases are considered, in one of which the range of integration is a single finite interval and, in 
the other, the range of integration is a union of disjoint finite intervals. More such general 
equations associated with a finite number (greater than two) of finite, disjoint, intervals can 
also be handled by the technique employed here. 


Keywords. Water waves; scattering; Cauchy kernel; logarithmic kernel. 


1. Introduction 


The singular integral equation 
IM (t) [Б 


with L representing either (1) a single finite interval (a, b), or (ii) a union of two disjoint 
finite intervals ofthe type (a, b) U(c, d), where 0 < a < b < c < d, has been considered for 
solution by employing a direct method which reduces such integral equations to an 
equation having only a Cauchy type singularity. 

Singular integral equations of the form (1.1), where the unknown function f(x) 
possesses square-root singularities at the end points of L (see Mandal [3]) occur in the 
study of scattering and radiation of surface water waves, in the linearized theory, by 
vertical barriers possessing either (i) a single gap, in the case when L — (a, b) or (ii) two 
gaps, in the case when L= (а, Б)о(с, 4). Recently, Вапегјеа and Mandal [6] have 
presented a method of solving eq. (1.1) when L= (а, Б), by reducing it to a singular 
integral equation over two disjoint intervals, with a Cauchy type singularity, and 
employing a function theoretic approach to the resulting equation. Banerjea and 
Mandal [6] have also mentioned that eq. (1.1) cannot be reduced to an equation with 
a Cauchy-type singularity, of a type which has been possible to equations of this form, 
(see Ursell [2]) where L represents a single interval of the form (0, a) or (b, oo), in which 
case, the end behaviours of the unknown function f (x) have a different structure as 
compared to the ones required for (1.1). 

In the present paper, we have shown that a method, similar to Ursell’s [2] is 
applicable to the integral equation (1.1), which reduces the equation to the one which 
involves only a Cauchy type singularity and which can be solved by using well-known 
results available in the books of Muskhelishvili [1] and Gakhov [4], as well as in 
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1 1 
dt — b L, 
tutu g(x), xe 


=: 
x BL 


(K >0, a known constant), (1.1) 
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The all-important identity that has helped in arriving at the closed form solution of 
the integral equation (1.1) by our approach is the one as given by the relation 


x—a 
In 


сағ 
=?) = x<a. 12 
xf ao О<х<а (1.2) 


In the next section, we take up the solution of (1.1) in the two cases (i) and (ii) 
described above, and present the solutions in closed forms. 


2. Methods of solutions 


Case (i). L= (a, b) 
In this case, we look for the solution of (1.1) along with the end point requirements 


_JO(lx—al 2) as xa, 
по ан as xb. Q.1) 


We set, as in the work of Ursell [2], 


b 
F(x) = | f(üdt for a<x<b (2.2) 
so that Е 
F(b)=0 апа Р(х) = – f(x) for a<x<b. (2.3) 
Substituting for f (x) from (2.3) in (1.1), we obtain the singular integral equation 
A(t)dt 
|, ЭШ ) —h(x for a<x<b, (2.4) 
where 
A(x) = F'(x)3-KF(x) for a<x<b, so that 
d i У 
/(х) = as les | уде | for a<x<b (2.5) 
and Ў 
x—a 
h(x) = zo- KF(a)ln | for a<x<b (2.6) 
x+a 
with 


О(|х—а|!?) as xa, 
O(|x—b|!2) as xb. 


The solution of the integral equation (2.4) is well-known and is given by (see Gakhov [4]) 


A(x) = | (2.7) 


_2Сх 4х (* tR()h())dt 
iG) - 5-23 | ge for a<x<b, (2.8) 
where 
R(t)=./(t? —a?)(b —:?) for a<t<b, (2.9) 


and C is an arbitrary constant. 
We next mention the following results to be obtained by standard methods (see 


Gakhov [4] problem 18, pp. 81) 


deR gOS ыы, CLOG ee (RD 
CC-0. Gurukul К унад аг Bi AD ш} n USA 


Singular integral equations 


where 


MED 
C= [ La до)= [52 for a<x<b, 


ў 
2 


x -zx Í sa for 0<t<a, RJ . 
OS —ít e j 

a 

^ tR(r)d 2 + 5? Eu 
RU) m Grae —и? | for (a<u<b), (ЕЗ) 
„Ки 2 2 EET 
tR(t)dt 24 p2 
I. 08 =я{- (a? — u?)(b? = 2 ( и? + = zt } for (0<u<a), _ 
(RA — 


b a ОШЕН РОЖЕР, e 13 
| к(а |8 ا | += چ‎ i a<u<b. — 
u? 0 u E 


12 — 
| (RS) 
Using the above mentioned results (R1) to (R5), from the relation (2.8) we obtain 


—a 
tta 


AE RG ase — F(a)G(a, b, | 


2С 1 g(t)dt 
е, for а<х <b, 


ыр _ C, , KaF(a) 
o=2| 22 4 = | ang 


саъд = | EE dE, a<x <b. ` (2.11) 


> 


where 


From the relations (2.2), (2.5) and the expression (2.10), we obtain the relat on 
connecting the constants Q and F(a) as given by t 


d mn —— 


case when L= (a, b), as ciim by 


fex le [е (оласи 


+o ag н 


where 


0=-0. 
The solution (2. 13) EES 1 
к [6] recently: eco. Gur | 
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The solution of (1.1) can also be obtained, in this case, by setting 
Ё(х) = | f(0dt for a<x<b. (2.14) 


Proceeding in a similar manner as discussed above, we find the following alternative 
form of the solution f (x) as given by 


A ea ku [O — QK/z) F (b) G(a, b, u)] 
/®= {е Ji ( К(и) 


2 > 1 g(t)dt 
+ =n lu) | AOE m du» for a<x<b, (2.15) 
where the constants Q and F(b) are related as 


b ^ ~ 
eX F(b) = | иеки БЕ 
К(и) 


2 n, t)dt 
+240 | — g(t) ) u 
2 


а а 


Next, we will discuss the method of solution of (1.1) when L is the union of two 
disjoint finite intervals. 


Case (ii). L= (a, b) u(c, d) 
In this case, we desire to solve (1.1) where 
О(|х—а| !?) as xa, 
O(|Ix—b|^!2) as xb, 


ЈО) o(x.-c]-12) as хәс, 


O(|x—d|^!2) as xd. (2.17) 
We set 
_ jfı() for xe(a,b), А 
Јо) = ae for xe(c,d) e 
and i 
_ fg (x) for xe(a,b), А 
e i for xe(c,d) o 
Then, defining 
b 
Е,(х)= | fi(0dt for a<x<b, (2.20) 
| so that 
| Е. (x)= — f(x) for a<x <b, 
F,(b) =0 (2.21) 
and ; 
F,(x)= | f;(0dt for c<x<d, (2.22) 
| \ so that 
l F (x)= — /;(Х) for c<x<d and 
CC-0. Gurukul Eg deny Haridwar Collection. Di by S3 Foundation USA (2.23) 8: 
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We reduce (1.1) into the following new equation 


» 2 (tdt a 2 (tdt g(x) 

| RET) + EID "og for xe(a,b)u(c, d), (2.24) 
where 

21(х)= Fi (x) + KF,(xX) for a<x<b and 

2,(х) = Е,(х) + КЕ,(х) for c«x «d, (2.25) 
апа . 

E. - x—a _ x—c 

g(x) = faw KF, (а)1п ERU КЕ, (с)1п = for 

xe(a, b) v (c,d), (2.26) 


along with the end conditions that 

NE O(|x—a| "?) as xa, 

oh O(|x —b|^'!2) as xb (2.27) 
and 

AGES 0(1х= |22) as хәс, 

25170015 dT as xsd (2.28) 
The solution of the integral equation (2.24) along with the end conditions (2.27) and (2.28) 


can be derived by using an analysis similar to the one available in the paper of Chakrabarti 
and George [5], with appropriate modifications (see Appendix) and we find that 


—2(Аух^ + Ba _ zu (OR, (OR, (даг 


мыт R,(x)R2(x) z^ ЈК, (х), (х)(02 — x?) 


н [ R,() R; (09; (t)dt | e m. 
e R,(x)R,(x)(t? — x?) К 
апа 
; EE REIN (ÐR (n) R; (dt 
B ROR ` 7| Ja R.G)RZGQ( — x?) 
> | Ri (OR; (09, (dt ] "m. 
c Ёү(х)Е„(х)(@? — x?) 2 A 
where A,, B, are arbitrary constants, Р = 


g,(x)= g(x) for xe(a,b) and 

0(х) = G(x) for xe(c,d), 

R, (x) = ./(x? — a?)(b? — х2) for a<x <b, 
VERS) fer x2 
Rw] MEE for o 
R, (x) = /(x? — c?)(d? — x?) for c<x<d, 


SA? 3-7) (a2 xd for x<c 
CCO. Guru ц Коб Unive ty Hariata) Coffextion. ірі ћа by S3 Foundation USA 


‘os 
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We then use the following results to simplify the expressions for A, (x) and 4,(х): 


peat = P G,(x, č)dč 
Ый aoe 8 


b 
| ЕКү()Ё„(ї)1п (R6) 


a 


r2 220 
@ GE aes 


where p — a or c, and 


| b d 1 1 с 
| 56,92] | tR, (t) R;(t) iat gs 


for xe(a,b) or xe(c,d) 


[ R,()R,()g,()dt С, A, (x) [: R,(t) g,(t)dt 


= = = ane 2 2 
a R (VR NP — x) R Rx) R(x) Ja Ay (0 (7 — x^) 
fora <x <b, (R7) 
where 
E: 4 Ё, (0 
C; a | A, (4: 008t 
and 
А,(х)= for а<х<Ь, 
| ЙЕ „да; NOU. Аб) | O ACCME 
c RIOR) —x^) К,()К, (х) Rix) Jc AA — х5) 
(R8) 
| where 
| we ° Ry(r) 
| C,= Ji A, (092008 
| апа 
I 
| [Bp 
| A,(x) = Box a<x<hb, 
: 5 t—q| dt 4 G(x, č)dč 
| К,(2К, (01а Г оа NE: (R9) 
where q — a or q — c and 
d e 1 1 
G(x, č) ES . tR (R(t) Q2 + Cat dt 
for xe(a, b) or for xe(c, d). 
[ R,QR,Og(dt ___С, _ As) | Rz(D (0ч! 
„К,(х), (х)(2 — х?) К,(х)ҝ̆, (х) К,(х) J a As(0( — х?) 
for c«x«d, (R10) 
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Аз(х) = S for c«x«d, 
|. Rı(DR2(Dga(Ddt _ Ах) (4 RiO gs (dt 
e RQR OQ =x)  R,G)R,Q) R(x) Ј. A4(6( — x?) 


for c<x<d, (R11) 2 
where C, is the same as defined in (R8) and = 


DT) 

x^—c 

Sou for c<x<d. 
=x 


Using the results (R6) to (R11), we obtain 
—2[A,x?+Q,+H,(x)]x 2x 


A4(x)= 


A1) R GR) ccu 1(x) for а<х<Ь е... ; 
and 4 
2,(х)= леса = Р(х) for c<x<d, (2.37) 
К,(х)К,(х) 
where 
Q,=B,+ 6 = 229 
HE Хв, G sf [G2(x, 6) — Gy (x, 6)]d$ с © č)]dč 
-A 5 
+r ма еа: oco euer) aay 
0 a > 
AO (* 4000.09: А0) (^ 04:04 , >: 
P109— 8 6) VATER RO 0.00222) Sc IM 
and . pue 
P, (0) = 2309 e R Og (dt — A49) 4 R Og (dt fo c«x«d. 


R,(x) J a A4(D(? — х2) R,(x) с Ag(Q(t? — x?) 


Now using the relations (2.25), we find that 
b 


eK^F. (a) = | eX} (udu and 


c 


d 
eK F (c) = | е^“ 4, (u)du, 


and 


d b 
Ff i-e" I ea ao for 


(= epe e2 | ы 


where 2,(3) ated) 
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The relations (2.42) completely solve (1.1), in this case, if the two relations in (2.41) are 
utilized to determine the constants Е, (а) and Е, (с) in terms of А, and Q,, which remain 
arbitrary. Alternative forms of the functions f, and f, can also be derived, as has been done in 
the case (i), where the solution has been expressed through the relations (2.15) and (2.16). 


3. Conclusion 


A unified approach has been developed to solve the singular integral equations of water wave 
problems, which involve a union of disjoint finite intervals, at the end points of which the 
unknown function is required to satisfy square-root type integrable singularities. The cases of 
single as well as double intervals have been analyzed here in detail. For more number of 
intervals (greater than two), the method is similar, even though a little more involved. 


Appendix 

Solution of (2.24) 

Equation (2.24) can be cast into the form 

E T,2t6)-- TAS) = gf) for ne(a,,b,) (Al) 
TA) + 7,250) = 950) for ne(c,,d,) (A2) 


after using the transformations 


SE IRA 2/9 
x =, ї®=&, (0) = ‚№0 = 
EU 


Massa b? —b,, c? en 
oV ER v 1 1 
Pad, OD ca 

» 910) 2/7 nela, bi), 92 (0) NA 


and employing the operators T, , T3, T and 10 as defined by the relations 


EA 
то) | 298 for me(a,,b,), 


, 1€(c,,d,) (A3) 


a a(d 
nao- | 2098 for me(c,,d,), 


ж bi )* d 
до | MES for пва ы) 


ai d) 
di ле 
Tos | HOS for еа) 


We then define the inverse operators T; ! and Т» ! as given by 
D, T, (A3(n)AT(n)) 


T, AIM = 5 1) FINA for ne(a,,b,) and 
* D,  TY(A,G)ATGD) 
CC-0. ат ы: by S3 OF ELC Gay» 20 


Singular integral equations 
where D, and D, are two arbitrary constants and 
Аз) = /(n—4,)(b; — n) for me(a,,b,) and 


А.) = /(m—c,)(di — 1) for me(c,.d;). (A5) 3 
We easily derive the following results (R1—R8), by using standard methods. 


TA) = | - y+ a nr | for me(a;,b;), (R1) 
di ~ ~ 
T, (A460) T, 256) = r | A3(n)dn —2T,(A,Q)42(0) for a,<n<b,, 
(R2) 
where Â, (n) = J/(1 — a,)(n — bı) for n&(a, ,b,), 
T 1 * 25 ж 
T, (zs ANE A (А, (0) e») n T,(45(n)) — A ig „(А,(0) (1) 
for ne(c,,d;), (R3) 


~ 


T Cen AG j (Arî e») = ^E Т,(А,00)9% (0) for me(c,d,) (R4) 


bi 


T,(A,(n) T,(A,(n) 9%) = r | A,(n)g*(n)dn + x T, (^40), )g* 0) 


ai 


for ne(c,, di), (R5) ч E 
where A,(n) =./(c, —n)(d, — n, 3 


т A 
5 s (n) Л; (A51) ЖОО) = А (1) T,(A3(n) A4(n)g: (7)) 


— T (As1)g; (7)), 


IP, (zs MG КЕ 5(А»(1)А,„(1)4% ю)= A хр 040) Ёз (п)д% (n), 


> n A n 
Т, (к) = +) for ПЕН) 


Applying the operator Тг! to eq. (A1) and using the result (R2), we obtain 


A¥(n) = A _ RT (A0) ar T, (Азот) 
A Аз) n? A(n) ih 
where A, = D, + (1/2)| г! 4$ (s)ds is an arbitrary constant. a 
Using the expression (A6) along with the results Ore and (Raw wec ca п ге Козусу 2) in the 
form И. 


T, (A (41) = = Ау: 1 
CC-0. Guru 


T——————————— A" "e" 
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Applying the inverse operator T; ! to eq. (A7), we obtain, after using the results (R1), (R5, 
that 
Ам + В,  T,(A,MA,() 93) — TA, A 009100) 
WOYWO) z^ As(n) A; (1) 

for ne(c, d,), (A8) 
where B,(— D; — (А, /2)(с, +d,)+ n^? fhi ^s ()gt(n)dn) is an arbitrary constant. 


а 


The relations (A6) and (A8), after using the results (R5) to (R8) ultimately give 
_=4Ауп—В, Ty(AsSAQ)gt00) = T(A,(n)A mg) 
A(n)A,(n) n? A,(n)A3(n) 

fora, «n « b,. (A9) 


А500) = 


Going back to the original variables x, t, 4; and 2, , we get the results (2.29) and (2.30) used 
in the paper. 
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Abstract. The Green's function solution of the Helmholtz's equation for acoustic scattering 
by hard surfaces and radiation by vibrating surfaces, lead in both the cases, to a hyper singular 
surface boundary integral equation. Considering a general open surface, a simple proof has 
been given to show that the integral is to be interpreted like the Hadmard finite part of 
a divergent integral in one variable. The equation is reformulated as a Cauchy principal value 
integral equation, but also containing the potential at the control point. It is amenable to 
numerical treatment by conventional methods. An alternative formulation in the better 
known form, containing the tangential derivative of the potential is also given. The two 
dimensional problem for an open arc is separately treated for its simpler feature. 


Keywords. Finite part; hyper singular integral; integral equation; Cauchy principal value; 
acoustic scattering; acoustic radiation; open smooth surfaces. 


1. Introduction 


It has been recognized in recent years that the Green's function formulation of 
scattering and radiation of acoustic or elastic waves by surfaces on which Neumann 
boundary condition holds, leads to hyper singular integral equations. In the acoustic 
case, the surfaces are non-soft, that is, hard or partially absorbing, open or closed. 
References to and regularization of the hyper singular nature by conversion to Cauchy 
principal value (CPV) integral equations involving (tangential) derivatives of the 
unknown potential or integro-differential equations have been made in diverse litera- 
ture (Burton and Miller [1], Meyer et al [9], Terai [11], Martin and Rizzo [7], 
Krishnasamy et al [5]). In the context of vector elastic waves, the surfaces are usually 
stress-free crack surfaces in the solid and considerable literature exists generally 
without direct reference to hyper singularity. References to the few which treat hyper 
singularity may be found in Martin and Rizzo [7] and Krishnasamy et al [5]. 

The hyper singularity in the boundary integral equation arises when the normal 
derivative implied by the boundary conditions is carried into the Cauchy principal 
value integral containing normal derivative of Green's function. Validation of the 
hyper singular integrals in different contexts as Hadamard finite part (HFP) [2] is 
generally obtainable (Krishnasamy et al [5]). In view of the straightforward formula- 
tion, there have been several suggestions following Iokimidis [3], to treat these 
numerically, using Gaussian quadrature formula developed by Kutt [6] for integrals in 
one dimension. 

Herein, we treat the hyper singular integral equation that arises in the context of 
acoustic scattering or radiation by a hard open surface (three as well as two dimen- 
sional, that is, an arc). By adopting a definition of finite part of the hyper singular 


surface integra es.agenega lization нана Барыса Integral stated in 


zay 
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Z 


X 


Figurel. The geometry of the problem. N is the foot of the perpendicular from P on the surface S. 


Martin and Rizzo [7], we present a short validation of the equation. The proof of 
Krishnasamy et al [5] based on the original definition of Hadamard for one dimen- 
sional integral is somewhat longer. Next the equation is transformed in a straightfor- 
ward way to derive CPY linear integral equations, which can be numerically treated in 
conventional ways. Familiar type, containing the (tangential) derivative of the potential 
is also derived. The case of two dimensional arc is separately treated for its simplicity 
and elucidation. 


2. The hyper singular integral equation 
The acoustic field potential ф satisfies Helmholtz's equation 
V? + kp — 0, (1) 


where К is the wave number w/c, 0/27 = frequency and с = wave velocity. By Green's 
identity (cf. figure 1), the solution of (1) can be written as 


1 0G 09 |* 
== Ga 2 
Ф ЗС oF | as, 2) 
where к= — 2л or 4л with regard to the (open) surface S being two or three 


dimensional, and G is the free space Green's function (in/2) HO (kr) or e ""/r, Н2() 
being the Hankel function of second kind and zero order. For an acoustically hard 
surface scattering problem, the normal component of velocity at the variable point Q, 
namely дф/ду is zero while it is prescribed (— ipwv(Q)) and is continuous across 5 for 
the radiation problem. Hence (2) simplifies to 


0G m 
pai} oes, 0(Q)=¢* —$-. (3) 


Boundary integral equation for ®, completing the solution of (3), is obtained by again 
invoking the boundary condition on S. For the radiation problem 0$/0n = v(N) as the 


comprolrpainsngti {єз ӨЫ РБ NDE, атаи р tag normal component of 
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Figure 2. Local coordinates for circular region S,. 


displacement. We thus get 


д 


0G 
дп | ‚ФО 5,45 YN), as PN, » 


where Ҹ = ко(№). In the scattering problem, ф can be considered as the scattered field 
in a total field $'^' and incident field ф'. For acoustically hard surface дф'°'/дп = 0 as 
P tends to N and we again have eq. (4), where (№) = — x0$"*(N)/8n. In the surface 
integral of eq. (4) as P tends normally to the point N on $,0G/0v dS becomes O(1/r) 
singular. Hence the CPV of the integral denoted by f has to be taken. If further, the 
derivative д/дп is taken within the integral sign, there results 


f, oqo Zas- Y(P), asP>N. (5) 
Now 6?G/dnévdS becomes O(1/r?) singular as Р» М and the integral is divergent. 
Justification and meaning in the sense of Hadamard finite part (HFP) denoted by $ has 


been provided by Krishnasamy et al [5]. In thefollowing we give a shorter justification. 


Lemma 1. For infinitesimal region Sy with centroid N 


eG : 
|А <= ds E as So shrinks to М. : 


Let 2e be the diameter of the smallest circular region with centre N containing Sọ. Then 
the integral in magnitude, is less than or equal to that over S.. Now introducing local 
coordinates with centre N as origin (figure 2). 


ô? G pee e ikr 
дпду OzN r J 
3ik k?Nz? i vim 
— ikr کے کے کے‎ |26 P i 
Ls mars |. СИС (= 5 r? 2h 7 | 


(e +2717 d — ikr 
: --[ | al fu + ik) —-1 
CC-0. Gurukul Kangri Uf FePs#y Haridwar Hi ion. F Digi ized by S3 F und 


Hence 
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e^ tke? zs ikz? g2 с 
= 2n| t ———— — 5—5 — ike i 
Je? +2 (+z? € +2° 


—0 as 2-0). 


^ 


(Terai [11]). 
Reverting to the hyper singular integral, we define its finite part in the manner ofthe 


integral in one variable (eq. (22)) 


226 def e?G eG 
cz Ку тє = S, as Sọ>N 
f PO ду 3 [a PO) ayo oN) ү ouod" 550 
226 
— le. Ф(0) 5, 95 as So >N 
by lemma 1. Hence, 
д 0G д 0G 
2 کے کو اک‎ ET >N 
ôn f Ф(0) ду 5 дп | P(Q) ду dS, аѕ 5, № 
eG 
— Ф کڪ‎ — N 
| (2) andy as So 
eG 
= کک‎ i: 6 
f ooi Sas. _ © 


In the case ofan open arc in two dimensions, the above does not hold. It can however be 
proved more easily as indicated in Remark of $ 6. 
Referring to figure 1, the hyper singular kernel can be written in view of 


д 
G=G(r) and i= cos(r, v), 


ду 
д? 
Lm =— cosy) + cos, n)cos(r, v) 
as = 
0G @G 126 126 
ата. (s — 122, соѕ(г, n)cos(r, v) — ESSE v). (7) 


In the following we consider reduction of the finite part integral of eq. (5) to CPV 
and ordinary integrals. We need separate treatment for three- and two-dimensional 


cases. 


3. Three dimensional case 


In this case, G = е */r and eq. (7) becomes 


026 ЕПУ т ik 
ANC —e e + FT E cos(r, n)cos(r, v) + e gis 2 cos(n, v). 
(8) 


The O (r 3) terms give rise to finite part hyper singular integrals in eq. (5), while O (r~?) 
CPV singular and regular integrals respectively. For the left 


end Өде Yid CEN. Collection. Digitized ES. 
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hand side of the AM we can write 


2 
f ogo Xr S ds f [®(Q) — 9(8)15- as + ow f 29 (9) 
5 


Significantly, by Lemma 1, the singularity іп the last integral can іп fact be ignored and 
it is possible to transform the integral by Stokes theorem. Noting that G — G(r) with 
r? = (x — č)? + (y — n} + (z — О?, V G = — VG, where V, is the divergence operator in 
the space of P(x, y,z) and V is the same operator in the space of the variable point 
Q(£, n, C) of S. Hence 

0G 


дпду EOD 


- O ДОСУН 0 
Vx Fay "az JME OE LT OL 


where (l, m, n) and (A, р, v) are respectively the projections of n and v on the coordinate 


axes. Since V.(0G/0£) = — V(0G/0€)..., we can rearrange to obtain 
a2 G е 
= —(n-v)V2G + v-curl[n x VG]. (10) 


Thus, noting that V? G = — К? G and applying Stokes theorem to the second term 


f ads =e | (n-v)GdS + | [n x VG]-dé, (11) 
s дпду 5 с 
the right hand side of which consists of regular integrals. 

In the first integral on the right hand side of eq. (10), there is a large part in the 
integrand which yields regular integrals. To separate the Cauchy principal value 
integral in it, we introduce the potential Go = 1/r for which 


c =— 2 cos(r n)cos(r, v) + cos, v). (12) 
We can then write 
f [00-0] Sas = ji reo -om — as | 
026 X 
+f [®(0) — 9(N)]- 5, dS. (13) 


The full integrand of the first integral on the right hand side of eq. (12) can be explicitly 
written down from eqs (8) and (13). For the second we use identity (10) with V? E zx 
and VG, calculable explicitly, we get 


0* Go ny 3 n—y ё&—х q—y ё—х 
дпду - "+ 5[(! r wae r С r g r 
+ (m-a) (®—4-,=—>) , = 
r r r т) 


č— С— × —x 6—2 DN 
е) E 
CC-0. Gurukul angri University Напа аг е tion. Digitized by oundation USA E 38 
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[| 


276 Sujit K Bose 


The first term on the right hand side leads to CPV integral while the second leads to 
a regular integral since 
(x — &)/ri(y — nyr:(z — Or A:u:v: ә lm:n 


asQ>N, PON. 
With the above procedure (eqs (10)-(14)), eq. (9) in the limit P > N, yields for the 
original hyper singular integral equation (5), the linear CPV singular integral equation 


see | Eas. | [nv (2) | 
S r C r 


-f [Ф(О) — Ф(Р) iE 4] ТЕ +e (= — E) eost, n)cos(r, v) 


r? 


3 | [Ф(0)— 9(P)]E {Mn — y) —m(E — x)} (46 — y) — WE —х)} 
s 
+{m(¢—z)—n(n— y)(ut—z)-v(m-y)- {n(č — x)— I(¢ — 2)} 
o6 — x) — i-a) |S- [®(Q) — 9(P)) dS = (Р), PON. 
(15) 


A feature to note, is the occurence of ®(P) inside integrals of the equation. This does not 
pose much numerical difficulty when the integrals are replaced by quadrature for- 
mulae. 

4. A simple integral equation in tangential derivative 

Integral equations of this type were first obtained by Maue [8] for the scattering 
problem. Using eq. (1 » 


| f 00) Cas е | ees 


| + f, v-{curl[®(Q)(n x VG)] — VÆ (Q) x (n x VG)} dS. 

| By Stokes theorem, the second integral on the right hand side is equal to 
| | co (0)(n х VG):d$ = 0, 

| | since P(Q) = ¢ —$' =0 on the rim C. Hence eq. (5) becomes 


| V(Q) x (n x Vr)e-'* (a+ 2j i 
s 


~ikr 
e 
+k? | (п:у)Ф(0) 4$=\Р(Р), PN. 
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Figure3. The geometry in two dimensions. 


This equation does not contain Ф(Р) inside the integrals. 


5. Two dimensional case 


In view of the fact that the surface integral degenerates into a line integral along a plane: 
arc, the two dimensional case needs separate treatment. Denoting the inclinations of — 
the tangents at N and О to OX by ф, у and that ofr by y (figure 3), 


L(m-2*é-z /у=»+#—% L(m»)-y-ó 


in eq. (7). Also since 
1 G irk 
گے ,0ہ‎ 


Б RNY 


2 9 2, 
+ = = E H® (kr) — О 
Thus, (7) takes the form эй 
0?G ink? i Я 
эләр 3 Не (Кт) зіп(ф — x)sin(y — х) 


+ ge HOr)cos(ó +Y — 2201. "e 


If we assume that the equation of S is given parametrically bé er ps t ; 
xo2f() yg €=f@, m"-9(0 ast t<d - 
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K (t, x) 
Соу) = ә 19а 
ray Ses E 
where, tan ф = y'/x', tan V = n'/¢’, primes denoting the derivatives and sin y = (y — y)/r, 
cos y =(€ — x)/r. Also if ¢ < 2/2 and y < 7/2, 
1 Е 1 , yr , Б gr , , ГА 
К, (t,t) = 216 — 3n y *(— yy ex —(€ —x)(n— y» у + х). Q0) 
1 2 , , , , r re , u 1 
Ka( = 3G — x) — (1 — 8x — ту) + 26 — Nn — CY mx) 
(20a) 
If however, $ > 1/2 or y > 1/2, x', € are to be replaced by — x’, — č’. In the limiting case 
P,Q— N,r0 and y > $, y ^ —((n/2) — ¢) and the left hand sides of (19) tend to 1 or 
— 1 respectively. Hence, as tt, K,(t,t) = — K,(t,t) x ? + y?. With eqs (17), (19) 
and (20), eq. (5) becomes after a little rearrangement 
ET H® (kr) K І H(k 2 К 
А т) | Не (kr) (67) + OM Dina. 3(t, x) 
2i 2i 
EN —— = 2 "2 р №, 21 
tage | dt nk? x + у КАСР)? Г N ( ) 
The first term of the kernal within the square brackets is logarithmically singular and 
hence integrable; the second regular and the third hyper singular. In fact it can be 
shown from definition (20) that 
K,(t, 
229. у>, as t t. (22) 
To extract the finite part of the hyper singular integral, we may use the following. 
Lemma 2. 
ED) * f(b) — f(t) b—a ё 
dt= ЕЕ ——— 
Lex | (т — t)? ШШДЕ 2 b) 


From definition of the finite part of the hyper singular integral 


аа. eu (* sq te de 
ау At | ноа. c0. 


(23) 
The proof follows from the particular case g(t) = 1: 
ечат 1 
a(t—t t—b t—a 
(Kaya and Erdogan [4]). 


The integral equation can thus be rewritten as 


(b—t)(t—a)| „{* ia 
حم‎ шшс ЭИ ИТУ Ф (2) t A 
CC-0. Gurukul Kangri (7 Haridwar Colléction. BEST u e Ka (22) М 
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1 2i 2 Ф(т) К, (2, т) 
с] (2) -——— 245 
eg (HP rea] ст, 


1 Ф(0) 
+ Mrd 


_,Ф—0@—а) 
—a 


; ЖЕ 
x? + y2Y(P), PON. N) 
| E 


As in the three dimensional case, @(t) occurs inside the (CPV) integral, in this. i ү 
formulation. From the equation we find that in the neighbourhood of the extremities of 
the arc t >а or t — b, (t) — 0, but the law of approach is not apparent. 


6. Alternative formula containing derivative 


Lemma 3. 


pe HO) | _ [eee omar 


CHU o C 


+ f(t, af fs BG r+ 20 20] 


=f: t—a 


The proof follows from (Kaya and Erdogan [4]) 


9G) 4 ' 8 a. 
ue E Mer ы 
| g(b d “а 
| ло y 20. sl. g (x)In|« — ат | 
| = © LL 2 a. (25 
t—a t—b aot М 


D Н 
where the second line is obtained by splitting (а, b) into (a, t — ғ) and (t + & b), €> Oand 4 
integration by parts. 


Remark. Equation (25) justifies the validity of (5) in two dimensional case. 
With the aid of the above lemma and eq. (21), the hyper singular integral i1 


written as с: бы 
b K (t1) RAGS) 1 aree 
pz sace f [ш e 


The term contributed by D(a), (b) drop out according to what has b 
' end of the Pn section. Equation (21) thus takes the form. 
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(27) 


х? +у?Ҹ(Р), PN. 


This does not contain P(t) inside the integral. 
The behaviour of P(t) at t = a, b depends on the nature of solution of eq. (25) which is 


of the form 
(28) 


b ф' 
| OLFA, a«t«b. 

at—t 
If we think of ®(t) as displacement discontinuity across S, ’(t) will represent a quantity 
proportional to stress and must become unbounded at t = a, b. Hence from the theory 
of singular integral equation of the above form (Sih [10]), the fundamental solution of 


(28) must be of the form 
w(t) = {(t—a)(b—1)} 2. 


Thus, as t2 a or b 
Q'(t) = ((t — a)(b — t)} */? x a bounded function 


Or 
c(t) = ((t —a)(b — t)! x a bounded function, 


which verifies a well-known fact. 


Acknowledgement 
The author is thankful to Prof. Satya N Айип! and Dr Harindra Rajiah, Computational 


Mechanics Centre, Georgia Institute of Technology, Atlanta, Georgia, USA for 


support and discussions. 


References 
[1] Burton A J and Miller G F, The application of integral equation methods to the numerical solution of 


l А 
some exterior boundary-value problems, Proc. К. Soc. A323 (1971) 201-210 
[2] Hadamard J, Lectures on Cauchy's problem in linear partial differential equations (1923) (New Haven: 


| 
Yale University Press) 
[3] Ioakimidis N I, Application of finite-part integrals to the singular integral equations of crack problems 
in plane and three-dimensional elasticity, Acta Mech. 45 (1982) 31—47 
[4] Kaya A C and Erdogan F, On the solution of integral equations with strongly singular kernels, Q. J. 


Appl. Math. XLV (1987) 105-122 
[5] Krishnasamy С, Schmerr L W, Rudolphi T J and Rizzo F J, Hyper singular boundary integral 
equations: some applications in acoustics and elastic wave scattering, ASM E J. Appl. Mech. 57 (1990) 


| 
ї 
| 404-414 
| [6] Kutt Н R, The numerical evaluation of principal value integrals by finite-part integration, Numer. 
| Math. 24 (1975) 205-210 
[7] Martin P A and Rizzo F J, On boundary integral equations for crack problems, Proc. R. Soc. London 
| А421 (1989) 341-355 
| [8] Мане А W, Zur Formulierung eines allgemeinen beugungsproblmes durch eine integralgleichung, 7. 
| Phys. 126 (1949) 601—618 
| [9] Meyer W L, Bell W A, Zinn B T and Satllybrass M P, Boundary integral solution of three dimensional 
- radiation problems, J. Sound Vib. 59 (1978) 245-262 
[10] Sih G C (ed), Methods of analysis and solutions of crack problems (1973) (Leyden: Noordhoff 
International Publishing) 
Terai T, On calculation of sound fields around three dimensional objects by the integral equation : 


1 
[ methods, J. Sound Vib. 69 (1980) 71-100 


CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


Proc. Indian Acad. Sci. (Math. Sci.), Vol. 106, No. 3, August 1996, pp. 281—287. 
(C) Printed in India 


Eigenvalue bounds for Orr-Sommerfeld equation 
‘No backward wave’ theorem 


MIHIR B BANERJEE, R G SHANDIL and 
BALRAJ SINGH BANDRAL 


Department of Mathematics, Himachal Pradesh University, Shimla 171005, India 
MS received 18 January 1996 


Abstract. Theoretical estimates of the phase velocity C, of an arbitrary unstable, marginally 
stable or stable wave derived on the basis of the classical Orr-Sommerfeld eigenvalue problem 
governing the linear instability of plane Poiseuille flow (U(z) = 1—22, — 1 <z < + 1), leave 
open the possibility of these phase velocities lying outside the range U min < C, < U max but not 
a single experimental or numerical investigation in this regard, which are concerned with 
Eun or marginally stable waves, has supported such a possibility as yet, U min and 
U max being respectively the minimum and the maximum value of U (z) for ze[ — 1, + 1]. This 
gap between the theory on one side and the experiment and computation on the other has 
remained unexplained ever since Joseph derived these estimates, first, in 1968, and has even led 
to the speculation of a negative phase velocity (or rather, C, < U min = 0) and hence the 
possibility of a ‘backward’ wave as in the case of the Jeffery- Hamel flow in a diverging channel 
with back flow ([1]). A simple mathematical proof of the non-existence of such a possibility is 
given herein by showing that the phase velocity C, ofan arbitrary unstable or marginally stable 
wave must satisfy the inequality U min < C, < U max- It follows as a consequence stated here in 
this explicit form for the first time to the best of our knowledge, that ‘overstability’ and not the 
‘principle of exchange of stabilities’ is valid for the problem of plane Poiseuille flow. 


Keywords. Bounds; Orr-Sommerfeld equation. 


1. Introduction 


In the linear instability problem of parallel shear flow of a nonviscous fluid, Rayleigh : М 
showed that the phase velocity C, of an arbitrary unstable wave must lie in the range 
U ain < C, < Umax and since then the problem of generalizing this result with the 
inclusion of the effect of viscosity of the fluid, which results in the basic flow being 
a Poiseuille one, has been much sought after. Joseph [3] discovered in the context of 
plane Poiseuille flow a lower and an upper bound of C, of an arbitrary unstable, 


marginally stable or stable wave in the form 


dU 
UNIES 
e 422 тіп =o 1 
WU gr enu p: 


which leave open the possibility of these phase velocities lying outside the range 
U min < C, < Umax» but not a single experimental or numerical investigation in this 
regard, which are concerned with unstable or marginally stable waves has supported 
such a possibility as yet. This gap between the theory on one side and the experiment _ 
and the computation on the other has remained unexplained ever since Joseph derive rm 
these estimates and has even led to the speculation of a negative phase velocity (or, - 


rather, C, < U „in = 0) and hence the possibility of a ‘backward’ wave as in the cast 


the Jeffery-Hamel AWAR diver ӨЛАЙ titi Bas ERASER 
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proof of the non-existence of such a possibility is given herein by showing that the phase 
velocity C, of an arbitrary unstable or marginally stable wave must satisfy the 
inequality U min < C, < U max: It follows as a consequence, stated here in this explicit 
E form for the first time to the best of our knowledge, that ‘overstability’ and not the- 
‘principle of exchange of stabilities’, is valid for the problem of plane Poiseuille flow. 


2. Mathematical analysis 


The classical Orr-Sommerfeld eigenvalue problem governing the linear instability of 
plane Poiseuille flow against two-dimensional perturbations is given by 


1 = 

ap = e2)? 4 = (U — (р (2) 
and 

ф=0= рф at z2—1 and z=+1, (3) 


where z is the real independent variable such that — 1 < z < + 1 and D =d/dz; wis the 
wave number of the perturbation and is real; R > 0 is the Reynold number of the flow; 
C=C_+iC; is the complex wave velocity of the perturbation, C, and C; being 
respectively the phase velocity and the amplification factor; ф(2) is the amplitude of the " 
stream function perturbation in the form $ (z)e'** - ? and is a complex valued function 
of the real variable z while U(z) = 1 — z? is the basic background flow. Equations (2) 
and (3), thus define an eigenvalue problem for C for given values of х and R, and 
a perturbation is said to be unstable if «C; > 0, marginally stable if xC; = 0 for some 


values of and R with the further condition that «C; > 0 for any neighbouring values of 
a and R, and stable if «C; < 0. 


We now prove the following theorems: 


Theorem 1. 1/(ф, C) with aC; ¥ Ois a solution of the Orr-Sommerfeld eigenvalue problem 
described by eqs (2) and (3) for prescribed values of « and R then the integral relation 


+1 
в | (U—C,)[|DF|? + «?|F|?]dz 
-1 


1 +1 
cm n (U — С)[|р?Е|? + 202|DF|? + a*|F|?]dz 


*t1d^*^U 


1 +1 42U 1 
2 
z al. s IDF + a? |F| 2702 + элк | SEITE dz — 0, (4) 
1 
with F = ф/(О — С), is true. 


Proof. We apply the transformation ф = (U — C) F which remains valid for all values of 
ze[— 1, + 1], since «C; #0. Equations (2) and (3) then transform into 


zz? — FLU - OF] = DI(U 0) DF] — eU — OP, 6) 


: and 
| F=0=DF at z=—1 and +1. . (6) 


Multiplying eq. (5) throughout by F* (the complex conjugate of F) and integrating 
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the resulting equation over the range of z, we get 


1 +1 5 
|. F*(D? — a?) [(U — C)F]dz 


+1 


+1 
=| F*D[(U — C DF]de—0? | (U — C)?|F|2dz. (7) 
zl 


Equating the imaginary parts of both sides of (7), we have 


+1 
-a | F*(D? — 32? [(U — C)F]dz 
-1 


*1 +1 
= | F*D[(U — C DF}dz o? Im | (U — C} |F|? dz, (8) 
— 1 = 
where the symbols Re and Im respectively denote the real and imaginary parts of the 
quantities that succeed them. 
Now 


^41 
Re | F*(D? — a2? [(U — C)F]dz 
+1 
=Re| F*(D* — 2a?D? + a*)[(U — C)F]dz 


+1 
= re f F*D*[(U — C)F]dz 


T1 


+1 
— 2a? ne | F*D?[(U — C)F]dz + a^ re f (U — C)|F|?° dz, 

-1 -1 
which upon integrating the first integral twice and the second integral once by parts 
and making use of the boundary conditions (6) yields 


=n 


+1 dU dU 
Re | D^F*[(U — C)D*F +2—_DF + = Еа 


+1 


+1 
eene | DF*[(U — ODF «SEE «s | (U — C,)|Fl^ dz, 


which upon rearranging yields 


*1 
| (U —C,)[|D?F/? + 2«2|РЕ|? + «* |F|?]dz 


U сеш 
2p*| 2— F |d 
+ Re | BE EDI | z 


U 
zd “prea каг. 


1 


Integrating 2 | * 1 D? F*(dU/dz)D Fdz, |+: D?F*(d* U/dz?) Fdz and f* ! DF*(dU/dz)Fi 
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(5), we derive 


*1 d +1420 
Rez | рэ рка: = = | 


ESI 


+1 d?U +1 q2U > 1 +1440 s 
Re | pipe Fis- - | pera s | 4 raz, (0 


2 52 
E Z = dz 


and 


#1 dz 2 
It then follows from eqs (9), (10), (11) and (12) that 


+1 U 1 +1420 
к | prz ra=] az Fr dz. (12) 
=n GE 


*1 
Re | F*(D? — a2 [(U — C)F]dz 


+1 
Е | (U —C,)[|D?F|? + 20?|DF|? + «*|Е|?]ат 


zl 


+1 d? U У 3 1 +1 d*U А 
= —À; |[2|РЕ|? + a?|F|?]dz + = |F|? dz. (13) 
= \dz 24 dz 


Further 


*1 *1 
im | РОО — С?ра: | (U — C)?| Fl? dz 


cad 


*1 
a= im | (U — CP [IDF|? + «?|F|?]dz 


E 
+1 
=26,| (U —C,)[{\DF/? + «?|F|?}dz, (14) 
-1 
which follows by integrating the first integral by parts once and making use of the 


boundary conditions (5). 
Combinding eqs (8), (13) and (14), we obtain the integral relation 


+1 
2С, | (U — C,)[IDF|? + 2215214: 


m] 


1 +1 
iP | (U —C,)[|D?F\? + 2021рЕ|? + «*|F|?]dz 


aR J-, 
Еа о А Ж ы ао. >: 
-к| S Dr] + «*|F| ]92+ 7R Er: |F|*dz = 0, (15) 


and hence the theorem. 


Theorem 2. If (Ф, C) withaC; > Qisa solution of the Orr-Sommerfeld eigenvalue problem 
described by eqs (2) and (3) for prescribed values of о and R then C, must satisfy the 


inequality 
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Proof. We write eq. (15), which is valid under the present conditions as 


+1 
2c, (U — C,)[IDF|? + «?|F|?]dz 


1 +1 
dx | (U — C,)[ID?FP? + 222|DF]? + a*|F|?]dz 


d+ l 4 M 
0 2 
qa Fl dz = 0. (17) 3 


*1g?U 
سے‎ 2 2 2 
E gz DIDF? + а2|Е 14: + эк | 


Now, for U(z) = 1 — z?, we have (420/42?) = — 2 and Ne 0 for all values of — 
ze[ — 1, +1] and farther since «C; > 0, it follows from eq. (17) that - 


E 
EI 
pa 


r 


+1 1 
| (U — C,) E +a’ |F|?) + ROFE + 2a?|DF|? + E E 


2) *1 М 
zi (2|DF|? + «?|F|?)dz = 0. (18) P 


" - 
The quantity within the square brackets under the first integral sign is a positive — 
definite and therefore, for the validity of eq. (18), we must have for some z, Ee 
U(z)—C,«0, z,e[—1, +, (19) a 
which implies that 
C, > Uin: (20) E 
Combining inequality (20) with Joseph's inequality given by (1) which holds good for y 
æC; = 0, we derive the result that 
Wa CSU 


and hence the theorem. 


(21) ats 2 


тах? 


ED 
4 


Theorem 3. If (ф, C) with «С, = 0 (о #0 since а = 0 corresponds to a trivial solution for E" 
Q) is а solution of the Orr-S ommerfeld eigenvalue problem described by eqs (2) and (fax r 
prescribed values of « and R then C, must satisfy the inequality mí 


UE EU en v. 


Proof. Since С, = 0, it follows that the behaviour of U — C = U — C, must fall i into one 
of the three mutually exclusive classes namely Ec 


(i) U — C, > 0 for all values of ze[ — 1, + 1], 
(ii) U — C, <0 for all values of ze[ — 1, + 1], and 
(iii) U — C, = 0 for some value of z = z,e[ — 1, + 1). 


If (i) is valid then under the present conditions the transformation 
remains well defined for all values of ze[ — 1, + 1] so that we derive from 


+1 
| (U —C,)[\D?F/? + 2a?|DF|? + a |F|?] dz 
EST x " M 


P. - 
x 56 


286 Mihir B Banerjee et al 


А necessary condition for the validity of eq. (23) is that 
U — C, <0 for some value of ze[ — 1, + 1], 


which clearly contradicts the starting hypothesis, namely (i). Thus (i) cannot be valid. 
If (ii) is valid, then we must have 


U—C,«0 for all values of ze[ — 1, + 1], 


from which it follows that 
C,» U(0) — U,.... 


which presents a contradiction, since by Joseph's estimate given by inequality (1) C, satisfies 
C, < U max: Thus (ii) also cannot be valid. 
"Therefore (iii) must hold good so that we have 


U — C, =0 for some value of z = z,e[ — 1, + 1], 
which implies that 
U(z,) — C, = 0, 


from which it follows that 


Uis < С, < e (24) 
Combining inequality (24) with inequality (1) established by Joseph, we derive that such 
values of C, as given under conditions of Theorem 3 satisfies the inequality 


U SG < Um (25) 


and hence the theorem. 


Remarks. An arbitrary perturbation with 2С, = 0 (x £0) is a neutral perturbation and 
since U min = 0, Theorem 3 clearly shows that stationary (i.e. C, = 0) as well as oscillatory 
(i.e. C, 50) neutral perturbations are both allowed by inequality (25). However, for such 
a neutral perturbation to be a marginal or marginally stable perturbation it is necessary 
that it lies on the stability boundary i.e. a boundary or boundaries in the (о, R) — plane on 
crossing which, C; changes sign, and this requires a more detailed analysis of the eigenvalue 
problem. In the next theorem we shall prove that all stationary non-neutral perturbations 
must of necessity decay which rules out the possibility of stationary neutral perturbations 
lying on the stability boundary which exists after the rigorous mathematical validation of 
Heisenberg's [2] results by Krylov [4]. Thus, it is the oscillatory neutral perturbations and 
not the stationary neutral ones that constitute the stability boundary or equivalently, in the 
Poincaré—Eddington terminology it is 'overstability and not the ‘principle of exchange of 
stabilities’ that is valid for the problem of plane Poiseuille flow. 


Theorem 4. If (¢,C) with «C; #0 and C,—0 is a solution of the Orr-Sommerfeld 
envalue problem described by eqs (2) and (3) for prescribed values of « and R then 
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Proof. From eq. (15), which is valid under the present conditions we derive that к 


+1 
24C; | U[|DF|? + z2|F|?]dz 
-1 
*1 
4 HI U [|D? FP? + 222|DF[? + a*|F?]dz 


*1 EX 
+ HI (2|DF|? + a? |F|?)dz = 0. : (26089 
But, since U (z) = 1 — 22 > Oforall values of ze[— 1, + 1], we must have, for the validity — 
of eq. (23), «C; « 0 and hence the theorem. 

In view of the Remark mentioned above and Theorem 4 the following theorem is 
valid: 


E 
ae 
4 


Theorem 5. If (ф, C) with aC; = 0 (x #0) and C, + 0 is a solution of the Orr-Sommerfeld — 
eigenvalue problem described by eqs (2) and (3) for prescribed values of а and R then — 
C, must satisfy the inequality ^ Jn 


О in S C, < Ux: Q7) 1 | pd Y 


Theorem 2 and Theorem 5 show that the phase velocity of an arbitrary unstable ог 
marginally stable wave must lie in the range U min < C, < U max while Theorem 2 and © S 
Theorem 3 show that the phase velocity of an arbitrary unstable or neutrally stable 
wave must lie in the range U min < C, < U max- Thus, in both cases the possibility of ~ 
C, being, less than U min and hence, negative is ruled out and therefore no ‘backward’ 


wave can exist in the instability of Poiseuille flow. 


Acknowledgement 


One of the authors (BSB) gratefully acknowledges the financial support of CSIR. 


References 


[1] Drazin P G and Reid W H, Hydrodynamic Stability (1981) (London: Cambridge University Press) | 
[2] Heisenberg W, Uber Stabilitat und Turbulenz von Flussigkeitsstromen, Ann. Phys. Lpz. 74 (4) (19 
571-627 р 
[3] Joseph D D, Eigenvalue bounds for Orr-Sommerfeld equation, J. Fluid Mech. 33 (1968) 617—6 
[4] Krylov A L, The proof of the instability of a certain flow of viscous incompressible fluid, Dokl. 
Nauk. 153 (4) (1963) 787-789 


CC-0. Gurukul Kangri Univers 


Proc. Indian Acad. Sci. (Math. Sci.), Vol. 106, No. 3, August 1996, pp. 289-300. 
(© Printed in India 


Distributed computation of fixed points of co-nonexpansive maps 


VIVEK S BORKAR 

Department of Computer Science and Automation, Indian Institute of Science, 
Bangalore 560012, India 

MS received 7 August 1995; revised 3 May 1996 


Abstract. The distributed implementation of an algorithm for computing fixed points of an 
oo-nonexpansive map is shown to converge to the set of fixed points under very general conditions. 


Keywords. Distributed algorithm; fixed point computation; co-nonexpansive map; tapering 
stepsize; controlled Markov chains. 


1. Introduction 


Many problems in optimization can be cast as problems of finding a fixed point of 
a map F:R“ ¬+ К which is nonexpansive with respect to the co-norm, or a weighted 
version thereof. Examples are algorithms for solving dynamic programming equations 
for shortest path problems and Markov decision processes, certain network flow 
problems, etc. A standard approach then is to use the iteration 


Хь+1 = E (Xn) 
or its ‘relaxed’ version ; 
X +1 = (1 — a)x, + aF(x,), ae(0, 1). (1) 


A comprehensive account of synchronous and asynchronous implementations of these 
algorithms and their applications to optimization and numerical analysis appears in 
[1], along with an extensive bibliography. A continuous time analog is studied in [4]. 

This work considers a distributed implementation of a variant of (1). We replace ‘a’ 
by a tapering stepsize (a(n)) c (0, 1) as in stochastic approximation theory, satisfying 
for some re(0, 1), 


1 > a(n + 1)/а(п)>1, Уа(п = о, У a(n)! ° < o (2) 
for q >r. An example is a(n) = (п + 2)71, r = (say) 0-5. Our model of distributed 
computation is as follows: We postulate а set-valued random process which selects 
at each time a subset of {1,...,d} indicating the indices of the components which 
are to be updated. The update uses delayed information regarding other components 
with the delays being required to satisfy a mild conditional moment bound. We obtain 
a very general convergence theorem under these conditions (Theorem 1.1 below) 
which does not require F to be a contraction or a pseudocontraction as in the earlier 
literature. 

Tapering stepsize as a means for suppressing the effects of delays was proposed in [3] 
in the case of algorithms whose continuous limits are differential equations admitting 
strict Liapunov functions. Equation (1) need not satisfy this condition. Furthermore, 


the model o£distsibhted.camqpuiággdsdmeceielabosatedhgg3 otheabosg work. 
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The paper is organized as follows. The remainder of this section formulates the 
algorithm and states the main result. The next section studies an associated o.d.e. which 
this algorithm tracks in the limit. The third section proves the main result using this 
*o.d.e. limit. The last section gives some examples if nonexpansive maps arising in 
numerical analysis and optimization. A forthcoming companion paper studies the 
asynchronous version of this algorithm (i.e., one without a ‘global clock’). 

Introduce the norms 


1 d 1/p 
ist, = (5 D кР) , 1<р< о, 
ici 
llxll = тах |х,|. 
i 


for x = [x,,..., x,]. Let F: R^ К be co-nonexpansive, i.e., 
Е(х) – FO). €lx—ylls, x yeR’. 


In particular, it is Lipschitz. Let G = {x|F (x) = x} denote the (closed) set of fixed points 
of F, assumed nonempty. 


Let I = (1,2,..., d) and S a collection of nonempty subsets of I that cover I. Let {Y,} 
be an S-valued process and for each n, т, (п), i = je, random variables (delays) taking 
values (0, 1,..., n). We set v; (n) = 0 Vi, n. The distributed version of (1) we consider is as 
follows: Given X (0), compute X (n) = [ X , (п),..., X ,(n)] iteratively by 


X;(n + 1) = Х (п) + a(n) [F(X , (n — v, (п)),..., X (n — v, 0))) 
— X(n] (ieY,) 3) 


for iel, nz 0. Let 2, = о(Х(т), Y(m), m <n, тт), m < ni, jeI) and 4, = g(X (m), 
Ү (т), T;;(m), m < n,i,jeI), n> 0. We shall be making the following key assumptions: 


(A1) There exists a 6 > 0 such that the following holds. For any A, Bes, the quantity 
Р(Ү = B/Y, = А,®.) (4) 


is either always zero, a.s., or always exceeds ô, a.s. That is, having picked A at time n, 
picking B at the next instant is either improbable or probable with a minimum 
conditional probability of ô, regardless of n and the ‘history’ #,. 

Furthermore, if we draw a directed graph with node set $ and an edge from A to 
B when (4) exceeds д a.s., then this graph is irreducible, i.e., there is a directed path from 
any Ає$ to any BeS. 


(A2) There exist b > r/(1 — т) and C > 0 such that 
E[(umY/Z,]€C аз. Vijn 


(АЗ) If i = the integer part of a(n), then ñ is o(n) and moreover, lim sup,- œ a(n — ?)/ 
a(n) < оо. (Note that this condition is satisfied by our example a(n) = (n + 2) * with 
r=0°5.) Ж: 

The condition 1,,(n) = 0 implies that for updating the ith component, its most recent 
value is immediately available. The idea is that each component is computed by 
Listers processor, and the different processors communicate with each other in 


as ree: = 
có ОРНА amictu (29: Mama сел вю оог pyi Rrtreditatienb Ber vation for later use. - 
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Let zeG. If C, = mMaXm<n | X(n) — zll then by (3) and co-nonexpansivity F,{C,} is 
a nonincreasing sequence. Thus 1538 


sup [X (n) — 211, < IX (0) — zl e 
Our main result is the following: 3 


Theorem 1.1. X (п) > С a.s. y 


The proof will use the fact that (3) asymptotically tracks an o.d.e. The next section 
studies this o.d.e. " 


2. An associated o.d.e. Es 
TX 


We start with some notation. For 4є5, define F^(-) = [F4(-)..., F4()]: R^ К by m Т 
FA(x) = Ех) (je А} + xI {jA} 


for х= [x,,...,x,]. For any Polish space X, let A(X) denote the Polish space of 
probability measures on X with the Prohorov topology. In particular, A(S) is the space 
of probability vectors on S. For e2 (S), define Е“: R^ К by 


FY) = У u(A)F^(). 
Clearly, F^, Е“ are co-nonexpansive. Given «> 0, say that иє($) is a-thick if 
тіп 4(4) > « and thick if it is z-thick for some х > 0. The following is easily proved. 


Lemma 2.1. С is precisely the set of fixed points of F“ for thick u and the intersection of — 
the sets of fixed points of F^, AES (resp., Е“, pe? (S)). 

Let U denote the space of Z(S)-valued trajectories ji = (4, t > 0} with the coarsest 
topology that renders continuous the maps д [5 f (Du,(4)dt for T>0, AeS, — 
f €L,[0, Т]. U then is compact metrizable. Let us say that дє U is a-thick for a given - E 
a> 0 if 4, is for a.e. t, where the ‘a.e. may be dropped by taking an appropriate version. ^ ‘oan 
Say that it is thick if it is -thick for some « > 0. , 


Гетта 2.2. Let ji" ¬» ji? in U and ji" is a-thick, ж > 0, for n = 1,2,.... Then i? is E. m 
Proof. For any AES, t» sz0,nz 1, 

[ ш(4)ау > a(t — s). 
The inequality is preserved in the limit n — oo. The rest is easy. 


Given jie U, consider the o.d.e. 
X(t) = F"(x(t)) — x(t), x(0) = x. 


Lemma 2.3. The map (ñ, x)eU x R х()ЄС([0, оо); R^) defined | b is continuous 


Proof. Let Gr. x JG, i. We v'()satsfy —— 


> 
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Using the Gronwall lemma and Arzela-Ascoli theorem, one verifies that {x"(-)} is 
relatively compact in C([0, оо); R^). By dropping to a subsequence if necessary, suppose 
that x"(-) 2 x*(-). Then x*(0) = х. Also, fort >0, n > 1, : 


x"(t)=x, + | (Е (х"(5)) — F: (x° (s)))ds 
0 
+ | (FH(x%(s)) — F (x®(s)))ds 
0 


t | (Ей (x (s)) — x?(s))ds + f (x®(s)— x"(s))ds. (6) 
0 


0 


The first and the fourth integral go to zero as n ¬» oo because x"(:) > х°(:). (We use the 
co-nonexpansivity of F" in the former case.) So does the second integral in view of our 
topology on U. Thus x*(-) satisfies 


x*(t) = FH (x(t)) — x(t), x^(0) = х. 
The claim follows. 0 


The main result of this section is the following: 
Theorem 2.1. Given a thick peU, the solution x(:) of (5) converges to a point in G which 


may depend on the initial condition. Furthermore, t > |x(t) — x* || „ is nonincreasing for 
any x*eG. 

The proof will closely follow that of Theorem 3.1 [4], except for the additional 
complications caused by the fact that (5) is nonautonomous. We split the proof into 
several lemmas. Let x*eG and ji be a-thick for « > 0. 


Lemma 24. The map t> ||x(t) — x* ||, is nonincreasing and hence converges to some a > 0. 
Proof. A straightforward computation shows that for pe(1, oc) 

d * * ETTE Sa 

ai IIx(t)—x*||, = = 150) — x* |, + 150) — x* ll; ^g(t). 
where 

1 d 
(0= У |хцф—хг |” sgnGs(t) — xf FH G0) — Fr(x*) 
i=1 


< |x(t) — x* I2 * F^(x(t)) — F^(x*)],.. (7) 
Thus for t > s, 


Ix = хе, < Ix —x*1, + | (= HOSE 


+ |F*(x()) — F^(x*)I];)dy. 
Let p> oo to obtain i 


lx) "lle < Ix() =x" I + | (= lx) = х*1., 
CC-0. Gurukul Kangri Univesity Hat} её) аў уьу S3 Foundation USA 
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The claim follows in view of the oo-nonexpansivity of F”. О 


If а = 0, we are done. Suppose a > 0. Define В, = (xeR'|||x — х* ||, = a}. Introduce | 
the terminology: Ап m-face for m < d is a set of the type 4 


{х= [x,;...,x,]lx,elau 5,1) ту =¢,, Кт), 


where {i,,...,i,} isa permutation of (1,..., d) and b, > a,, c, are scalars. Then B, is the 

union of (d — 1)-faces of the type (x|x, — x* = a(or — a) and Ix; — хў| «aforj # i}. For 

any (d — 1)-face of this type (say, Н), define G,, = (xeH|F(x)eH). Then G,, is closed, | 
possibly empty. Since ||x(t) — x*||,, >a, x(t)—> B,. Now the trajectories x(t -F °), t > 0, 

form a relatively compact set in С([0, со); R^). Thus any limit point X(-) thereof as t — co 

must lie in B,. By Lemmas 2.2 and 2.3, X(-) satisfies 


&(t) = F"(X(t)) — (0) 
for some a-thick fieU. Let {X(-)} = (x()|teR* ). 


Lemma 2.5. (X()) ^ H € Gg. 


Proof. If both sets are empty, there is nothing to prove. Suppose {X(-)} ^ Н = $. For 
simplicity, let H = (x|x, — x =a,|x,; —x*|<a,i>1}. Suppose (x(t)|te[0, A]) = H. 
Then &,(t) = х* + a, te[0, A], leading to 0 = x, (t) = F#(X(t)) — x, (t). Thus F^(x(t)) = 
X,() =x* a-F,(X(t) in view of «-thickness of jj for te[0, A]. Since F is оо- 
nonexpansive and x* is a fixed point of it, we also have 


IEE) — x*l, < IX) = x* „= 


Thus we must have F(X())eH, te[0, A], implying X(t)eGg. It follows that all 
connected segments of (X(:)) ^ Н that contain more than one point must be in G,,. On 
the other hand, those containing a single point must clearly be in the relative boundary 
6H of H, which is the union of its (d — 2)-faces. Let xe(x(:)) n 0H. It suffices to show 
that F(x)e0H. If not, F(x) — x and therefore F"(x)— x for any thick и would be 
transversal to ôH at x. This is not possible because X(-) is a differentiable trajectory 
confined to B, and cannot make ‘sharp turns’ around corners. This completes the proof. 


1 <i € d and define 


gi(x) = inf (F;(y) + lx — yll o), xeH. 


yeGu 


Then g,(x) < Р(х), xeGg. For x, JEG; ез y of 


E 
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Thus g,(x) > F;(x), implying g; = F; on Gy. Now for x, zeH, 
9:0) < inf (F;(y) + ly — 21 + llz х1.) 


yeGu 
<9(2) + liz — xl o. (8) 
Similarly, g;(z) < g;(x) + ||z — x||,,. Hence 
l6) — gi(2)] < |2— х|„. 
Let Ё, 1(х) = max(x? — a, min(g;(x), x* + a)). Then 
Ё,(х) – FOS |х zla: 
Let F(x )=x* + a, xeH. Then Ё()= wane F4] is the desired map. o 


Proof of Theorem 2.1. The same argument as in Lemma 2.6 can be used to extend F to 
anco-nonexpansive map F: R — R’ that restricts to F on H and to F on U,G,. Define 
F^, F" in analogy with F^, Е“ using F in place of F. Then X(-) satisfies 


(t) = F*(X(t)) — (t). 


We conclude that t> ||x(t) — 5|1,, is nonincreasing in t and hence decreases to b > 0. If 
b = 0, we are done. If not, let B, = (x|||x — X||,, = b}. Then X(t) > В,. Also, it is clear that 
no (d — 1)-face H of B, is coplanar with H. This argument can now be repeated for each 
(d—1)-face H of B, that intersects {X(-)}, leading to possibly more ||.||,,-spheres 
В, B,,... defined analogously to B, such that X(t)» B, ^ В, B,r.... The above 
remarks also imply that this intersection is a union of m-faces with m at most (d — 2). 
Now consider a limit point x’(-) of X(t + .), t > 0, in C([0, со); R^) as t — oo. Repeat the 
above argument to conclude that x'(t) converges to a union of m-faces with m at most 
(d — 3). Iterating this argument at most d times, we are left with a union of finitely many 
points to one of which X(-), x’(-)... and hence x(:) must converge and which then must 
bea fixed point of Е“ for some thick u, hence of F. This completes the proof. 0 


COROLLARY 2.1 


Givene, b > 0, there exist T = T (e, b) > 0, n = n (e, b) > O such that for any solution x(:) of 
(5) satisfying ||X(0)|| œ € K < oo and 


(i) jis b-thick, 
(ii) (x(t))te[0, T]} 26° = where G = {xļinf „|х — yll < e}, we have 


yeG 


inf lix() — yle <infl|x(0)—yl],,—n for > Т. 
yeG 


Proof. Suppose that the claim is false. Then there exist x"e R^, j" eU such that for E 
b>0, (g^) are b-thick and x") satisfy (i) x"() = F(x'()) — х"(0), х"00) = 
lix" ll, € К, (ii) x" (t)&G* for te[0, n] and 


inf |х" — yl > sup inf |x'(t) — yll > inf |x" — yll — 1/n, 
yeG te[0,n] yeG yeG 


fOr nnkau Bs d ORDER ata SO Seque ВЕ азр ервварыйыеиВдау then suppose that 


— 2 
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x" 2 x" €G*, д" 5 i? in U and х"(:) > х°(:) in C([0, оо); К). By Lemmas 2.2 and 2.3, 1^ 
is b-thick and x^(-) satisfies. 


х9 (0) = F^ (x^(t)) — x^(t), x° (0) = х°. 


Also, іп, с |x ^ — yllo = іп, с lx ^(t) — yl, t > 0. This contradicts Theorem 2.1, es- 
tablishing the claim. Û 


For о, , T > 0, call a trajectory y(-): R^ ¬ К an (a, n, T)-perturbation of (5) if there 
exist 0 — T, < T, < T, < --- in [0, co) with Tj, , — T; Z T, such that for some х/() 
satisfying (5) for some a-thick j in place of ji, we have 


sup |(t) — x/(t)l, «mj > 0. 
te[ T, T; 1] 


COROLLARY 2.2 


For any à,£ 0, Т> 0 as in Corollary 2.1 and y > 0 sufficiently small, any (a, y, T)- 
perturbation y(-) of (5) converges to G*. 


Proof. In view of Corollary 2.1, this is a straightforward adaptation of Theorem 1, p. 
339 of [5]. Г] 


3. Proof of Theorem 1.1 


Asa first step towards establishing that ( X (n)) tracks (5) asymptotically, we analyze the 
S-valued process ( Y, ). In particular, we shall show that it may be viewed as a controlled 
Markov chain. 

For 4є5, let D, = (BeS| (4) exceeds ô, a.s.} and V, = (ue2(D,)|u(B) > óVBeD, }. 
Let V = II, V,. Define p:S x Sx V ¬ [0,1] by 


р(А, B, и) = и (В), 


where и is the Ath component of д. Define V-valued random variables (Z"j as follows. 
The Ath component of 2", denoted by Z% is given by 


21(В) = P(Y, +1 =a В/Є,)І{Ү, = A) + V I(Y, # A}, 


where ¥, are fixed elements of V,, AeS. Then (4) equals p(A, В, 2") and { Ү,) may be 
viewed as an S-valued controlled Markov chain with action space V and transition 
probability function p. It should be kept in mind, however, that this is purely a technical 
convenience and it is in no way implied that {Z"} is actually a control process. In 
particular, this allows us to conceive of a ‘stationary control policy m associated with 
a map r: S ¬» V wherein 2" = z(Y,), n > 0. The latter part of (A1) implies that ( Y, ) will 
be an ergodic Markov chain under any stationary policy x with a corresponding 
unique stationary distribution о,є2(5). 

Let ty = 0, t, = X5 .,a(m), n > 1. Define y(-):[0, со) ^ S by 


у( = Yp ta SOS 1>0. 


Define е0 by sidan DRA, ham DARD е UA A usk 
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Lemma 3.1. There exists an œ > © such that any limit point of {R} as s — oo is a-thick, a.s. 


Proof. Let AeS. Then 


m-1 


M,= Y, a(m)(Y, = A) — p(B, A,Z"- (Y, ,— BY] 
т=1 B 


is a zero mean bounded increment martingale with respect to {Y,,}, whose quadratic 
variation process converges a.s. in view of (2). By Proposition VII-2-3(c), pp. 149-150, 
[6], (M, ) converges a.s. For n > 0, let (s) = min(m > n| X7.,, ,a(j) > sj, s > 0. Then 


lim, .. (M; — M,) =0 a.s. and У^) ,a(m) > s together imply 


DUAE, ан Din HOB: A4, Z2" ')(Y,-,—B; oo 
yo, A m) xa a(m) 


a.s. Define ®, ,є2(5 x V) by 


eit 


Уж alm) {Y „EC, Ze J} 
SOLA 


for C c $, J c V Borel. Then from (9), it follows that a.s., any limit point Ф of ®, , in 
P(S x V) as n— со must satisfy 


®, (Cx J) = 


Ф({4) x И) = (КЕ? Ає$. 
Thus Ф must be of the form 


Ф({А} x J) 2 v(4)o4(J), AES, J c V Borel, 


where 4 > o ,:$ — Z(V) defines a stationary randomized policy and v the correspond- 


ing stationary distribution (see e.g. [2], pp. 55-56). By Lemma 1.2, p. 56 and Lemma 2.1, 
p. 60 of [2], it follows that 


min v(A) > тїпь (А) Ê « > 0. 
A,r 
Thus 


A Als) ID =A 
imine Sa D = А} Saas. 


From our definition of {77}, it then follows that 


liminf- 1i dyp,(4) > «a.s.VAeS. 
0 


1-0 


Fix a sample point outside the zero probability set on which this claim fails for any 


4є5, s > 0 rational. For this sample point, the claim follows easily in view of our 
topology on U. 0 


Now rewrite (3) as 
X(n + 1)= X(n) + a(n)(W (n) – X (n) 


for appropriately defined W(n)=[W,(n),...,W,(n)] and set Pe EL[WQ)/ ,], 
GES. бий өлер BINE companentyine, SWeiteolidanbruBWV ,(n),..., W,(n)]. 


БР. 4 
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Lemma 3.2. There exist K > 0, М > 1 such that for п> М, 


ЕХ (n)) — W (n) |, < Ka(ny. 


Proof. W.l.o.g., let X (0) be deterministic. Then VA c I, zeG, 
ПЕА(Х(и)) |1. < IX (0) — 211. + IEZ HL V llz Ls 
< 311211. + 1Е(2)11., + LX (0) Il, = М < oo. 
For each i,1 <i < d, and c= 1 —r, 
IF'«(X (n)) — Ñ;(n)| < ECIFFQCQ)) — Wi) (с, (и) < a(n) ° for all ij} F] 
+ E[|F}"((X(n)) — И, (п) т, (п) > a(n) ° for some i, j}/F , ]. 


The second term is bounded by 2MCa(n)* in view of (A2) and the conditional 
Chebyshev inequality. Let л be the integer part of a(n)‘. Since a(n)“ is о(п), we may 
pick n large enough so that n > ñ. Then for m < п, (АЗ) leads to 


IX (n) — X (n — т) ||, < 2M » a(k) < Ka(n)! © 


k-n-n 


for a suitable K > 0. Thus the first term is bounded by Ka(n)’. Since b > r/(1 — r), the 
claim follows. oO 


Let T >0. Define Ty —0, T, = min {tmltm > T,-, + TJ, nz 1. Then T,= tmn) for 
a strictly increasing sequence (m(n)). Let I, = [T,, T +41], n > 0. Define X" (t), teI, by 
X"(T,) = X (m(n)) and 


X (co) k-1) = X Ee +k) F Bio (XE (tr yk) 
ЖЕ) о Lon) +k)» 
with linear interpolation on each interval [tq +x» tmny+k+11- Define x(t), tz 0, by 
x(t,) = X(n) with linear interpolation on each interval [t,, £, , , ]. 
Lemma 3.3. 
lim sup ||x(t) — x"(t) || = 0 a.s. 


n-*oo tel, 


Proof. Let n> 1. Fori > m(n), we have 
x(t) = x(t) + a(i) (Е (x(t,)) — x(t,)) + aG)(W (i) — F'Gx(t;)) 
+ a(l) (W (i) — W(i)). x 
Let M,, = E". ,a(i)(W(i) — W(i)) and č; = M; — M, for i> m(n). Then {M m F m} is 
azero mean bounded increment vector martingale and the quadratic variation process 
of each of its component martingales converges a.s. by virtue of (2). Thus by Proposi- 


tion VII-2-3(c), pp. 149-150 of [6], {M m} converges a.s. Fix a sample point for which 
this convergence holds and let ô> 0. Then 


sup [|6 < 9/2 


izm(n) 
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Let %4, —x(t,,) — Čoi > m(n) with mo = X min (6, Emon) -1 = 0). Then for i> m(n), 
ЕЕ а(д(Е'(х,) = х) a(i)(F($; З (Ес) 
— Р(х) + &,) + a(i)(W(i) — F” (x (t;)). 


ui 


Also 

X'(t,,) = X'(t;) + aF (x^ (t) — x" (t;)). 
Subtracting and using the preceding lemma, we have, for n sufficiently large, 

Їй, — (r+ leo < (1 + 2H) 15, — X" (t;) IN. 2a) I5; lla, + Ka) ^ 
By increasing n if necessary, we may suppose that 


Y, alit H < 8/2. 


ièn 


Then using the inequality 1 + 2a(i) < exp(2a(i)) and iterating, we have for n sufficiently 
large, 


sup  ]|$,—3x'(t)l, «2e?0 * (K + T + 1)6. 


m(n)&i € m(n- 1) 


Also 


sup — I —x()ll, «3/2, 


m(n)&i &m(n- 1) 


for sufficiently large n. Since 6 > 0 was arbitrary, the claim follows on observing that 
x(), x"(-) are linearly interpolated from their values at {t;}. o 


Next define X" (t), гє1,, by X” (tmm) = X (tmm) and 
X"(t) = P9 (z^()) — X"(0), tel. 
Lemma 3.4. 


lim sup ||X"(t) — x"(t) |, = 0. 


n-o tel, 
Proof. This follows easily from the Gronwall lemma. 0 - 


Let o > 0 be as in Lemma 3.1. 
Lemma 3.5. Almost surely, the following holds. There exists an a-thick sequence 
[le U,n >0, such that if 3" (t), tel, is defined by X" (tmm) = X (tmn) and 
#"() = F^(?()) — 2(0,, tel, 
for n> 1, then 


lim sup ||X" (t) — x" (t) ||, = 0. 


n>% tel, 


Proof. This is immediate from Lemmas 2.3 and 3.1. 0 


“ 


Proof of Theorem 1.1. Lete > 0, Let b = a above in Corollary 2.1 and pick T = Т(&,@) 
cgecordinglisFüGbexiy баз CSUR hiningi enamas 3.3-3.5, we have 


o ^ | 
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lim sup ||X"(t) — x(t) || = 0 a.s. 

пт» со tel, » 
Thus x(t, + -) is a (4, T, y)-perturbation of (5) for sufficiently large п. By Corollary 2.2, it © i = 
follows that x(t) > С°. Since e > 0 is arbitrary, the claim follows. EA, 


Observe that the foregoing can be easily extended to the following relaxation of 
the latter half of (A2). The directed graph formed therein need not be irreducible, 
but each communicating class in it must correspond to elements of S which together 
cover I. Also, extension to nonexpansive F with respect to the weighted oo-norm 
is straighforward. 


4. Examples 


This section sketches some important instances of fixed point problems for oo- 
nonexpansive maps. А general reference for these is [1]. 


(i) Shortest path problems: Given d+1 locations {0,1,...,d} and the distances 
{d,;,0 <i,j < d,i j} between them, the problem is to find! the shortest path from 
location і 0 to location 0. Letting V (i) = the length of the shortest path Кошо опе 
has the dynamic programming equations 


V(i) = min (4o min (d;;+ vo»). 1<1<4. 
j#i,0 


Letting V = [V(1),..., V(d)]’, this has the form V = F(V) for an co-nonexpansive F. 
(ii) Markov Hechter processes: Consider a controlled Markov chain {X,} on a 
finite state space S, with a compact metric action space A and a continuous transi- 
tion probability function p:S x S x A—[0,1]. The aim is to choose an A-valued 
sequence {Z,,} that does not anticipate future, to minimize а suitable total expected © 
cost. Thus 


Р(Х, =j/X;,Z;,1< n) = P(X: Z,,) Yn. 


Let B be a proper subset of S and ae(0,1). Consider two cost functionals: 
keC(S x A), 


(1) cost up to a first passage time: 


E 5 ker Zo | 
n=0 


where т = min {n > 0|X„EB}, 
(2) infinite horizon discounted cost: 


2l У akn Za) |; 
n=0 


Letting V() denote the minimum cost when Хо= i, the dynamic p 
equations in the two cases are, respectively, E 


V(i)= min ( u) + >, А? ro) } 


CC-0. Gurukul mg) Universi ersi 
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and 
V(i) = min @ и)+а у, p(i, j, и) vo) ies. 


Both can be cast as fixed point equations V = F (V) for co-nonexpansive V. 
(iii) Systems of linear equations: The problem of solving a system of linear equations 


Ах =Ь can be cast as finding the fixed point of F(x) = х — a(Ax — b), ae(0, 1). If 
lI — All, € 1, F is oo-nonexpansive. 


(iv) Strictly convex network flow problems: The following problem arises in network 
flow optimization: 


minimize У a;,(f;;) 
$ (i, j)eA 
subject to 


Г X Ja=sSViEN, b< fi < cyY(ij)EA, 
Ui eA) UU. DeA) 


where a; (:) are strictly convex. This problem can be cast as that of finding a fixed point 
of a pseudononexpansive map, i.e., a map F satisfying || F(x) — y||,, < |x — yl, when- 
ever y is a fixed point of F. (See (1), § 7.2 for details). Our analysis applies here as well. 
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Abstract. We classify principal bundles on a compact Riemann surface. A moduli space for 
semistable principal bundles with a reductive structure group is constructed using Mumford's 
geometric invariant theory. 
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1. Introduction 


Let X bea projective nonsingular irreducible curve over С (or equivalently a connected 
compact Rieman surface) of genus > 2 and С a connected reductive algebraic group 
over C. Our problem is to classify algebraic principal G-bundles on X. When 
С = GL(r, C), i.e. for vector bundles, this has been done by Mumford, Narasimhan and 
Seshadri ([13], [15], [19]). 

In [14] we have defined the notion of stable and semistable G-bundles on X 
(Definition 2.12) and have proved that a G-bundle is stable if and only if it is associated 
to certain representations of 7, (X — xo) (cf. Definition 3.14), and have constructed by 
local analytic methods, a moduli space, which is a normal complex space, for stable 
G-bundles on X ([14], Theorems 7.7 and 4.3). In this thesis we use global algebraic 
methods depending on Mumford's theory of stable and semistable points for actions of 
reductive groups on algebraic schemes to construct a moduli space, which is a normal 
projective algebraic variety, for semistable principal G-bundles under a suitable 
equivalence; see Definitions 3.1, 3.9 and Theorem 5.9 (in part II: Editor). 

In $2 we explain some notations and recall some preliminary results. In $3 we prove 
a kind of Jordan-Hólder theorem for semistable G-bundles. 


Professor Annamalai Ramanathan, who was a Fellow of the Academy and a co-editor of the Proceedings, 
passed away on 12 March 1993, at the young age of 46. For some reason his doctoral thesis (written in 1976) 
was never published. А manuscript had in fact been prepared for publication, but apparently he wanted to 
revise it, which unfortunately was not to be. Е. 

The results in the thesis have been found very useful by researchers in the area, especially more recently in 4 
view ofthe remarkable connection between Conformal Field Theory and moduli spaces of principal bundles p 
on curves. It was suggested by his teachers Professors M S Narasimhan and S Ramanan that the thesis be 
published, in the available form, and the idea also found enthusiastic support among other mathematicians, 
as this would provide a much needed reference article for the material. 

Professor Ramanathan, who was on the Faculty of the Tata Institute of Fundamental Research, Bombay, 
was an accomplished mathematician, a recipient of the Shanti Swarup Bhatnagar prize, and a fine person 
very helpful to students and colleagues. As a tribute to his memory we are publishing the thesis in the 
Proceedings, convinced that he would have appreciated it if he were to be with us. 4 

For convenience the publication will be in two parts, the second part being scheduled for the next 7 
issue. 
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Since the unipotent radical U of a parabolic subgroup P = M-U, M a maximal 
reductive subgroup of P, can be shrunk to identity (Lemma 3.5.12), it follows that given 
a P-bundle we can make it ‘jump’ to the M-bundle obtained from it by the extension of я 
structure group P — M (Propositions 3.5 (i) and 3.24 (ii)). For constructing moduli 
space, this then makes it necessary to identify a G-bundle E and a G-bundle E' obtained 
from E through a reduction of structure group to a parabolic subgroup P = M-U and 
followed by the extensions of structure group P > M and M c G. If E is semistable and 
the reduction to P is admissible (Definition 3.3), we prove that the G-bundle E’ obtained 
by this process is again semistable (Lemma 3.5.11) and define E and E' to be equivalent 
(Definition 3.6). 

Wethen prove that given a semistable G-bundle E, there is an admissible reduction of 
structure group to a suitable parabolic subgroup P = M-U such that the M-bundle 
obtained by the extension of structure group P — M is a stable M-bundle (which is 
a Jordan-Holder series for E). Further the G-bundle obtained from this stable M- 
bundle by the extension of structure group M © С depends only on E and is denoted by 
grE (Proposition 3.12). Also E, is equivalent to E, if and only if grE, &grE, 
(Proposition 3.12 (iii)). 

Next we prove a result (Proposition 3.24) which shows that the equivalence on 
semistable G-bundles introduced above is the right one in the sense that a semistable , 
G-bundle can only tend to an equivalent bundle in the limit. Lemmas 3.21 and 323 
provide the essential tools for proving this proposition. 

The method of proof generally is to reduce the problem to a proper reductive 
subgroup M of G of maximal rank (a Levi component ofa parabolic subgroup P) and to 
use induction on the semisimple rank of the structure group. Lemma 2.11 which says 
that given two reductions of structure group c,,0; of a semistable G-bundle to the 
parabolic subgroups P,, Р, respectively (with Р,,Р, in general position (cf. Remark 
3.5.6)), we can get a common reduction c, no, to the subgroup P, P; which gives 
both o, and c; under the extension P, ^P, © P,, i = 1,2, is quite useful in this context. 

In $4 we first show that there is a family of G-bundles £— T x X with a group 
H acting on T and on £ as a group of G-bundle isomorphisms compatible with its 
action on T with the properties that any other family of G-bundles is locally induced 
from ё and for any two morphisms t,,t,:S— T from any scheme S, the induced ~ 
G-bundle (t; x idy)*€ on S x X are isomorphic if and only if there is a morphism 
h:S Н such that t, = h[t,] (where h[t,] is the composite S ŽS H x T T, « being 
the action of H on T). Hence a good quotient of T modulo H (Definition 4.1) would give 
a moduli scheme for G-bundles. (Actually it is sufficient if such a G-bundle ё existed 
locally with respect to the faithfully flat topology on T; see Definition 4.4 and 
Proposition 4.5. Let us call the family of G-bundles £— T x X with the above 
properties, a universal family of G-bundles (cf. Definition 4.6). Seshadri has constructed 
a universal family of semistable vector bundles (say, of rank r) Y^ > К x X, R being 
a subscheme of the Quot scheme so that we have a surjective homomorphism 
I, — Y^ — 0, where I, is the trivial vector bundle of rank n, with the group GL(n, ©) 
acting naturally on 7 and R ([19], $6; [20]; Prop. 4.11.5). To construct a universal 

family for G-bundles we take an embedding of G in a GL(k, C) and look upon 
a G-bundle as a vector bundle (of rank k) with a G-structure, i.e. a GL(k, C)-bundle 
EX with a reduction of structure group to G given by a section X > E/G of E/G— X 
so that he spaces НОЛА Maker collata Daas ¥atissthiough R, gives a family of 
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G-bundles č —^ S x X ($4-8; Lemma 4.8.1). The group GL(n, C) acts naturally on č and 
S and it can be shown that é is a universal family (Lemma 4.10). That the space $ can be 
constructed as a scheme with suitable universal properties follows from the existence 
theorems on Hilbert schemes (Lemma 4.8.1). Then we have to prove the existence of 
а good quotient of 5 modulo GL(n, C). For this it is convenient to take the adjoint 
representation Ad:G > GL(Y), 4 the Lie algebra of G. However, Ad is not injective in 
general and hence we construct first, as outlined above, a universal family = R' x X 
for Ad G-bundles and then from č’ a universal family for G-bundles. (To be more precise 
the construction is in three steps: from vector bundles to Aut G-bundles to Ad G- 
bundles to G-bundles.) To get from Ad G-bundles to G-bundles, the idea is to look upon 
a G-bundle E as an Ad G-bundle E' together with certain line bundles of suitable types 
on the associated bundle E'/B( = E/B) where Bis a Borel subgroup of G and B its image 
in Ad G. This is analogous to the fact that a vector bundle V is determined by the 
projective bundle P(V) and the tautological line bundle on P(V) corresponding to 
V (Lemma 4.15.1). This involves the existence of the space $ of line bundles on the fibres 
of the composite č'/B > R' x X > R’, and for this we make use of the existence theorems 
on Picard schemes ([TDTE, V]). The Picard functors in general are representable only 
after ‘sheafification’ with respect to the faithfully flat topology ([TDTE, V], $1; Е) 
and hence a universal family of line bundles will exist only locally in the faithfully flat 
topology. This means that we will be able to construct universal families for G-bundles 
only locally in the faithfully flat topology by this method. However, this is sufficient for 
our purposes (cf. Definition 4.4 and Proposition 4.5). 

In $ 5 we complete the proof of the existence of a coarse moduli scheme for semistable 
G-bundles by showing that a good quotient of $ modulo GL(n, C) exists. It follows from 
Lemma 5.1, that it is enough to show the existence of a good quotient of R’ modulo 
GL(n, C). For this we adopt the method of Mumford and Seshadri in the case of vector 
bundles where they reduce it to a problem on a product of Grassmannians as follows 
([15], 85; [19], 886, 7). The surjection Г, > 7 +0 makes the fibres of Y^ points of the 
Grassmannian G, , = 2 of r-dimensional quotients of I, and by evaluating at points 


X,,...,Xy€ X we get a morphism R > 2“. Seshadri has proved that for a suitable choice 

of x,,..., Xy, N >0, R maps into the set ZY of semistable points of Z" for the natural ^ 

action of SL(n, C) on 2“, and that the morphism R > Z is a proper injection ([20], $3, К 

Lemma 2). Since Z has a good quotient modulo GL(n, C) ([10], Theorem 1.10, p. 38; : 

[22], Theorem 1.1(B)), it follows that R has a good quotient modulo GL(n, C). In the E 

case of G-bundles for any point (r', x)eR' x X we not only have a fibre of Y^ over (r, x), = 
4 


where гє is the image of r'e R', which gives a point of G, ,, but also a 'G-structure' on 
this quotient. Since we have taken the adjoint representation, this *'G-structure' is 
actually a Lie algebra structure. Let Y = GL(4)/Ad G and Q> G, , be the universal 
quotient bundle on the Grassmannian G,,. We then have, for any point xeX, 
a morphism R' > Q(Y) where Q(Y)is the associated bundle of Q, which is considered as 
a GL(¥)-bundle, with fibre Y. We prove that for suitable choice of x,,...,Xy¢X under 
the natural morphism R' > Q(Y)", the image of R' is contained in О(Ү) (Lemma 5.5.3), 
the set of semistable points of Q(Y)" for the natural action of SL(n, C) on Q(Y)" (and 
suitable polarization). This is a consequence of the fact that the tensor in - 
G* @ 4* QF = Hom(Y 94, 4) corresponding to the Lie algebra structure is semistable — | 
for the action of SL(4) (Lemma 5.5.1). We also prove R’ > Q(Y)N is proper (Lemma 56] E 
(By Lemma 5.1 it follows that R’ has a good quotient modulo GL(n, С) as required.) For - 


this, the crucial (асі needed is that ifa sequence. of isomorphic semisimple Lie: E 
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structures on a vector space V (considered as elements of Hom(V & V, V)) tends to 
a semisimple Lie algebra structure on V, then the limit also gives the same Lie algebra 
structure on V. In other words, if Y is the GL(4) orbit of xe Hom(V ® V, V) such that 
x: V& V> V makes V into a semisimple Lie algebra and if xye Y, the closure of Y in 
Hom(V @ КУ), is such that xy:V & V V also makes V into а semisimple Lie 
algebra, then хоє Y. (This rigidity result is a consequence of the vanishing theorem, 
H?(G,Y) = 0 (cf. [16], 883,4).) 

We make essential use (cf. Lemmas 5.5.2 and 5.5.3) of the fact that if we take 
a representation G— GL(n,C) such that center of G maps into scalars then the 
associated vector bundle of a semistable G-bundle is a semistable vector bundle 
(Proposition 3.17). We deduce this as a consequence of the result that stable G-bundles 
are unitary bundles. This is one of the reasons why we restrict to working over C, and 
not over fields of arbitrary characteristic. 


“he 


2. Notation and preliminaries 


2.1. By a scheme we mean a separated scheme of finite type over the complex numbers 

Cand bya point ofa scheme we mean a closed (or C-valued) point of the scheme. Terms 

such as open, closed, dense, etc. are used with reference to the Zariski topology. я 
By an algebraic group we mean an affine algebraic group. 


22. Let A be an algebraic group and Y a scheme. A principal bundle over Y with 
structure group А (or an A-bundle over Y, for short) is a scheme E on which А operates 
(from the right) and an A-invariant morphism zx: E — Y such that for any point ye Y 
there is a neighbourhood U and a faithfully flat morphism f:U'— U, and an A- 
equivariant isomorphism f *(E) 2» U’ x A, over U', where А operates on U' x A by 
right translations on the second factor ([SGA, I], expose XI, Definition 4.1). Since A is 
affine and hence a linear group, it follows ((TDTE, I], Proposition 7.1 and the 
paragraph following it) that under these conditions л: E — Y is locally isotrivial i.e. we 
can take f:U’— U above to be an étale covering. 


23. Let л:Е—› Y be an A-bundle. Let F be a quasi-projective scheme on which 
A operates from the left. Let the group A act on the product E x F by a(e, f) = (6:0, 
а! f, aeA,ecE, f eF. From local isotriviality and the fact that any finite set of points 
of F is contained in an affine subset it follows by descent that there exists an unique 
scheme E(F) and a morphism E x F — E(F) which makes E x F an A-bundle over E(F) 
for this action of A on E x F (cf. [17], 83.2, Proposition 4, pp. 15-16; [SGA, I], exposé 
V, 81). There is a natural morphism E(F)— Y and we call E(F) the fiber bundle 
associated to E for the action of A on F. 


If B is a subgroup of A we denote by E/B the fiber bundle associated to E for the 
action of A on А/В by left translations. 

Let p:A— A' be a homomorphism of algebraic groups and let А act on A’ by 
a:a' = p(a)a', аєА, а'єА'. The group A’ acts on E x A’ by right translation on the 
second factor and this action goes down to E(A’). This makes E(A’) into an A'-bundle. 
We sometimes denote E(A’) by p, (E). 


2.4. Suppose A operates on the quasi projective schemes Е, and F, and j: Е, > F, isan 
A-equivaxiantu morphism, Then. deal: Бх аву E x Eadpduces a morphism 
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E(j): E(F,) 9 E(F;). Using local isotriviality it follows easily that if j is an open 
(respectively closed, locally closed) immersion then so is E(j) (LEGA, IV], Proposition 
2.7.1 (x), (xii)). 


2.5. Let B bean algebraic subgroup of A. A pair (E', фр) where E' is a B-bundle and q is 
an isomorphism i, E' — E of A-bundles is said to give a reduction of structure group of 
E to B. Reductions of structure group of E to B and the sections of the fiber bundle 
E/B — Y are in natural one-to-one correspondence ([17], Proposition 9; cf. also $4.8 
and Lemma 4.8.1 below). E > E/B is a B-bundle over E/B, and to a section o: Y > E/B 
we associate the B-bundle c*(E) in this correspondence. We sometimes denote the 
B-bundlec*(E) by E [B]. Moreover, if o:B ¬+ B'isahomomorphism we denote p, c* (E) 
by E[B, B'] also. 


2.6. If E— Y is a GL(n, C)-bundle we often denote by the same letter E the associated 
vector bundle E(C") and if V — Y is a vector bundle again we denote by the same letter 
V the corresponding GL(n, C)-bundle (which can be constructed back from V) (cf. 
[TDTE, I], p. 28). 

For a vector bundle V ¬» Y we denote by P(V) the associated projective bundle of 
1-dimensional sub-spaces of V. 

If X is a projective non-singular irreducible algebraic curve and V — X is a vector 
bundle of rank п, we mean by the degree of V the degree of the line bundle A V. We 
denote by u(V) the number deg V/rk V. 


2.7. We let X always stand for a projective non-singular irreducible curve of genus 
g Z 2 (over C) and С a connected reductive algebraic group (over C). We denote by 
4 the Lie algebra of С and by Y the commutator subalgebra [Y, 4] of 4. The center of 
4 is denoted by x so that 4 = « OY’. Е 

For any group М, we let Z[M] stand for its center and Z,[M] the connected 
component of identity of Z[M]. Let Z = Z[G] and Zo = Z,[G]. 


2.8. Asubgroup P of G isa parabolic subgroup of G if G/P is complete. It is convenient 
for us to consider G also as a parabolic subgroup. However, by a maximal parabolic 
subgroup of G, we mean a parabolic subgroup of G which is maximal among proper 
parabolic subgroups. (For comparison note that in [14] we had reserved the term 
parabolic to proper parabolic subgroups.) 


2.9. For a parabolic subgroup P we generally use the notation M-U for a Levi - 
decomposition of Р with U the unipotent radical of P and M a maximal reductive — — 
subgroup of P. We call a maximal reductive subgroup of P a Levi component of P. — 
If P, is a parabolic subgroup of M, then P,-U isa parabolic subgroup of G. For any _ 
parabolic subgroup P' of С contained in P, P'a M is a parabolic subgroup of M. This _ 
gives a bijective correspondence between the set of parabolic subgroups of M and those ` 
of G contained in P ([3], Proposition 4.6, p. 86). 


the categories of algebraic and analytic G-bundles on X justifies our use of result: 
[14] though we work in the algebraic. category ni tized by S3 Foundation USA ey =e d 
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2.11. Let k(X) be the function field of X. Then it follows from a result of Springer that 
any connected linear algebraic group defined over k(X) has a Borel subgroup defined 
over k(X) (cf. [23], Theorem 1.9, p. 57 and the remarks following it.) From this it can be га 
deduced that any G-bundle over the curve X is locally trivial in the Zariski topology. 


2.12. We denote by (Sch) the category of algebraic schemes (over C). We use the 
faithfully flat topology on (Sch) and for any functor F: (Sch) — (Sets) we mean by the 
sheaf F associated to F the ‘sheafification’ of the presheaf F with respect to the faithfully 
flat topology ([1], Theorem 1.1, Chapter II, p. 24; [TDTE, V ], p. 3). 

We now recall a few things from [14]. 


2.13. DEFINITION 


A G-bundle E ¬ X is called stable (resp. semistable) if for any reduction of structure group 
o:X > EJP to any maximal parabolic subgroup P of G we have deg o* (Tp) > 0 (resp. > 0), 
where Тр is the tangent bundle along fibers of E/P > X (cf. [14], Definition 1.1). 


2.14. DEFINITION 


Let P bea proper parabolic subgroup of G. A character y: P > C* is called dominant ifit 
is given by a positive linear combination of fundamental weights for some choice of 
a Cartan subalgebra and positive system of roots (cf. [14], p. 131). 

A dominant character is trivial on Zo. 


Е 


2.15. Lemma. The G-bundle E — X is stable (resp. semistable) if and only if for any 
reduction c: X > E/P to any proper parabolic subgroup, not necessarily maximal, we have 
deg(y, o* E) < 0 (resp. <0) for any nontrivial dominant character y of P. 

For proof see ([14], Lemma 2.1, pp. 131-132). 


3. Equivalence on semistable bundles 


We will be interested in studying the following functor. 


3.1. DEFINITION 


Let F,,:(Sch) » (Sets) be the functor which associates to a scheme S the set of 
isomorphism classes of G-bundles £— $ x X such that for every point seS the 


restriction €,>s x X =X of č to s x X is a semistable G-bundle. For a morphism 
f:S' > S, F.,(f)(€) is defined to be the pull back (f x id,)*(£). 


Given a topological G-bundle т on X we denote by Е", the sub-functor of F,, 
defined by 


F: (S) = (£eF,.(S)|£, — X is topologically isomorphic to tY seS}. 


We refer to a CeF,,(S) as a family of semistable G-bundles parameterized by S. 


3.1.1. Remark. We will prove later that for an arbitrary G-bundle LED : 
the set (seS|£, is semistable} is an open subset of S (Proposition 5.8, cf. also [14]; — 
Proposition 4.1, p. 138). 


Weceeall the definition of a coarse moduli scheme (cf. [10], Definition 5.6, p. 99). 
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32. DEFINITION 


Let F:(Sch) ¬» (Sets) be a functor. A scheme M and a morphism of functors ¢ from F to hy, 
the functor represented by M (i.e. hy,(S) = Hom(S, M)) is called a coarse moduli scheme for 
F if (i) the map o.:F(Spec C) > A,, (Spec C) is a bijection; (ii) given any scheme N and any 
morphism y: F — hy there is an unique morphism 7:hy, > hy such that Y = yo. 

Proposition 3.5 below (see also Proposition 3.24) shows that F,, cannot have 
a separated coarse moduli scheme and suggests an equivalence relation between - 
semistable G-bundles to obtain a coarse moduli scheme. 


3.3. DEFINITION 


Let 2-5 x X be a G-bundle. A reduction с of structure group of € to a parabolic 
subgroup P is called admissible if for any character y on P which is trivial on Zo and any 
point seS the line bundle 7, o*(€,), given by the reduction о, of structure group of č, 
induced by o and the character у, has degree zero. 


3.4. Remark. For a GL(n, C)-bundle E > X a reduction c of structure group to the 
parabolic subgroup P defined by a flag 0 = V, c... c V, = C" is equivalent to giving 
the sub-bundles (o* E(V;), i —0,...,r. The reduction c is admissible if and only if 
u(c* E(V;/V, .,)) = u(E(C")), i= 1,...,r 


3.5. PROPOSITION 


Let £2 S x X = Y bea G-bundle. Let с be a reduction of structure group to a parabolic 
subgroup P = M-U. Then there is a G-bundle ё >C x Y such that 


i) é ‘ler y & (rf č)les xy, Where ny:C x Y — Y is the projection and č Y, the restric- 
tion of č to 0 x Y = Y is isomorphic to j, p, o* (€) where p:P > M is n MOTUUM and 
j: M с Gis the inclusion (C* denotes C — (0)). 

д if £— S x X isa family of semistable G-bundles and с is an admissible reduction then 
98 x X is also a family of semistable G- bundles. 


Before giving a proof of this proposition we note down several remarks and lemmas. : 
{ 
à 
3.5.1. DEFINITION | 
Let p:G — GL(V) be a representation. Let W be a subspace of V such that the stabilizer s 
(geG|p(g) W = W} of Win G is a parabolic subgroup. We call any subspace of V ofthe 3 


form p(g) W, for some дє С, a subspace of type W (cf. [14], Definition 3.1, p. 135). 
Note that the subspaces of type W form the orbit Gr(W) of W under the natural 
action of G on the Grassmannian Gr of all subspaces of V of rank = rank W. Since 
the stabilizer of W is a parabolic subgroup, Gr(W) is closed in Gr. Suppose E — X is 
a G-bundle. Taking Gr(W) with the canonical reduced subscheme structure we have 
a closed immersion E(Gr(W)) 5 E(Gr) ($2.4). A section c of E(Gr) э X gives а sub- _ 
bundle of E(V) in a natural way. | 


3.5.2. DEFINITION 


ЕЕ а 
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3.5.3. Remark. ЇЇ P is the stabilizer of W in С then Gr(W) = G/P. Therefore, such 
a section o of E(Gr(W))=E/P gives a reduction of structure group to P. The 
sub-bundle corresponding to ø is then (cE)(W). If P is a proper parabolic subgroup and 
E is stable (resp. semistable) then it follows, as in the proof of Lemma 3.3 of [14], that 


H((o* E(W)) < (resp. <) n(E(V)). 


EN 


3.5.4. Remark. ЇЇ a sub-bundle of E(V) is generically of type W (i.e. for a nonempty 
open subset U, c(U)c E(Gr(W))) it is actually of type W everywhere (i.e. 
o(X) c E(Gr(W))) since E(Gr(W)) is a closed subvariety of E(Gr). 


3.5.5. Remark. Let V ¬+ X bea vector bundle. Let W, W' be sub-bundles of V. We often 

identify a vector bundle with the sheaf of its sections, which is a locally free sheaf. That 

W is a sub-bundle of V is equivalent to saying that the sheaf W is a subsheaf of V such 

that the quotient sheaf V/W is torsion free (or equivalently locally free, since X is 

a curve). We denote by Wn W' the subsheaf of V which is the kernel of the natural 
homomorphism W> V/W' (or W' > V/W). We denote by Wn И” the inverse image 

of the torsion subsheaf of V/Wn W' under the projection V > V/W e W'. Then 

Wo W'isasub-bundle of V. We call it the sub-bundle generated by И ^ И. For xeX, - 
let У, denote the fiber of V at x. Then Wo И с (Wn W’),. There is a non-empty 
open subset UcX such that for xeU, Wn И, = (Ис W'). Moreover 
Wo И = Wo W' if and only if dim(W. o W‘) is constant as x varies over X. 


3.5.6. Remark. Let o,,0, be two reductions of structure group of E X to the parabolic 
subgroups P, , P, respectively. Let U be an open subset of X on which E is trivial (§ 1.11). 
Identifying p (О) with U x G the reductions c; give rise to morphisms с: — G/P;. Let 
9:U — G/B, x С/Р, be defined by ф(х) = (о, (х), с,(х)), xeU. Since Р, is its own nor- 
malizer G/P;can be identified with the set of conjugates of P; in С by associating to the coset 
gP; the conjugate gP;g *. The group G acts diagonally on С/Р, х С/Р, and an orbit of 
G on G/B, x С/Р, can be thought of as giving a relative position of conjugates of P, and 
P,. Therefore, as can be seen by using Bruhat’s lemma and the configuration of standard 
parabolic subgroups ([3], § 4) the number of orbits for this action is finite. Let O,,..., O, be E 
the orbits of Gin С/Р, x G/P,. Then O; are locally closed ( [2], p.98) and hence q^ + (0;) are 
locally closed in U;. Since U is 1-dimensional, the locally closed subsets are either open sets 
or finite set of points. Therefore, there is a unique orbit O; such that o^ ! (O;) is a nonempty 
open subset of U. If (P,, P,)€0;, then P, and P, are in the relative position corresponding 
to the generic relative position determined by c, and о, and we then say that (P,, P5) is 


compatible with (0, ,02). It is easy to see that this notion does not depend оп U and the 
trivialization of E over U. 


3.5.7. Remark. For geG let R,:E ¬ E be the action of g on E: К, (е) = e:g for ec E. Then 
R, induces a morphism E/P > E[g Pg. Hence any reduction c of structure group to 
the subgroup P gives rise, by composition with E/P > E/g^ ! Pg, to a reduction о, of 
structure group to g * Pg. The g^ ! Pg-bundle až E is obtained from the P-bundle o* E 
by the extension of structure group P g^! Pg, pg ! pg, pe P. If 79:97 Pg =» C* is 
the character defined by (02+ pg) = y(p) then x, o* E ~ y? с* E. Therefore the stability 
(resp. semistability) condition for the reduction c is satisfied if and only if it is satisfied 


for о, gC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 
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3.5.8. Lemma. Let E X bea G-bundle and о an admissible reduction of structure group 
to the proper parabolic subgroup P. Let p:G — GL(V) be a representation such that Zo 
acts by scalars. Let W c V be a nonzero subspace left invariant by P. Then 
u(c* E(W)) = u(E(V)). 


Proof. Let dety: GL(V) > C* and det,,: GL(W) > C* be the determinant characters. 
The representation p:G— GL(V) induces p:P— GL(W). Define y,:G—€C* to be 
dety°p and y,:P— C* to be det, ?p. We then have deg(E(V)) = deg(y,, E) and 
deg(c* E(W)) = deg(y,, c* E). Also y,, Ez 72, 0* E. Let r, = rank V and r, = rank W. 
Since Z, acts by scalars the character у = 77:75" of P is trivial on Zo. Therefore, 
с being admissible, deg(z,c* E) =0, i.e. r;deg(y,,0* E) —r, deg(y;,0* E) = 0, i.e. 
щ(с* E(W)) = u(E(V)). 


3.5.9. Lemma. Let P = M-U bea parabolic subgroup of G. Let P, be a proper parabolic 
subgroup of M. 


i) Let y, be a dominant character of P,. Extend the character y, to a character y, on 
P, ‘U by defining it to be trivial on U. Then there exists an integer n > 0 such that on P,-U 
we have Xf = yx where y' is a dominant character of P,:U and x is a dominant 
character of P. 

ii) Let ц, bea character on P,*U, trivial on Zo. Then there exists an integer n > 0 such 
that и = up where p is a character on P,*U which is trivial on Z)[M] and и is 
a character оп P which is trivial on Zo. 


Proof. Let £ be a Cartan subalgebra of @' and 4 = «4G BZ eaf“ be a root space 
decomposition. Let «,,...,«, be a system of simple roots and 2,,...,2, the correspond- 
ing fundamental weights. We can assume, by conjugating if necessary that the Lie 
algebras of P, P,;U and M are O4 X5 4^, x #© XZ,.p, G and <O@AOL р FÎ 
respectively where 


D={aeA|a= Хто; withm,>0 fori=1,...,r} 


D, = {aeA|« = Zm;a; withm,>0 fori=1,...,s} 
and 
Ds = {aeA| both х and — «are in DJ. 


Since P, U c P we have D, c D. The roots a, , ,,...,4, constitute a simple system of 
roots for M, the Lie algebra of M. Since the vector space spanned by 4,,...,4, is the 
orthogonal complement of the space spanned by a,,,,...,@,, we can determine 
constants a;; such that 4; = 4; + 27,44, i — r + 1,...,l, belong to the space spanned 
by о, , ,,..., 0. Clearly then 4j, i =r + 1,...,l are the fundamental weights of 44 corre- 
sponding to the simple system of roots a, , ,,...,o,. Therefore, 7,, being a dominant 
form of P, іп M, is of the form ў, = Ж „+, b, A, b, > 0. Clearly the form 7, correspond- 
ing to the character y; on P, ‘U is also £} _,, , 5,4; = %,. Substituting for 4; in terms of 
д, we have \ 


k=r+1 j=1 


Let 


s 
~I 
ї= X 024 У ај, 
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and 


so that 

а 6 
Note that since 7, corresponds to a character on Р, U, Ь,,а,є2. The linear forms 7' and 
ў may not go down to give characters on the corresponding groups since С may not be 
simply connected. However, we can find an integer n > 0 such that n7' and nz give rise 
to characters у and у on P, U and P respectively. Then y” = y^^ ! gives the required 
decomposition. 

To prove (ii) note that if the finite group Zo[.M] ^ [M, M] is of order, say n then the 
character jj restricted to Zo[ M] is trivial on Zo[M]^[M, M] and hence can be 
extended to a character и of P by defining it to be trivial on [M, M]-U. Then the 
character ji’ = дси? of P,-U is trivial on Zọ[M] and gives the required decomposi- 
tion py = рр. 


3.5.10. Lemma. Let P = M-U be a parabolic subgroup of G and F a P-bundle on X. Let 
F' = p,(F) where p:P > M is the projection. Let P, be a parabolic subgroup of M. Then 


i) if o, is a reduction of structure group of F' to the subgroup P, of M then there exists 
a reduction с of structure group of Е to P,-U such that p,,o*E xof F' where 
D4:P4"U >P, is the projection. 

ii) if « is a reduction of structure group of F to P,-U then there exists a reduction of 
structure group т, of Е to P, such that tf F' = p, ,c* F. 


Suppose E is a G-bundle and F = o'* E for an admissible reduction с' of structure group 
of E to P. Let q:(o'* E)/P,-U =o'*(E/P,-U)  E/P,-U be the projection. Then 
i) inthe notation of (i) if с, is admissible then q° o is an admissible reduction of structure 
group of E to P,-U. 
Ш in the notation of (ii) if q?« is admissible then т, is also admissible. 


К Proof. The natural morphism y:P/P,U ¬+ M/P, has a section q: M/P, ¬» P/P,:U 
induced by the inclusion M ç P. The morphism w induces ў: F/P,:U > F'/P, and 


q induces a section @:F’/P, + F/P,-U for jj since F/P,:U and F'/P, are the associated 
fiber bundles of F with fibers P/P,-U and M/P, respectively. 
For (i) take o = 6°, and for (ii) take 7, = ў оо. 


(i! Let Беа character of P,-U. By 3.5.9(ii) for some n > 0 we can write 7" = X` with 


x a character of P;, trivial on Z;[M] and у a character of P, trivial on 20. We have 
therefore, 


x (q9o)* E ~ (xX) (a9 0)* E z (y, o* F)Q (X, F) 


=(у„о} F')G (x, F). 
Since c, is admissible, deg(y, of F’) = 0. Since o’ is admissible, deg (x, F) = 0. Therefore 
deg(x,, (420) E) = 0 which proves that q°o is admissible. 
(iu) Let, be a character of P,, trivial on Z,[M]. Let y, be the character on P, U got 
by extending Kédigri ну Va BY Eini bids sErivialaugnusV. We then have 
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Xi. F &xiQ.DIT*F by (ii). Also x,,ptt*F e x1, v* F «x1 (q9x)* E- Since qot is 
admissible deg(y, , (q¢°t)* E) = 0, which proves т, is admissible. 


3.5.11. Lemma. Let E— X be a G-bundle and с an admissible reduction of structure 
group of E to a proper parabolic subgroup P = M-U. Let p: P — M be the projection, and 
J: M ©; С the inclusion. T hen 


i) E is a semistable G-bundle if and only if p,6* E is a semistable M-bundle. 
i) if E is semistable then j, p, o* E is semistable. 


Proof. Assume p,.o* E is a semistable M-bundle. Let o’ be a reduction of structure 
group of E to a proper parabolic subgroup P' of С. We have to show that c' satisfies the 
condition for semistability. We can assume by conjugating that (P, P’) is compatible 
with (c, с’) (see 3.5.6 and 3.5.7). 

Let 2, 2' be the subalgebras of 4 corresponding to the subgroups P, P' respectively. 
By ([14], Remark 2.2, p. 132) semistability condition is equivalent to 
deg((a’* E)(2)) « 0. 

Let 0 — V, c Vc- c V, = $ bea flag in 4 such that V; is invariant under P and 
U acts trivi np on V/V j-1 for j=1,...,r. The stabilizer of Im(#'n ^ И УИ) in 
M is a parabolic subgroup of M since PAP’ leaves 2' ^ V; invariant and (Pn 2797 is 
a parabolic subgroup of M (82.9). Since (P, P") is compatible with (c, с") the sub-bundle 
W, generated by Im((c'* E(2'))o(0* E(V;)) > c* E(V//Vj-,)) is a sub-bundle (generi- 
cally and hence everywhere cf. 3.5.4) of type Im(Z'o V; V;/V;..,). Note that since 
U acts trivially on V;/V;_,, o* E(V,/V;..,) & p,0* E(V;/V;..,) where р:Р—› М is the 
projection. Since p,c* E is a semistable M-bundle 


u(W;) € u(p,a* E(V;/V;- 1)). (1) 
(cf. Remark 3.5.3; if the stabilizer of Im(Z'^ V; V,/V;_,)is M itself, use the fact that 


o is admissible). Since с is admissible, by Lemma 3.5.8 


u( p, o* E(V;/V;-1)) = щ(Е(@)) = 0. 
Therefore, «Р: 
ШИ) <0 for all j. (2) 


Denote by V; the sub-bundle o* E(V;) of E(Y) and by # the sub-bundle o'* E(P) of E(4). 
We shall show that for 1 <j 5 r — 1 

ае (27У) < 0=deg(P AV) .1)<0 (9) 

(see Remark 3.5.5 for notation). Since Z'n V, = W, and deg W, <0 by (2) and 

P'a V, =F it will then follow by induction that deg(Z") < 0 as required to be shown. 


To prove (ж) factorize the natural homomorphism 2' V ;, , И ,/V;(cf. [13], 84, 
p. 547) 


0—2'n V,—2'nY;,,—90 
l 
کر‎ VV 
Since Q^ W j+1 İS a generic isc isomorphism deg Q < deg deg Wir. Using (2) deg Q < 0. By 


the hypothesis. of (e) dS ДАВР вз) Quis 895 to be shown. 
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Now suppose, conversely, E is a semistable G-bundle. Let c, be a reduction of 
structure group of p, c* E = E' to a parabolic subgroup P, of M. Let y, bea dominant 
character on P,. By Lemma 3.5.10 there is a reduction of structure group o’ of o* E to 
the parabolic subgroup- P, -U such that of E' = p, A o* E where p,: P," U > Р, is the 
projection. By Lemma 3.5.9 


(i) for the character у, extended to P,-U we have 7; = ух! for some n>0 
with х a dominant character on P,-U and y a dominant character on P. We have 
MoH =(x-x (а°0)*Е (where q:c*(E/P,:U)— E/P,-U is the projection). 
Also 7,(q°o')*E~7,0*E. Since c is admissible deg(z,c* Е) = 0 and since E is 
semistable deg(z',(q°o')*E)<0. Therefore deg(y, of E’) =(1/n)deg(z, of E") = 
(1/п) {deg (x, (q9o0')* E) —deg(y, o* E)} <0. This shows p,.o* E is a semistable M- 
bundle. 

(ii) By (i) the M-bundle p, c* E is semistable. But p, c* E gives a reduction of structure 
group of j, p, c* E to the subgroup M. Again by (i) it follows j, p, c* E is a semistable 
G-bundle. 


3.5.12. Lemma. Let P — M-U be a proper parabolic subgroup of G. Then there is 
a l-parameter subgroup 2:С* + Z,[M] such that the morphism C* x P > P defined by 
(zp)-A(z)pA(z) !, zeC*, peP, extends to a morphism ~:C x Р-Р such that 
Q(0, p) =m where p = m:u, me M, ueU. 


Proof. We use the notation of [3], $4. Let P = P, where 0 is a subset of a system of 
simple roots of G with respect to a maximal torus T. Then M — Z,, U — V, and 
p: Il, U,— V, given by group multiplication is an isomorphism of algebraic varieties 
([2], p. 327, § 14.4) where U, is the radical group corresponding to the root b, i.e. there is 
an isomorphism of algebraic groups 0,:C > U, such that 


t0, (x)t^ ` = 0,(t?x)(«) 


([3], $2.3, p. 64). 

Itfollows from ([3], Proposition 3.6, p. 75) that we can find a 1-parameter subgroup 
2:С* > Z(M) such that (4, b» > 0 for every beo, where (A, b» is the integer such that 
the composite C* > TSC is given by zzz), 

Let ф„:С* x U,— U, be given by q,(z,u) = A(z)uA(z) 1, zeC*, ueU,. Define 
ф,:С* x С — C such that the diagram 

p» 
C* x U, — U, 
idx0,Î To, 
C*xC — C 


9» 


commutes. 

Using (ж) we get ф,(2,0) = 29:0, zeC*, (eC. Since (4, b» > 0, C* x CC can be 
extended as a morphism C x CC such that (0,7) —0. Therefore, p, extends to 
a morphism Сх U,? U, again denoted by ¢,, such that ¢,(0,u) = 1, Yue U,. Using 
the KOMOP sang уау вату wench write sy SurcLhgaiokysAThen the morphism 
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p:C x (M: II, U,) МП, U, defined by (z, m: II, uj) = m: Hy, ф(2,и,) ZEC, 
me M, u, & U, satisfies the requirements of the lemma. 
We can now give the proof of Proposition 3.5. 


Proof of Proposition 3.5. Consider С x Y x Pas the trivial group scheme over € x Y 
determined by P. Then С x (c* E) is a principal homogeneous space over € x Y under 
the group scheme С x Y x P, in the obvious way (in the sense of [SGA, I], expose XI, 
Definition 4.1). Let @:C x ҮхР- Сх Y x P be the homomorphism of group 
schemes defined by o(z, y, p) = (2, y, o (z, p)) where q:€ x Р-Р is the morphism given 
by Lemma 3.5.12. Then taking the associated principal homogeneous space of 
C x c*E—C x Y under the extension ø (which exists, since C x Y x P is an affine 
algebraic group scheme over C x Y,see [SGA I], expose XI, $4, p. 11) we get a principal 
homogeneous space €” over C x Y under the trivial group scheme C x Y x P. Wecan 
consider č” as a P-bundle over С x Y in the obvious way. Let i: P c; С be the inclusion. 
Then č’ = i, £" gives a family of G-bundles for which the assertion (i) of Proposition 3.5 
is easily seen to hold. Then (ii) follows from 3.5.11 (ii). 


6. DEFINITION 


Two families of semistable G-bundles č —^ $ x X and ё > 5 x X parametrized by the 
scheme 5 are said to be related if there is an admissible reduction of structure group 
с (resp. a’) of č (resp. SP DIS ЕЕ М.О (resp. P' = М": Uiisuch that 
the G-bundles j, p,.o* 6 and j% D, c'* & are isomorphic, where p: P > M, p': P' ^ M' are 
the projections and: MSG,j: M' © °С are the inclusions. We say č is equivalent to ё' if 
there exist families of semistable G-bundles £, 5 x X, i = 1,...,r such that ğ is related 
to &,, ¢, is related to ё’ and č; is related to С, ; for i= 1,...,r — 1. 


3.7. Lemma. If the semistable G-bundles E — X and E' Х are equivalent then they are 
topologically isomorphic. 


Proof. It is enough to prove that if o i$ a (admissible) reduction of structure group of 
E to the parabolic subgroup P = M-U then E and j, p,c* E, where р:Р- M is the 
projection and j: M c G is the inclusion, are topologically isomorphic. 

By Proposition 3.5 (i) there is a family of G-bundles č — C x X such that č. ~ E for z #0 
and čo 2j, p, 6* E. Since C is connected, E and j, p, c* E are topologically isomorphic. 


3.8. Remark. We can also prove the lemma directly without using Proposition 3.5 by 
using the topological classification of bundles on X ([14], $5, pp. 142—143). 


3.9. DEFINITION 


Let F,.: (Sch) — (Sets) be the functor which associates to Se(Sch) the set of equivalence 
classes of families of semistable G-bundles parametrized by S. On morphisms F. is 
defined in the obvious way. Given a topological G-bundle т on X let Ё Бе ‘the 
sub-functor of F, which associates to S the set of equivalence classes of families of 
semistable G- bundles of the topological type т parametrized by S. 

We prove in this thesis that the functors Ft. have coarse moduli schemes which are 


projective (see Theorem 5.9). 
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We shall now study the equivalence of semistable G-bundles on X and pick out 
representatives for the equivalence classes. We shall need some more lemmas. 


3.10. Lemma. Let P;— М, U; be proper parabolic subgroups of G, і= 1,2. Given 
a character y on the parabolic subgroup P, P;,*U, (81.9; [3], Proposition 4.4, p. 86) 
which is trivial on Zo, there is an integer n > 0 such that y" = уусу» with y; a character on 
P,, trivial on Zo, i= 1,2. 


Proof. By Bruhat's lemma there is a maximal torus T c P, OP,. Let 7 be the Lie 
algebra of T and 4 = « 0 4 Q Zea 9° be a root space decomposition with z +4 = 2. 

Let L be the lattice ker(exp: 4 — T) and L* the lattice of linear forms on 4 which take 
integral values on L. Then the characters of a parabolic subgroup P containing 
T correspond to the linear forms in L* which are orthogonal (with respect to a Weyl 
group invariant form which can be taken to be Q-valued on L*) to all the roots « such 
that both 4* and @ * are contained in the Lie algebra of P. Let V, (resp. V) be the 
Q-vector space spanned by the elements of L* which are orthogonal to those roots « for 
which both 4* and 4 “аге contained in the Lie algebra of P, (resp. P, ^ Р, U,),i = 1,2. 
Then clearly V= V, + V,. Let 7 be the linear form corresponding to the character y. 
Then ZeV. Write 7 2 7, + z; with 7,e V,. We can find an integer п> 0 such that 
nj, L*, i= 1,2. Then n7; give characters y; on P; and we have 7" = y,'y;. 


3.11. Lemma. Let E be a semistable G-bundle and c; an admissible reduction of structure 
group of E to the parabolic subgroup P; = My ДШ, i— 1,2. Let р:Р, э М; be the 
projections. Suppose (P,, P2) is compatible with (c,,0,). Then 


i) there is a reduction of structure group o = с, No,» of E to the subgroup P, ^ P; such 
that 0; = î; o where л: Е/Р ү oP,  E/P,, i = 1,2 is the natural morphism. 

ii) letting q;:E/P, 0 P ЕЈР, Р, :О, be the natural morphism, the reductions q;°0 
(i — 1,2) are admissible. 
iii) if p; ct E is a stable M ,-bundle then P, ^ P, contains a Levi component of Р,. 
iv) let P, P5 = MU, bea Levi decomposition of Р, P, such that M, c M,. Note 
that Мз is a Levi component for both P, Р, О, and P, ^ M ,. By 3.5.10 (ii) and (ii) the 
admissible reduction of structure group q,°o of E induces an admissible reduction of 
structure group с of the M ,-bundle p,,6* E = F' to the parabolic sub-group P; OM, . 
We then have p4,0* E X p3,0'* F' where p4:P, P; >M, and p,: P^ M, M, are 
the projections. 


Proof. Let P; be the subalgebra of 4 corresponding to the sub-group P;, і = 1,2. Let 
0= Voc Vu =: € 0=2,... V, = © bea flag in 4 such that each V; is invariant 
under P, and U, acts trivially on V,/V,;_,, j=1,...,r. Let0 Wo c W, c: CW, = 
P, c c №,= 8 bea flag with the same properties with respect to Р,. We denote by 
V, (resp. W;) the sub-bundle of E(Vj) (resp. o% E(W;)) of E(4). We shall show that 
2,02, is a sub-bundle of E(9), ie. P, nP, = 2,02, (cf. Remark 3.5.5). We note 
that since с; and c; are admissible by Lemma 3.5.8. u(V;/V, .,) = u(E(4)) an 
и(ИЛ/У/,-_ |) = HE). Moreover u(E(4)) = 0 (cf. [14], Remark 2.2). н 
We prove that each И W; is a sub-bundle by induction. Assume that V;^ W is 
a sub-bundle with deg(V;^ W;) = 0 for (i,j) such that either i < m — 1 and j arbitrary 


or bearcand izol uti Boge this, assumption we shall prove that V, W, is a 
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sub-bundle of degree zero. It will then follow by induction that V; n W; is a sub-bundle 
of degree zero for all i,j. 
If V, ^ W,, = 0 there is nothing to prove since V, У, = 0 in that case. Suppose 


—n 


Yno W,,, #0. Factorize the natural homomorphism И Van W3 We |W, 
05A, V,0W,.,74,70 
} 


0— A, — W,,,/W, < A, < 0. 


since И И = Е +ı/ Wn) and р, „сз Е is a semistable M ;-bundle (Lemma 
3.5.11(1)) and A, is a sub-bundle of type Im(V, ^ Wii W,,,/W,) which has as 
stabilizer a parabolic subgroup in M,, we have deg A, < 0 (cf. proof of Lemma 3.5.11). 
Therefore deg A, < 0 and hence 


deg A 120, (1) 


noting that deg(V,, ^ W,+,)=0 by the induction hypothesis. Now consider the sub- 
D A, of E(Y). If A, = Oit is easy to see that V, W, = A, = 0 апа we are through. 


If A, #0 we can find a г< т such that A, c V, and A, ¢ V,_,. Then factorize the 
non- eet homomorphism A, > V,/V,_, 


0— B, =” А, =? B,—0 
l 
0 — B, — V/V, ., < B4 —0. 


Since by the induction hypothesis V,.. , a W, is a sub-bundle, we see that В, ~ B, and 
B, = V, ,0 W,. Since oa, is admissible as before we have deg B, <0. Therefore 
deg B, <0. Also deg B, = 0. Therefore 


deg A, <0. (2) 


Ву (1) and (2) deg A, =0. This implies deg A, = deg A, =0. Then А„—› 4, being 
a generic isomorphism of vector bundles of the same degree becomes an isomorphism. 
Therefore A, = V,,^ W, which shows that V,, oW, is a sub-bundle. 

In particular we have proved that 2, ^A, is a sub-bundle of E(¥). 


(i) Since (P,, P5) is compatible with (c,,05) there is a nonempty open subset U 
of X over which E is trivial such that, choosing a trivialization, the morphism 
т, X 0,:U—>G/P, x С/Р, given by the sections o, and с, has its image in the G orbit 
О of (P,,P,)eG/P, x G/P, (Remark 3.5.6). Since the stabilizer in С of 
(P4, P,)e G/P, x С/Р, is P, 0^ P, we have that O is naturally isomorphic to С/Р, n P3. 
It then follows easily that there is a section с of E/P, Р, X over U such that 
o;|U = 1;»6, i = 1,2. The complement X — U of U in X is a set of a finite number of 
points. Let xe X — U. Let U' bea neighbourhood of x in X, over which E is trivial, and 
choose a trivialization. Then ¢,,¢, and с give morphisms o4 x 65:U' > С/Р, x С/Р, 
and g':U Q U' > С/Р, 0P2. By our choice of U, (a; x e;)(Un U’) c О. Therefore 
(c, x т )(х) is in the closure O of О in С/Р, x G/P,. Suppose (с, x o5)(x)£O. Since 
О — О isa union of orbits of dimension strictly less than that of O ( [2], $(1.8), p. 98), the 
stabilizer of (с, x o,)(x) in G will have dimension strictly greater than P,P). 

However, letting 2 be the fiber over x of the vector bundle 2,1 is easy to see that the 
Lie algebra of this 5 stabilizer corresponds to 2, ^ 2, , which has the same dimension as 
P, AP, since 2,02, is a sub-bundle (Remark 3.5. б). This contradiction proves that 


(с, х о,)(х)=07 This TES that we can extend the section с over U to x and hence, by 
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the same argument at other points of X — U, to the whole of X. Then c; — z;?c on the 
whole of X since both the sides agree on the dense open subset U. 

(ii) Let y be a character on P, ^ P5:U, which is trivial on Z,. By Lemma 3.10 for some 
integer n > 0, we can write у” = уу, where 7; is a character on Р, trivial on Zo. Clearly 
Х%(4у°о)* E X (x, „сї E) ® (y, 05 E). Since both с, and g, are admissible deg(y;,. of E) « 0, 
i= 1,2. Therefore deg(y, (q, °о)* Е) = 0. 

(iii) The reduction c gives rise to a reduction of structure group of the P,-bundle of E 
to the subgroup P, n P; and hence to P, o P5: U,. By Lemma 3.5.10 (ii) and (1) we have 
a reduction of structure group of p,, o1 E to (P, P: U, )o М, which is admissible. If 
p,, 0E is a stable M,-bundle then we should have (P, ^ P;-U,)^ M, = M,. This 
implies that P, © P, contains a Levi component of P,([3], Proposition 4.4, p. 86). 
(iv) Let E = ct E. By Lemma 3.5.10 (ii) о'* F' ~ p,(q, °о)*Е where p:(P, 0G P3) U,— 
(Pan M,):U, >Р, M, is the projection. Therefore applying р,, to both sides 
P340 FE X p5, p, (q,?0)* F. But the latter is isomorphic to p,,,0* E. 


3.12. PROPOSITION 


Let E be a semistable G-bundle on X. Then there exists a semistable G-bundle grade E, 
denoted by gr E, uniquely determined up to isomorphism by the condition that there exists 
an admissible reduction of structure group с of E to a parabolic subgroup P = M-U such 
that p, с*Е (where p: P > M is the projection) is a stable M-bundle and gr E ~ j, p,0* E 
(where j: MGG is the inclusion. We then have i) E and grE are equivalent, ii) 
gr(gr E) x gr E and iii) two semistable G-bundles E, and E, are equivalent if and only if 
gr E, & gr E. 


3.12.1. COROLLARY 


The set of isomorphism classes of semistable G-bundles E such that E x gr E forms a set 
of representatives for the equivalence classes of semistable G-bundles. 


Proof. The corollary follows immediately from the proposition. 


We shall first prove that given E there exists a semistable G-bundle er E satisfying the 
above condition. If E is stable we have only to take gr E — E. If E is not stable then there 
exists an admissible reduction of structure group of E to a proper parabolic subgroup 
P= MU. By Lemma 3.5.11(i)) E' = E[P, M] (cf. 82.5 for notation) is a semistable 
M-bundle. To prove the existence of gr E we now use induction on the semi-simple rank (i.e. 
the rank of the commutator subgroup) of the structure group. If the semisimple rank is zero 
then the group is a torus group and any bundle with a torus group as structure group is 
stable and hence we can start the induction. Since the semisimple rank of M is strictly less 
than that of G by the induction hypothesis there exists an admissible reduction of structure 
group of E' to a parabolic subgroup P, = M,-U, of M such that E'[P,, M, ] is a stable 
M,-bundle. Then by Lemma 3.5.10 (ii) and (ii) there is an admissible reduction of structure 
group of E to the parabolic subgroup P,-U of G such that E[P,U, P, ] ~ E[P,]. 

Therefore E[P, U, P, ](M;) ~ E' [P,, M,]. Note that M, is a Levi component of P,-U 
also and E[P, U, P, (M;) & ELP, U, M, ]. Therefore we can set gr E = Е[Р,`О, М, J(G). 
We now proceed to show the uniqueness of a bundle satisfying the condition of the 
proposition. | А 
First note that for any reduction of structure group of E to P=M-U the isomor- 


phésearglasaR 5M MU) and hence of E LP. MJ(G). does not depend on the choice of 
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the Levi component of P sinceany two Levi componentsare conjugate by an element of 
U ([3], $0.8, p. 59). 

If E is stable, uniqueness is obvious. On the other hand suppose c, and c, are two 
admissible reductions of structure group of E to the proper parabolic subgroups 
P, = MU, and P, = M,-U, respectively such that E[P;, M;] is a stable M;-bundle, 
i = 1,2. Then we have to show that the G-bundles E; = E[P;, M;](G) are isomorphic. 

We can assume, by conjugating if necessary, that (P,, P5) is compatible with (7, , 72) 
(cf. Remark 3.5.7). Then by Lemma 3.11, it follows that there is a reduction of structure 
group c of E to the subgroup P, OP, such that c; = p;° о where р: E/P, Р, E/P; 
i = 1,2. By Lemma 3.11 (iii) P, ^ Р, contains a Levi component of both P, and P,. Let 
P, P, = М.Ш bea Levi decomposition for P, ^ P}. Then M is a Levi component of 
both P, and P,. Also Uc U;, i= 1,2. Therefore both E, and E, are isomorphic to 
E[P,n P5, M](G) proving the uniqueness. 

The fact that if E, and E, are equivalent then gr E, x gr E; follows from Lemma 
3.13(i) below. The other assertions of the proposition are clear. 


3.13. Lemma. Let c (resp. с') be an admissible reduction of structure group of the semistable 
G-bundle E (resp. Е') to the parabolic subgroup P = M-U. Then we have the following. 


i) gr E x (gr(E[P, M ]))(G) 
п) gr E x gr(E[ P, M ](G)) 
il) If gr(E[P, M]) x gr(E' [P, M]) then gr E x gr E". 
iv) If the M-bundles E[P, M] and Е'[Р, M] are equivalent then the G-bundles E and E' 
are equivalent. 


у Ы‏ ت 


Proof. Let с, be an admissible reduction of structure group of E to a parabolic 
subgroup P,=M,-U, such that the M,-bundle E[P,,M,] is stable. Then 
gr Ex E[P,, M,](G). We can assume that (P,, P) is compatible with (¢,,¢). Then by 
Lemma 3.5.10 (i) there is a reduction of structure group s of E to P, P; such that 
с; = p,?sand о = p?s where p,: E/P, ^ P ¬ E/P, and p: EJP, 0P > ЕЈР are the natu- 
ral morphisms. Also by Lemma 3.5.10(iii) P, ^ P contains a Levi component of P,. 
Therefore, conjugating if necessary, we can assume M, c M. We havea Levi decompo- 
sition P,a P = М, U’ for P, 0P where U’ is the unipotent radical of P, P. Also 
U' c U and (P,a P) U = M,'U isa Levi decomposition for (P, 0 P): О. Therefore, 


gr(E[P,, M, ]) = Е[Р, ^P, M,] (1) 
and M, is a Levi component of P, ^ M. It follows from Lemma 3.5.10 (iv) that 

F'[P,0 M, M,]« E[P,0O P, M, ]. (2) 
Using (1), F'[P, ^ M, M,] is a stable M,-bundle. Therefore 

gr F' x F'[P, nM, M, ](M) x E[P, oP, M,](M). (3) 


From (1) and (3) (gr F’)(G) x gr E which proves (i). The reduction of structure group of 
F' to P, M gives in the obvious way a reduction of structure group of F'(G)to P; n M 
such that 


Е'[Р, о M] x (F(G))EP, ^ M]. (4) 
Since M, is acbaybeompenantiofdd parce) ddieeonsi acta S bercentantioa,of structure 
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group of F'(G) to P, ^ M as a reduction to the subgroup (P, ^ M): U we have from (4), 
(F'(G)[P, М): О, M, ] x F'LP,0 M, М, ]. 


Since ЕР, ^ M, M,]isa stable M,-bundle, gr(F'(G)) x F'[P, ^ M, М, ](G) «(gr EF’) 
(G) and the last Bundles is gr E by (i). This proves (ii), and (iii) follows immediately) from 
(1). Proposition 3.12 (iii) and part (їп) above imply (iv). 

We will now relate the algebraic notion of equivalence classes of semistable bundles 
to the transcendental notion of unitary bundles. We recall the definition of unitary 
bundles on the compact Riemann surface X (cf. [14], 8 1, $6). Let x,& X bea fixed point. 
Let T = 1, (X — xo) be the fundamental group of X — x, (with respect to some base 
point, the base point does not count since we will be concerned only with the 
isomorphism classes in the constructions below). Let ує Г be the element correspond- 
ing to the ‘loop around x,’ ([14], p. 144). Let p: > G be a homomorphism such that 
p(y) = CeZo. Let Z, be the Lie algebra of Z, and CEZA, such that ıt exp(Č) = C. Let E; be 
the G-bundle on X — x, associated to the universal covering S x Xo — X — Xo, whieh 
is a I-bundle, by the homomorphism p. Let D be a neighbourhood of x, in X isomor- 
phic to the unit disc. Let Н be the upper half plane. Then Н > D — хо, zexp 2ліс, is 
the universal covering and y: H > Z, c G defined by y (z) = exp(— zC) gives a section 
of E, over D — хо. We define E(p, C) to be the G-bundle obtained by patching up the 
trivial G-bundle on D with E, on X — Xp with the help of the trivialization of E, on 
D — хо given by y (cf. [14], $6 for more details). 


3.14. DEFINITION 


We call a G-bundle a unitary G-bundle if it is isomorphic to a G-bundle E(p, C) 


constructed as above for.some р:Г—› С such that р(Г) c К, a maximal compact 
subgroup of G. 


3.15. PROPOSITION 
A semistable G-bundle E is unitary if and only if E x gr E. 


Proof. Let E = E(p, C) be an unitary bundle. Suppose p is irreducible, i.e. the only 
elements of @ fixed by ad p(h) for every heT are those of the center of 4 ([14, $ 1). Then 
by ([14], Theorem 7.1) E is stable. Therefore in this case E x gr E. Suppose p is not 
irreducible. Then by ([14], Proposition 2.1) p(T) leaves a proper parabolic subalgebra 
2 of 4 invariant and hence р(Г) = P, the subgroup corresponding to 2. Since p is 
unitary р(Г) c KA P< M where M isa Levi component of P. This implies that E(p, C) 
has a reduction of structure group to M. This reduction considered as a reduction to 
Р is admissible. For let 7:P > C* be a character on P which is trivial on Zo. Then by 
([14], Remark 6.1, p. 145), Xx E(p, C) = | E(x? p, (С C)) where 7 is the morphism induced 
by у on the universal coverings. Since CeZ, and y is trivial on Zo, 7(C) = 0. Therefore 
deg(z, (E(p, C)) = 0. We have for this reduction E[P, M](G) = E. If E[P, M] is a stable 
M-bundle we are through. If not we use induction on the semisimple rank of the 
structure group to conclude that gr E(p, C) x E(p, C). 


Conversely suppose E = gr E. If E is stable by ([14], Theorem 7.1) E is an unitary . 


G-bundle. If E is not stable, let с be an admissible reduction of structure group of E to 


esepsopergpagabelicspbstRHn- Dresd дувар ad Iis M is a stable M-bundle. 
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Then gr E = E'(G) (Proposition 3.12). By ([14], Theorem 7.1) E' = E'(p', C^) for some 
p: Y > K' c M, where K' is a maximal compact subgroup of M, p(y) = C'eZo[ M] and 
Сел o LM] such that exp C’ = C'. We then make the following 


Claim. C'eZy c ZoLM]. 

Since the reduction c is admissible deg(y, E[P, Mi) =0 for any character у on 
P which is trivial on Zo. But z, (E[P, M]) x E'(z?p', zC ) by ([14], Remark 6.1). 
Therefore 7(C’) = 0. Since any character of Zo [M] which is trivial on the finite group 
Zo[ M ] ^ LM, M] extends to a character of M and hence of P we see that the group of 
ае of P (resp. the group of characters of P which are trivial on Zo) isa subgroup 
of finite index in the group of characters of Zo [M] (resp. in the group of characters of 
Zo [M ] which are trivial on Zo). This shows that if C’ #20 there will be a character y on 
P, trivial on Zo, such that 7(C’) £0. This contradiction proves the claim. 

pare p-i p' where i: M S С is the inclusion. Then E x gr E x E'(G) x E(p, С) where 

= =1(С'). 


5.1. COROLLARY 


For any semistable G-bundle E the G-bundle gr E is unitary. Associating E to gr E gives 
a bijection between the set of equivalence classes of semistable G-bundles and the set of 
isomorphism classes of unitary G-bundles. 


Proof. This follows immediately from Proposition 3.12 (ii) and the preceding proposition. 


3.16. Lemma. Let P be a maximal parabolic subgroup of G and y the dominant character 
of P which generates the group of characters of P/Zg. Then there is an irreducible 
representation p: G — SL(V) such that p(Zo) = 1. There is a line (v) © V whose stabilizer 
is precisely P and P acts by the character y on the line (v). 


Proof. Let G' = С/2 and P' = image of P in G'. Let x:G’ С be the universal covering 
group of G'. Then P' = x^ ! (P') is a maximal parabolic subgroup of G’. Let p':G' > SL(W) 
be the fundamental representation corresponding to P'. Then there is a line {w} c W 
whose stabilizer is P' and P' acts on {w} by the dominant character 7 which generates the 
character group of P’. Since y is dominant ҳол = ў", for an integer n 0. Then the 
irreducible G-subspace V generated by v= w @ w © --- Әу in WQ W ® --- © W (п factors) 
is actually a representation space for С (since the highest weight 7" goes down to G') and hence 
for G. Thus v and V satisfy the conditions of the lemma. 


3.17. PROPOSITION 


Let p:G, > G, be a homomorphism between the reductive, connected algebraic groups G, 


and G, such that p(Zg[G,]) = Zo(G2). Then E 
(i) if E is a semistable G,-bundle then the associated G,-bundle p, E is semistable. 4 
(ii) if the kernel of the homomorphism G,/Zo[G; ] ^ 6/2161] induced by p is finite, Et 
then E is semistable if and only if p, E is semistable. T. ы 


Proof. (i) Let E be a semistable G,-bundle. We first prove the case when G, = GL(V). E 
So let p:G, -eXxLGl ascia presep tation BELLA ool Gish ANTARA Jd through the k- 
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character y: Zo[G, ] > C*. Since E is semistable there is an admissible reduction of 
structure group of E to a parabolic subgroup P = M-U such that E[P, M] is a stable 
M-bundle. Then by ([14], Theorem 7.1, p. 146) E[P, M] « E'(h, C) for an unitary 
representation л: Г K’, K' a maximal compact subgroup of M and Ce [М]. Since 
o is admissible GEZA [61 ] (as in the claim in the proof of Proposition 3.15). 

Let 0— V; c V, c --- c У, = V be the flag in V defined by the condition that 
V./V,- , isthe EE в of V/V; .,,i— 1,...,n on which U acts trivially. This flag 
is invariant under the action of P. Since с is admissible by Lemma 3.5.8 


ШЕ[РТ(У,/У,-,)) = L(E(V)). (1) 


Let P' = M'-U' be the parabolic subgroup of GL(V) which is the stabilizer of the flag 
(= V, c V, c...c У, = V. Ме can assume (by taking a conjugate of M' if necessary) 
that o(M) c М’. The flag of sub-bundles E[P](V;) c E[P](V,) =... E(V) gives 
a reduction of structure group of the GL(V)-bundle E; — p, E to the subgroup P' which 
is admissible because of (1) (Remark 3.4. Now E,[P’,M’] is isomorphic to 
ELP, M](M"), the M'-bundle got from E[P, M] by the extension of structure group 
p: M > М'. By ([14], Remark 6.1, p. 145) E; [P'. M'] = E(p^h, p( (C)). (Note that since 
CeZ,[G, ] and Z,[G, ] acts by scalars p(C) )EZ,[GL(V))]). Therefore E, [P', M'] is 
semistable by ([14], Proposition 2.2). Therefore B Lemma 3.5.11, Е, is semistable. 

Now let G, be arbitrary, and E a semistable G,-bundle. We shall show E, = p, E is 
semistable. Let ø be a reduction of structure group of E, to a maximal parabolic 
subgroup P of G,. Let A be the dominant character of P which generates the character 
group of P/Z,[G, ]. By Lemma 3.16, there is a representation h:G, > SL(V) of G, on 
a vector space V such that Zo [G; ] acts trivially on V, there is a line (vj с V whose 
stabilizer is precisely P, and P acts on the line {v} by the character 4. Then as proved 
above h, E; = h, p, E is a semistable vector bundle (of degree 0 since h(G;) c SL(V)). 
Further 4,E;[P] is a sub-bundle of л, E; (corresponding to (vj c V). Therefore 
deg(A, E; [P]) <0, which shows that c satisfies the semistability condition. 

(ii) Now suppose G,/Z,[G,]>G,/Z,[G,] has finite kernel and E, = pE is 
semistable. Let h:G; — SL(V) be a representation such that kerh = Z,)[G,]. Let 
P = М:0 bea maximal parabolic subgroup of G, and c a reduction of structure group 
of E to P. Clearly there is a G,-invariant subspace V, of V such that V, is neither 0 nor 
V and С acts nontrivially on V, . Let V, be the largest subspace of V, on which U acts 
trivially. Then V, ¥ 0 by Lie-Kolchin theorem ([2], (10.5), p.243) and V; = V, . Also V; 
is stable under P. Let r= rank of V,. Let W = ^ V, and (wj с W, the line ۸ V, 
corresponding to V, c V,. Then P acts on the line {w} by a character 4” for some n > 0, 
where 2 is the dominant character of P which generates the group of characters of 
P/Z,[G, ]. Now since Е, is semistable by part (i) E,(W) is a semistable vector bundle 
(of degree 0). 

Also E,(W) x E[P](W) and 2" E[P] x E[P]({w}) = ELP](W). Since E[P](W) is 
semistable we have deg" E[P] <0 which shows that c satisfies the semistability 
condition. 


3.18. COROLLARY 


Let E be a G-bundle and Ad E be its adjoint bundle. Then E is semistable if and only if 
Ad Eoi esemistétltuniversity Haridwar Collection. Digitized by S3 Foundation USA 
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Proof. This follows immediately from the preceding proposition. 


3.19. Lemma. Let A and B be C-algebras of finite type. Let J bean ideal of A ® B. Then 


с 
there is an unique ideal J, of A such that for any C-algebra С and any homomorphism 
f: A— C, ker f contains J, if and only if ker( f @idg) contains J. 

Moreover, if A is an N'-graded algebra (N = set of natural numbers) and J is 
a homogeneous ideal of A ® B where А e B is given the gradation taking B as an algebra 


with trivial gradation, then J, is a homogeneous ideal of A. 
Proof. Let {I;} be the collection of all ideals of A with the property I; ® B = J. Let 
С 


уз () I;. For any collection of subspaces (S;) of A, (0 s) ® В= A (ses) we 
have J, ® B >J. It is easy to check that J, has the required properties. 

If A is graded by the subspaces {А}, and J is homogeneous then 
Л=@© Ус (4.8 в) Since 1n(4,08) c (л әв). (4.08) =(J,04,)® B, 
for the homogeneous ideal J; = ® J, ^A, cJ, we fave J" OB = J theretore Ji-J;, 
proving the homogeneity of J,. ^ j 
3.20. Lemma. Let H and Y be schemes and D a closed subscheme of H x Y. Then there 
exists a unique closed subscheme H, of H such that, for any morphism f:S—>H from 


a scheme S, the morphism f x idy:S x Y —^H x Y factors through D c; H x Y if and 
only if f factors through H, c H. 


Proof. We can assume Н, Y to be affine and then apply the previous lemma. 


We shall now prove a lemma which is essentially the same as ([14], Lemma 4.1). We 
need it in this form. : 
Let Y bea projective scheme and La very ample line bundle on Y. Let T be a scheme and 


V, T x X,i=1,...,r, vector bundles on T x X. Let V, be the sheaf of sections of V;. Then 

the scheme V, is Spec(S(V*) where V* is the dual sheaf of V, and S(V*) is the symmetric : j 
algebra of Vf. Let V=@{_.,V;, Then V=Spec(SVt)@---@S(V*)), since 3 
S(V*) = S(Vf) G--- &S(V*). The S(V*) are N-graded algebras and hence S(V*) has i - 
a natural N’-gradation. Let C c V bea closed subscheme of V and .7 the sheaf of ideals of E^ 


Cin V Wecall C a multiconeif.* is homogeneous with respect to the N’-gradation of S(V*). 

Let (Sch/T) be the category of schemes over T. Let n = n(C/T x Y):(Sch/T)- (Sets) 
be the functor which associates to an ($ T)e(Sch/T) the set Hom, ,,(S x Y, C) of 
T x Y-morphisms of S x Y into C. For a T-morphism f:S' >» S, n(f) is defined to be 
pulling back by f. 

Letp;: T x Y Tandp,: T x Y Y bethe projections. Fix an integermsufficient- — — 
ly large such that H'(Y, У, (т)) = 0 for all te T, where V; (т) is the restriction of 4 
V(m)= У,®ру(1”")їоїх Y= Ү([11], Lecture 7, p. 49). m? 

Let #; = pz, (V;(m)) and ж = pr (V(m)) = 5, j. Then J£; and Ж are locally (се 
(117, Lecture 7, p. 51). Let Н, = Spec(S(7#)) be the vector bundle on T correspondin os 
the locally fezeosheaf/KgandoALes S pne S Eki Aba NREN e Folna S — 
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3.21. Lemma. The functor т defined above is representable by a closed subscheme N of 
the scheme H. 


If C is a multicone in V = ©;_; V; then N is a multicone in H = ©; ,H;. 


321.1. COROLLARY 


If C is a multicone then the set 


te T 


is a closed subset of T. 


1) 31 


3(01,...,0,)en(ta T) c H*(Y, V)2 Ф HY, V;,) "M 
that o;#0 as а section of Vj, Vj = 1,..., r 


Proof. Let se H9(Y, L”) be a non-zero section and D the divisor of zeros of s. We then 
have an exact sequence 


060-1" L"@0,-0, (1) 


where O (resp. О) is the structure sheaf of Y (resp. D) (see [11], p. 63). Pulling back (1) 
by py and tensoring by V we get the following exact (ру is flat, V is locally free) sequence 
on T x Y. 


02 V> V(m) 7 0, (2) 


where 7 = V(m)@p}Op. 

Let r, = n(V(m)/T x Y) (resp. ro = n(V/T x Y)) be the functor from (Sch/T) to 
(Sets) which associates to (f:S— T) the set Hom, ,,(S x Y, V(m)) = H9*(S x Y, 
(f x idy)*(V(m)) (resp. Hom; ,,(S x Y, V) = H*(S x Y.(f x idy)*(V))). 

Pulling back (2) by f x idyto S x Y (whichisequivalent to pulling back (1) by the flat 
morphism py°(f х idy) and tensoring by the locally free sheaf (f x idy) (V)) we get the 
following exact sequence on $ x Y 


0— (f x idy)*(V) (f x idy)*(V(m) 5 (f x id,)* 7 — 0. (3) 


The cohomology exact sequence of (3) gives л,(5) c л, (5) so that r, is a subfunctor of 
Tm: Since C is a subscheme of V clearly л(5) < л,(5). We shall prove that л„ is 


represented by the T-scheme Н = Spec(S(2£*)) 5 T and л, and л are represented by 
closed subschemes of H. 
Since p, is a projective morphism and V(m), being locally free, is flat over T and 


H!(Y, V,(m)) = Oforevery te T we have ([11], Lecture 7, pp. 50-51) 2£ to be locally free 
and for any morphism f:S — T the natural morphism 


f * (20) 9 ps, (f. x idy)* (V(m))) (ж) 
is ап isomorphism. We then һауе the following sequence of natural isomorphisms: 
n, (S) = H°(S x Y¥,(f x idy)*(V(m))) 
= H°(S,ps((f x idy)*(V(m))) 
~ Нобе f *()) (by 


* 
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~ Hom,(S, f *(H)) 
< Hom,(S, Н). 


It follows that z,, is represented by Н. 

Let с be the universal section in H°(H x Y,(p x idy)*(V(m))) (i.e. the element 
corresponding to identity in Hom,(H, H) in the above identifications). Let ср be the 
restriction of a to H x D. On H x Y we have the exact sequence (corresponding to (3)) 


0—(p x idy)*(V) 5 (p x idy)*(Vim)) Š (p x idy)*(7)— 0. (3) 


The sheaf (p x idy)*.7 has support on H x D and its restriction to H х D is a vector 
bundle which we denote by W. For the vector bundle W — H x D, '° cp gives a section. 
Let M be the closed subscheme of H x D which is the pull back of the zero section of 
W by f’°ap. Apply Lemma 3.20 to get a closed subscheme №, of H such that any 
morphism f:S— H factors through №, if and only if f x idp:S x D—H x D factors 
through M. It is easy to see that the ideal sheaf of M in H x D is homogeneous with 
respect to the natural N’-gradation induced from S(.#*). Therefore by Lemma 3.19 the 
ideal sheaf of N, in H is also homogeneous. 

We claim that N, represents the functor ле. It is enough to show that the element 
(f x idy)*(c)in n, (S) corresponding to f eHom(S, Н) lies in л,(5) if and only if f factors 
through No. Since the restriction of joe to No x Y (i.e. pullback by No x YS H x Y) 
is zero we have that if f factors through No then (f x idy)*(c)is zero. This implies by (3), 
(f x 14;)*(с)єп, (5). Conversely if (f x idy)*(c)eng(S) using (3), B°((f x idy)*(c)) = 
(f x idy)*(B'?c) is zero. Hence (f x id5)*(f'?a5) is zero. But this implies that f x idp 
factors through M and hence f factors through No. 

Therefore py: No > T represents ло where p, is the restriction of p: H > T. The universal 
section in H?(N, x Y,(po x idy)*(V))isc given by the pull back ofa by Ny x YGHx Y. 
Let M, be the subscheme of Nọ x Y which is the pull back of the subscheme 
(Do X idy)*(C) = (po x idy)*(V) by co. If C is a multicone in V the sheaf of ideals of M, 
in Ме x Y is homogeneous with respect to the natural N’-gradation of the structure 
sheaf of No x Y. (Since the ideal sheaf of N, in H is homogeneous the structure sheaf of 
N, has a natural N’-gradation which gives the N’-gradation on the structure sheaf of 
No x Y) 

Again applying Lemma 3.20 we get a closed subscheme N c N, such that any 
morphism f:S > N, factors through №, if and only if f x idy:S x YN, x Y factors 
through M,.Itis then easy to see that N represents the functor л. By Lemma 3.19 if C is 
a multicone the ideal sheaf of N in N, (and hence in Н) is homogeneous. This completes 
the proof of the lemma. | 

To prove {һе corollary note that if C is a multi-cone in V we have proved that 


N = Spec(S(2£ 1) & --- @S(HF)/J) 


where J is an N'-graded ideal of S(#*) & --- @ S(#*). Such an ideal defines a closed 
subscheme О of Proj(S(2£)) x --- x Proj(S(2£*)) and clearly the set defined in the 
corollary is t(Q) where c: Proj(S(J£ £)) x ··· x Proj(S(#*))— T is the projection. 
Since т is a proper morphism т(О) is closed in T. 


3.22. Lemma. Let ё» S x X bea family of semistable G-bundles. Let P be a maximal — 
| parabolic sagr Gupkaf'Ghalivhiyelnity Herdoan Denectiehongaesero ns ouhialagesarates the group 
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of characters of P which are trivial on Zo. Let L be a line bundle of degree zero on X. 
Then the set 


SpL— es 


is a closed subset of S. 


©, has an admissible reduction с of structure 
group to P such that y,c* Ez L 


Proof. Let Y =S x X and č =S x L. Then č, x č is a C* x G-bundle on Y. Let P be 


Y 
the subgroup {(z(p), p)|peP} of C* х G. It is a closed algebraic subgroup of C* x G 
since it is the image of the homomorphism P > C* x G, p++(z(p), р) ([2], (1.4), p. 88). 
Under the projection C* x GG, P maps onto P. Therefore, the projection ё, x č = č 
: 


induces č, x č/P—>č/P. A reduction of structure group of č, x č to P gives, by 
Y 2н Y 
composing with č, x č/P ¬ €/P, a reduction of structure group of č to P and it is easily 
Y 


checked that у, (&[Р]) is isomorphic to €,. Conversely one can check that given 
a reduction of structure group c of č to P such that 7, с* č is isomorphic to 2, then there 


is a reduction of structure group of €, хё to P which when composed with 
= Y 
21 X С/Р č/P gives back о. By Lemma 3.16 there is an irreducible representation 


p:G — SL(V) with a line (v) c V such that P = {geG/p(g){v} = {v} ) and p(p)v = z(p)v 
for peP. Let C* x G act on Hom(C, V) by (2,9) f = p(g)» f ?^z ' where zeC*, geG, 
f eHom(C, V) and we have denoted by 27 ! the multiplication by the scalar 2 !eC*. 
Let fpe Hom(C, V) be defined by /,(2) = 2:1. Then the stabilizer of fọ in C* x G is 
P and hence C* x G>Hom(C, V) is given by (z,g)(z,g) fo which induces an 
isomorphism of schemes of C* х С/Р with the orbit C of f, under C* x G (C is locally 
closed in Hom(C, V) and endows it with the canonical reduced subscheme structure, 
(cf. [2], (1.8), p. 98)). Let C be the closure of C in Hom(C, V). Since C is invariant under 
scalar multiplication in Hom(C, V), C taken with the canonical reduced scheme 
structure is a cone in Hom(C, V). We claim that C = Cu (0). Clearly 0єС. Suppose 
0 # f eC. Since C is locally closed, C is also the closure of C with respect to the strong 
(Hausdorff) topology. Therefore, there is a sequence p(g,)? f,°z, ! tending to f, with 
9,€ G, z, € C*. Let K be a maximal compact subgroup of G. Then G = K-P ([14], proof 
of Proposition 2.1, p. 130). Write д, = k,p, with k,eK, p,eP. Since K is compact 
we can assume that lim, „kK, = К. Then lim,- o(p,)? fo?z, ! = p(k) 1° f so that 
(p(p,)9 fo?z, N) = (x(p,)z; 2)u tends to p(k)’ f(z). This implies lim, ,., y(p,)z ^ = Zo: 
Therefore. p(k)" f(z) = 22°0 = (792,)(2), since f #0, 2, ¥ 0 and we have f = (zo `, k) fo. 
Therefore f €C. Thus we have proved C = Cu {0}. Xs 

A reduction of structure group of č, x č to P is given by a section of $i x &/Р = (č; х 5 
(C* x С/Р) = (£, X ®)(С). The inclusions CcCcHom(C,V) induce the inclusions 
(či х &)(С) = (č; x SO) c Ci X ¢)(Hom(C, V)) (See 82.4). 

By Lemma 3.21, the set $7, of points seS such that (č, x &)(C) = (L x &)(C) has 


a non-zero section is a closed subset of S. We shall now show that Sf , = S, у. Clearly 
OP Suppose 5є5р г. Then we have a non-zero homomorphism o:L—¢,(V). 
Since deg L = 0 and &,(V) is a semistable vector bundle of degree zero (Proposition 3.17) 


it foliowsdhatedsanimisction (lia) droposition 3.1.2; 306). hisdmplies that o factors 
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through the open immersion (L x €,)(C) © (L x & (C). Therefore L х č, has a reduction . 
to P and hence seS, у. 


3.23. Lemma. Let & —^ S x X be a family of semistable G-bundles. Suppose there exist 


(1) a dense open subset T of S 
(ii) a reductive subgroup Mo of С of maximal rank and 
(iii) a stable M,-bundle Eo 


with the following property: For every te T the G-bundle €,— X has an admissible 
reduction of structure group о to a parabolic subgroup О having M as a Levi component 
such that the M,-bundles é,[Q, Mo] and Eg are isomorphic. Then for all seS gr €, is 
isomorphic to E,(G) and hence the G-bundles č, for any seS are all equivalent. 


Proof. We can assume without loss of generality that S is reduced, irreducible and 
affine. We shall prove the lemma by induction on the semisimple rank of the structure 
group. 

Suppose M, = G. Let S x Ey >S x X be the trivial family of G-bundles given by Eg. 
Let p:G 5 GL(V) bea faithful: representation and V = V, @---@ V, be a decomposi- 
tion into irreducible subspaces. Let p;:G —^ GL(V;) be the representation of G on V; 
induced by p. Define 


C={(p,4,(g),---,p,4,(g))EGL(V)|7;EC*, ge G]. 


Let C be the closure of C in ©'_, End V,. We consider C as a closed subscheme of 
Ф End V; with the reduced structure. Note that C is an open subscheme in C and C is 
a multicone in @ End V;. By the hypothesis of the lemma and assumption M, = G, for 
te T we have an isomorphism ф,: Ey > €,. We can interpret q, as a section of the fiber 


bundle (z x 3 (G) with fiber G associated to the G x G bundle Eo ž č, for the action 
x 


of Gx С on G given by (g,,92)(h) =92hg;*, g,,g;, heG (cf. [17], $3.5, Example, 
p. 1-19). Since p is faithful one can identify G with the locally closed subscheme (taken 
with reduced structure) p(G) of C c @ End V;. We extend the action of Gx G to т 
Ф End V, by setting (g1, 95) f = p(93)? f° P(g91) ',91,9:єСапаі fe@ Епа V;. Then g, 


gives a section of (Eg x €,)(C) = (s о) г) (С). By Corollary 3.21.1 it follows that 
sxx Jı 


(S x Eo) x z) (C) has a section for any seS which induces a non-zero endomorphism 
SxX /s 


f EQ(V;) for every i. Then by ([14], Proposition 3.1) such a section gives rise to 
a G-bundle isomorphism of E, with £,. This proves the lemma when M, = б. In 
particular if G is of semisimple rank zero then G ~ C*" and any reductive subgroup of ; 
maximal rank has to be C*". Therefore we have proved the lemma in the case of 7а 
semisimple rank zero. (When С = C*", alternatively, the lemma follows by observing 
that the C*"-bundle č is merely an n-tuple of line bundles 7, — S x X and by the 
hypothesis the morphism from $ into the Jacobian (of suitable degree) of X determined 
by 2, is constant on Т and hence on 5.) 

Now assume M, is a proper subgroup of G. Let P;,..., P, bea set of representatives _ i 
Y conjugacy classes of parabolic subgroups of G containing M, as a Levi component. Let 


., P! bemaximal paca DALRA barounso Reb. а by Birdundcionush Let x; be the _ 
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dominant character of P; and let L; = y;, (Eo). Since a reduction of structure group to 
P, can be considered in a natural way as a reduction of structure group to P; > P, the 
hypothesis of the lemma implies that T c oj. , Sp у where Sp у is the set of points 
seS such that č, has a reduction of structure group to P’ such that y, c* ¢, & L; Since 
T is dense in 5 and each 5р, у. is closed (Lemma 3.22) we have $ c Uj_, Sp: у. But we 
have assumed that 5 is irreducible. Therefore 5 = Sp for P= P;, L= Г, for somei. Let 
P = M*U be a Levi decomposition chosen such that M, c M. 

For this parabolic subgroup P and its dominant character 7 let the cone C c 


Hom(C, V) be defined as in the proof of Lemma 3.22. Then B KIG yo is a cone in the 
\ Y 


vector bundle G x 2) (Hom, И)) > 5 x X, where Y = S x X. By Lemma 3.21, we 
е 
have an S-scheme р:Н —S representing the functor л defined by z(S'2$)- 
Hom,, x (s x X, (а х 3:3] Moreover Н is ofthe form $рес(5 (2 )/J) for a locally 
2 


free sheaf 2 on S and a homogeneous ideal J of S(.Z). Let 2:5 > H be the zero section 
(LEGA IT], 88:3) and H' = H — &(S). Let p': H' > S be the restriction of p to H’. Let o be 
the universal element in z(H). Let & =(р' x idy)*(E,) and ё —(p' x id, )*(£). Then 


o gives a section of (a x | (C) H' x X. Asin the proof of Lemma 3.22, this section 
2 


factors through Ё x ЭС S 6 x J (C). It follows that the G-bundle & > H' x X 


has an admissible reduction of structure group Ж' to P — M-U. Let č” = &[P, М]. 
Since č, © 6,0, for heH, the reduction of structure group Ж, of č’ induced by Ж gives 
canonically a reduction of structure group of € nn Which we denote by J^,. 
Let w:H’—Proj(S(F)/J) апа F:Proj(S(F)/J)>S be the natural morphisms 
(LEGA, II], $8.3). Since 5 = Sp z, we have that p' is surjective. Since р = TOT is 
surjective. Therefore, т being proper and surjective and S being irreducible there is an 
irreducible component of Proj(S(F)/J) which maps onto S. It follows from ([EGA, II], 
Corollary 8.3.6, p. 165) that the irreducible components of Proj(S(F)/J) are the images 
under z' of the irreducible components of H'. Therefore, there is an irreducible 
component Н” of H' which maps onto S. Let p" be the restriction of p to H”. Let us 
denote by the same letter ¢“ the restriction of the M-bundle č” = &[P, M] to Н” x X. 
The open subset T" = p~ ! (T) of H” is dense since Н” is irreducible. Let t” = р” *(t) for 
te T. Then 2.274, J£ £6, where q:P ¬ M is the projection. Since te T there is a reduc- 
tion of structure group w of & to a parabolic subgroup Q with M, as a Levi component 
such that j, qo, w* & Fj, Ey where qg:Q — Mo is a projection and j: M, G С is the 
inclusion. We can assume that (Р, Q) is compatible with (7£;., уу). Using Lemma 3.11 we 
see that we have reduction of structure group J£. ^ w of the M-bundle q, J^ * £, лд č, to 
the parabolic subgroup M ^Q of M which has M, as a Levi component. Also for this 
reduction &,[MoQ, Mo] & Ey by 3.11 (iv). This shows that for the M-bundle 
”—› H" x X the conditions (i), (ii) and (iii) of the hypothesis of the lemma are satisfied 
(with ‘T’ = T",'M o = Mo and ‘Eg = Eo). Since the semisimple rank of M is one less 
than that of G we can apply the induction hypothesis to conclude that gr ё ~ E,(M) for 
all heH”. But this implies that gr(q, Xf č pm) = Eo(M) ~ gr(Eg(M)). Therefore by 
3x: £38 pul казар (09h n allasierSSoltection. Digitized by S3 Foundation USA 
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3.24. PROPOSITION 2 
Let E be a semistable G-bundle. Then 


(i) if in a family of semistable G-bundles ES x X we have ё x E for t varying in 
a dense open subset of S then č, is equivalent to E for all seS. 
(ii) there exists a family of semistable G-bundles £ —^ € x X such that for 0+ zeC, 


€. £z E and éo gr E. 


Proof. (1) follows from the preceding lemma and (ii) follows from Propositions 3.5 and 
810; 
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Abstract. Let D bea division algebra of degree three over an algebraic number field К and let 
С = SLp. We prove that the normal subgroup structure of G(K) is given by the Platonov- 
Margulis conjecture. The proof uses the classification of finite simple groups. 


Keywords. Division algebra; finite simple group. 


1. Introduction 


Let G be a simple simply connected algebraic group over an algebraic number field K. 

To formulate the conjecture, due to Platonov and Margulis (cf. [11], ch. IX), describing 

the normal subgroup structure of G(K), we let T be the (finite) set of all nonarchimedean 

places v of К such that С is K,-anisotropic, and define G(K, T) to be II per G(K,) with 
. the topology of the direct product if T = 0, and let G(K, T) = {e} if T = 0 (which is 
always the case if Gis not of type A,). Let 6: G(K) > G(K, T) be the diagonal embedding 
in the first case, and the trivial homomorphism in the second case. Then the Platonov— 
Margulis conjecture is stated as follows: 


for any noncentral normal subgroup N c G(K) there should be an open 
normal subgroup W c G(K, T) such that N=6~'(W); in particular, if 
Т = 0, the group G(K) should not have any proper noncentral normal 
subgroups (i.e. should be projectively simple) [PM]. 


(the topology on G(K) induced from G(K, T) is usually referred to as T-adic, and in this 
terminology (PM) asserts that every noncentral normal subgroup of G(K) should be 
— T-adically open (or equivalently, T-adically closed (cf. [11], 9.1))). 

By now, this conjecture has been proved for almost all K-isotropic groups and most 
iK-anisotropic groups of type different from А, (cf. loc. cit). So, major attention is 
currently focussed on the main remaining case of anisotropic groups of type A,. The 
fürst result dealing with (PM) for this case was obtained in [9]; it was shown that for 
С = SL, p. D a quaternion division algebra such that T= Ø, the group G(K) is perfect 
(i.e. G(K) = [G(K), G(K)]). Note that for G — SL, p, the set T introduced in the M 
st'atement of (PM) coincides with the set of non-archimedean places v of K such that 
D,, = Р @ K,isa division algebra. Using some methods from [9], Margulis [8] proved — ~ 
(РМ) for G = SL, p where D is an arbitrary quaternion algebra, in full. The technique of , 
[9] was extended in [10] to division algebras of arbitrary degree to prove (under some 
miinor restriction on the dyadic ramification places of D) that the commutator 
sulbgroup [G(K), G(K)] is always T-adically open in G(K). Subsequently, Raghunathan 
t12] lifted the restcictienrirapesgcendyimdolr]candiprowedd bass roeseugenexally, the 

а ; 329 


Re 


330 Andrei Rapinchuk and Alexander Potapchik 


commutator subgroup [U, U] of any T-adically open subgroup U c G(K) is again 
T-adically open. Finally, Tomanov [17] gave reduction of (PM) for G — SL, p to 
division algebras of odd degree; in particular he proved (PM) for all algebras of degree 
2". [n the present paper we prove (PM) for G = SL, p where D is a division algebra of 
degree 3. This is the first result on (PM) for division algebras of odd degree, and by 
Tomanov's theorem it implies (PM) also for all division algebras of degree 3:2“. 


Theorem 1.1. Let D bea central division algebra over K of degree 3, G = SL, p. Then the 
normal subgroup structure of G(K) is given by (PM). 

The proof of this theorem is based on methods which are essentially different from 
those employed in the previous works on (PM). Its main feature is the usage of (CSG), 
the classification of finite simple groups. (By (CSG) we mean the statement that any 
finite non-abelian simple group is either a group of Lie type or an alternating group, or 
else is one of the 26 sporadic groups, cf. [1].) To be more precise, (CSG) is used at two 
places in the proof of Theorem 1.1. One of them is so-called push-up theorem (cf. 
Theorem 2.1) which claims that if for G = SL, p, D a division algebra of arbitrary 
degree, the group G(K) fails to satisfy (PM), then there exists a normal subgroup 
N c D* such that the quotient D*/N is a finite non-abelian simple group. Actually, the 
proof of this assertion uses not (CSG) itself but its following important consequence 
(Theorem 2.4): any class-preserving automorphism of a finite simple group F is inner. 

This result suggests the following conjecture which can be regarded as a generaliz- 
ation of (PM) to division algebras over arbitrary field: let D be a finite dimensional 
algebra over an arbitrary field; then D* does not have any normal subgroup N such that 
D*/N 1s a non-abelian finite simple group. 

In the present paper, we prove this conjecture for algebras of degree 2 and 3, which 
yields Theorem 1.1 and gives an alternate proof of Margulis theorem [8]. The 
argument for algebras of degree 2 actually imitates the proof of Theorem 3 in [9] and 
does not use (CSG), while consideration of algebras of degree 3 is based on a new 
approach. 

First, we show that all quotients of D*, D a division algebra of degree 3, satisfy 
a certain abstract property (called here property (C), cf. $ 3), and then prove that, on the 
contrary, none of the (known) finite non-abelian simple groups has this property (cf. 
Theorem 3.5). The proof of Theorem 3.5 takes the major part of this paper, and it is the 
other spot in the proof of Theorem 1.1 which depends on (CSG) (note that here the 
dependence on (CSG) is stronger than in the proof of the push-up theorem, viz. to 
handle the sporadic groups, we use detailed information about centralizers of elements 
from [1 ]). 

We hope to apply the technique of this paper to other division algebras too. 
Apparently. this might be done via a more thorough analysis of “additive” properties of 
multiplicative normal subgroups in D* of finite degree. (Some important results in this 
direction were obtained in [3], [18].) So, in $7 we describe some additive properties 
that might enable us to prove (PM). 


2. A push-up theorem 
Theorem 2.1. Let D be a finite dimensional division algebra over an algebraic number 


field K. If SL, p fails to satisfy (PM) then there exists a normal subgroup N c D* such 
that D*/N is a non-abelian finite simple group. 
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Proof. It is easy to show (cf. [11], Lemma 9.2) that the assertion of (PM) is true for 
a noncentral normal subgroup N c SL,(D) if and only if N is T-adically closed (in 
SL,(D)) Therefore, our assumption entails the existence of a normal subgroup 
M c SL,(D) such that M z M where the bar denotes closure in SL, (D) with respect to 
the Tadic topology. Obviously, M contains a T-adically open subgroup V c G(K) 
which is normalized by D*. Then Мс V = MoV = V and 


(Mo И) Мои) = М/М ¥ {е}, 


so we may (and we will) assume that M is normalized by D*. Furthermore, by 
Margulis's finiteness theorem (cf. [7]), M is of finite index in SL, (D); in particular, the 
group M/M is finite. Pick a subgroup B, with M c B c M, which is normal in M and 
such that F — M/B is a nontrivial simple group. As we mentioned in the introduction, 
by Raghunathan's theorem (cf. [12] or [11], Theorem 9.3) the commutator subgroup 
СМ, M] is T-adically open; therefore, F cannot be abelian, as B = M. If m = [SL, (D): M] 
then M contains the subgroup C = <x”) generated by m-th powers of all elements 
xeSL,(D). Then C is normalized by D* and, again by Margulis’s theorem, has finite 
index in G(K). Since 


CcR- () (g^! Bg) 


geD* 
R has finite index in SL, (D) as well. For any geD*, we have g^! Bg c M and 
M/(g Bg) x M/B = Е 


implying that M/R is a direct product of a certain number of copies of F; in particular, 
M/R is a perfect group. To show that in fact R = B, or equivalently, B is normalized by 
D*, we need the following statement (cf. [12], Proposition 3, or [11], Proposition 9.3). 


PROPOSITION 2.2 


Assume that N c SL, (D) is а non-central subgroup normalized by D*, and for xeD* let 
C(x) = {yeD*| Lx, y]EN} (where, as usually, [x,y] =хух ty +). Then for any xeN we 
have D* — C(x)N. 

Ап automorphism of a group is called class-preserving if it preserves all conjugacy 
classes. 


COROLLARY 2.3 


Inner.automorphisms of D* induce class-preserving automorphisms of N/N. In particu- 
ltr, any intermediate subgroup P, N c P c N, normalized by №, is a normal subgroup in 
DE 
To apply this fact in our situation, notice that R = M. Indeed, being of finite index in 
SL (D), the subgroup R cannot be central, and then, it follows from the structure of 
local division algebras (cf. [14]) that M/R is soluble; on the other hand, as we have seen 
above, in our case M/R is perfect. Now, we obtain from the corollary above that B is 
a normal subgroup in D*, as required. Using this corollary once more, we conclude that 
қ the action of D* оп Е = M/B induced by inner automorphisms is class-preserving, and 
^^ wemayapplythe following fact from the theory of finite simple groups (W. Feit, private 


communicatione о. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


EST. 


332 Andrei Rapinchuk and Alexander Potapchik 


Theorem 2.4. Let F bea finite simple group. Then every class-preserving automorphism 
of F is inner. 

It follows that the image of the homomorphism «:D* > Aut(F) defined by the above 
action, coincides with Int(F). So. letting N = Ker(x) we have D*/N = Int(F) =F. 
Theorem 2.1 is proved. m 


COROLLAR Y 2.5 


(PM) for SL, , is equivalent to the non-existence of normal subgroups N < D* such that 
D*/N is a non-abelian finite simple group. 

Indeed, as we already mentioned in the proof of Theorem 2.1, it follows from [14], 
that for any T-adically open normal subgroup M = SL, (D) the quotient SL, (D)/M is 
soluble. This fact combined with (PM) implies that for any normal subgroup N c D* of 
finite index, the image of SL, (D) in D*/N is soluble, and therefore the group D*/N is 
itself soluble since SL,(D) = [D*. D*]. 

At present, there does not seem to be a reasonable way to control all possible 
quotients of the multiplicative group of a division algebra; however. the following 
conjecture, which can be regarded as a generalization of (PM) to division algebras over 
arbitrary fields, appears to be plausible. 


Conjecture (FSQ). Let D be a finite dimensional division algebra over an arbitrary 
field. Then D* does not have any normal subgroup N such that D*/N is a non-abelian 
finite simple group. 

The rest of the paper is devoted to proving this fact for two particular cases. 


Theorem 2.6. Conjecture (FSQ) holds true for division algebras of degree two and three. 


3. Proof of theorem 2.6 


First, we consider the case of D a quaternion division algebra. The argument here is 
based on the following statement. 


Lemma 3.1 (cf. Lemma 4 in [9]). Fix some maximal subfield Lc: D. Then any element 
zeSL,(D) can be written in the form z=[x,y] for suitable xeD*. yeL* where 
[х,у] = xyx ^ ! y^! is the commutator of x and y. 


Proof. Fix zeSL,(D) and consider the following linear homogeneous equation for y: 
Trd, (y) = Trd, & (zy). (3.1) 


Since dim,(L) = 2, (3.1) has a non-zero solution YEL. Then the elements y and zy have the 
same characteristic polynomial and therefore, they are conjugate in D by the Skólem—- 
Noether theorem. Thus, zy = xyx~! for some xe€D*, and z = [x, y] as required. та 


Let now N c D* be a normal subgroup such that F — D*/N is a finite non-abelian 
simple group. Pick a maximal subfield Lc D and let А denote the image of L* in F. 
Then by Lemma 3.1, the set of commutators { [x, y]|x€F, ye A} coincides with F and 
the proof is completed by the following elementary. 


Lemma 3.2. Let F bea finite simple group. If for some abelian subgroup A = F the set of 
commutators Y(A) = {Lx, y]IxeF, ye А} coincides with F, then F = (e). 
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Proof. We have 


=U ۲۵ 


acd 
where Y (a) = { [x,a ]|xeF}. Since A is abelian, any two elements in the same right coset 
modulo А define the same commutator implying that 


#Y(a) < [Е: А] 


for any ae A. Besides, for the unity element еє А we have Ү(е) = {e}. Therefore, 


#F=#Y(A)< Y Y(a-1«(&A—1)[F:A]9- 1 2 F + (1 — [F:A]). 


ae A tei 
forcing F = A and eventually F = fe}. а 


The given proof of Theorem 2.6 for quaternion division algebras is close to the proof of 
Theorem 3 in [9]. Note, that Theorem 3 in [9] combined with Theorem 2.4 above (which, 
as we learned later, was already known at that time) implies that if for a quaternion 
algebra D over an algebraic number field, the set T'introduced in the statement of (PM), is 
empty then SL, (D) is projectively simple (К neser's conjecture [6] generalized later in the 
form of (PM), and proved in that form for quaternions by Margulis [8]). 

The proof of Theorem 2.6 for division algebras of degree 3 is much more complicated 
(and longer). First ofall, we need to introduce one group-theoretic property. Let F bean 
abstract group. For any xeF let С (х) denote the centralizer of x in F, and for x, ye F let 


Cr (x; y) OE)! 


zeyC,(x) 


Ек(х, y) = Cr(x, y) Cp(x) Ce(x. y). 


DEFINITION 3.3 

We say that F has property (C) if Ep{x, y) = F for any x, ye F. 

This property looks rather odd and, to the best of our knowledge, has never appeared in 
the literature before. However due to the following statement, it plays an important role 
in the proof of Theorem 2.6. 


PROPOSITION 3.4 


Let D be a division algebra of degree 3. Then its multiplicative group D* satisfies property 
(C), and so does any of its quotients. 


Proof. Clearly, it suffices to prove (C) for D*. Fix x, yeD* and put L — K(x). Then 
obviously L* c C(x) (we shall omit the subscript D*), and there is nothing to prove if 
either xeK or yeL. Otherwise, V = L + yL is a 6-dimensional K-subspace in D, and 
since dim, D = 9, we have V ^ (aV) 5 (0) for any aeD*; in other words, ae(VN(0))(VW(0))- !. 
"То prove that E(x, y) = D*, it remains to notice that V\(0) = C(x, y) C(x). Indeed, let 
tt = c + yd where c, de L*. If c = 0 then t = ydeC(y)C(x) = C(x, y) C(x). Otherwise, 
t= (1 + y(dc ^ !))ceC(y(dc" *)) C(x) c C(x, y) C(x). 
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Now, Theorem 2.6 is a consequence of the following result which seems to be of 
independent interest. 


Theorem 3.5. None of the (known) finite simple groups has property (C). 

(Note, that by a "known" finite simple group we mean one of the following: an 
alternating group, a finite group of Lie type or one of 26 sporadic groups, and (CSG) is 
the statement that all finite simple groups are known). 


4. Proof of Theorem 3.5 for groups of Lie type: Generic case 


For most groups of Lie type and for the alternating groups, it is possible to prove 
a stronger result than Theorem 3.5. Namely, with notations as in the previous section, 
for elements x, y of a group F we let К.(х, y) denote the subgroup in F generated by 
Cp(x) and C,(x, y). Then we have the following theorem. 


Theorem 4.1. Let F be either an alternating group A, (n > 5, n 8) or one of simple 
(adjoint) Chevalley groups (normal or twisted) not in the following list: 


(i) PSL,(q), where either q = 2, or n = 3, q = 4, or else n = 4, q = 3; 
(ii) РЅ0 (42), where q =2 or q = 3, n = 4; 
(ш) PSP2n(4), PQ (Ff, 9), E-(4), E s) and F ,(q) where q = 2 or 3; 
M 2р, (д), Es(a) and ?Es(q?), а = 2; 


(у) 6,(4), а= 3. 
Then there exist elements х,уєЕ such that Кь(х, у) Æ Е; in particular F does not have 
property (C). 


We begin the proof with the alternating groups which naturally require a sort of 
special analysis, while all other groups of Lie type are treated in a more or less uniform 


way. 
Alternating groups. Let F = A,. First, consider the case of even n > 10. Letting 
l= (n — 4)/2, we introduce the following subsets J ,(j = 1,2, 3) of the set J = (1,2,.... n): 


I, = {1,2}, = (3,...,24-1, 14 = (3--L...,3421 2 n— 1). - 


Obviously, #1, = l, #1, = l + 1, and since n > 10, we have | > 2. Now, let x = x, X3 X3, 
where x; is a cyclic permutation of /;. Then each of Is is invariant under the Gotb 
CEO: Pick yeF such that y(n) = папа y(/j) ^1; = Ø for each j = 1,2, 3; for example, one 
can take 


у= (1,3 + 12,4 +1, ...,3 + 21,2 +0. 


For any zeC,(x), and t = yz we have the following: t(n) = n and t(/) 1; = 0 for each i 
j = 1,2, 3, in particular the fixed point set J‘ is (n). So, n is fixed by every centralizer 
C,(t), teyC,(x), and therefore also by R,(x, y), implying that Кь(х, y) # F. 

Next, we consider the case of n= 1 mod (4), n > 17. Here we let | — (n — 7)/2 and 
define the subsets I; c I = (1,2,...,n) (j = 1, 2,3, 4) as follows: 


I; = {1,2}, 15 = (354,5), 14 = (6,...,5 4-1), 


= {6 +1,...,64+2]= 1}. 
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Since #1, =l, #1,=1+ 1, and l> 3, the element x 2 x,x5;x4x4 where x; is a cyclic 
permutation of I;, has the property that each of 175 is invariant under (б (бэ) Then 
letting 


5+1 


у= (1,3,6,6 +1)(2,4,7,7 + D(5,n — 1): [T Git), 
j=8 


we see just as above that the group R,(x, y) fixes n, and therefore is a proper subgroup of 
К: 
For n=3 mod (4), n > 7, we set [= (n — 1)/2, 


I, = (5... (о 


апа let X = x, X, where x; is a cyclic permutation of /;. Since l is odd, the centralizer 
Сь(х) is ME by x, and x5; and therefore leaves each of 1/5 invariant. Then one 
can take 


and argue as above. 

Remaining small n’s require special treatment. 

Assume that n = 5 and let x = (1, 2)(3, 4) and y = (1,2, 3). Then the centralizer C p(x) is 
the Klein group 


te. (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}, 


so any t = yz, where ze C(x), has order 3. This implies that C,,(t) = <t), so Rp(x, y) fixes 
5, and R,.(x, y) # Е. 

Since А2 PSL,(9), and the group PSL,(9) will be considered later, we don't write 
out here x and y for this case. 

If n — 9, let x =(1,2, 3,4, 5, 6, 7) erat yi (es , 7,5, 6)(8, 9). One can readily verify 
that Сь(х) = (xD, Cp) = «уу and у ! xy = х?. The last relation implies that the coset 
Cr (x) coincides with the conjugacy class t^ ! yt,te¢x>. So Rp(x, y) is generated by 
(x, у}, and therefore Rp(x, у) 4 F. 

If n=10, let x=(1,2)(3,4,5)(6,7,8,9) and y-(1,3,6)(2,7)(4, 8, 5,9). Then 
C, (x) = <(1, 2)(6, 7, 8, 9), (3,4, 5)» leaves invariant each of the following sets 


I, = (1,2), I5 = (3,4, 5}, 15 546, 7,89), 


апа y has the property that y(1;)n I; = 0 for each j = 1,2,3; so arguing as above, we 
obtain that R,(x, y) fixes 10. 
For n= 13 we argue exactly as in the previous case, with 


x = (1,2, 3)(4, 5)(6, 7)(8, 9, 10, 11, 12) 
and 
у= (1,4)(2, 8)(3, 9)(5, 10)(6, 11)(7, 12). 


We will describe now the general strategy of the proof of Theorem 4.1 for the groups 
of Lie type (excluding those listed above). So, let G be a finite simple (adjoint) Chevalley 
group, G be the corresponding simply connected Chevalley group, and д: G—Gbe the 
natural epimorphism. Then б can be obtained as the group of fixed points of a suitable 
algebraic endomorphism o:G э С of the corresponding simply connected algebraic 
group G over the algebraic closure K of a finite field. To recall the description of 


endomorphisms which occur in this set-up, we fix a maximal split torus T c G and 
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consider the associated root system К = R(T, G). Let П bea system of simple roots in R, 
R, be the corresponding system of positive roots, B be the associated Borel subgroup, 
and U be the unipotent radical of B. Then the endomorphism c required to define G can 
be written in the form 


с = бот, (4.1) 


where @ is the automorphism of G corresponding to a power of the Frobenius 
automorphism p of K where p = charK (in the sequel, 0 will also be used to denote the 
underlying field automorphism), and т is either an algebraic automorphism of G corre- 
sponding to a symmetry of II (in this case the order oft can be 1, 2 or 3) or an algebraic 
endomorphism switching positive multiples of short and long roots (this occurs only 
for the types В, = C, and F, if p = 2, and for the type С, if p = 3). Let k be the field of 
elements fixed under 0, and let | be the fixed field of 0^ if t is an automorphism of order d, 
and the fixed field of p0? if r is an endomorphism but not an automorphism. 

With these notations in mind, we proceed with our agrument. Let U be the group of 
c-fixed elements in U (i.e. U = UNG). Lemma 4.2 below shows that U always contains 
a regular element X. Suppose there exists an element ye T = To G with the following 
properties: 


(A) the centralizer Сү (ў) is contained in a proper standard c-invariant parabolic 
subgroup P c G; 
(B) Cc(o(9)) = (Cz). 


Then the elements x = ф(х) and y = ф(ў) are as required. Indeed, since X is regular 
unipotent, 


Ce(3) = Z(G) Cu(3) 
and 
Clx) = Ф(Сс(8)) 


(in the above Z(G) denotes the center of G). We will show that R(x, y) is contained in 
Ф(Р) where P = PG. Since P is a proper subgroup of G (Lemma 4.2(ii)) and С is its 
own commutator subgroup, we obtain that o (P) = G yielding the required result. Now, 
we pick an arbitrary ue Cc (x), and writing it as u = ọ(v) fora suitable ve C; (Ñ) let z = yu 
and Z — yv. Letting p be the characteristic of k as before, we can put Z in the form 
2 = 212. where both z, and z, belong to the cyclic subgroup generated by 2, and the 
order of z, (resp. z;) is prime to p (resp. is a power of p). Clearly T is a maximal subgroup 
of the soluble group B = Вг\ of order prime to p (recall that B = TU, a semi-direct 
product) so it follows from the Hall theorem (cf. [5], 89.3) that t=gz,g ЄТ for 
a suitable geU. We have 


t=2Z,(2; 502,952) = 225 (zi !gz,g !) = y[vz; (2 !gz,g *)]. 


Since U is a normal Sylow p-subgroup of B, the expression in the square brackets 
belongs to U, and we conclude that t = ӯ. Furthermore, as ф(2,) is a power of z, the 
centralizer of the latter is contained in the centralizer of the former, so we obtain the 
inclusion 


Сс(2) = Celolg *¥9)) = pl) ' e(Ca(9)) olg) © ф(Р). 
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Lemma 4.2. (i) U contains a regular element; (ii) С is not contained in any proper 
i c-invariant standard parabolic subgroup P > B. 

Proof. For «ER, let x,:K* > U, c G be the root one-parameter subgroup. Then any 

element ıe can be uniquely written in the form 


|p xal) (4.2) 
ae К 
(with arbitrary but fixed order of positive roots), and regular elements are determined 
by the condition 


и, £0 for all zeli 


(ch [15], ch. TL ТИЗ) не CRO Oan t involved in the above description of 
c induces an automorphism т* of the vector space V = X(T) 69.8 where X(T) is the 
character group of T. Let us consider the orthogonal projection z,: V > V, on the space 

. € V of *-fixed elements and define the equivalence relation on R as follows: x ~ p iff 
п,(0) = cn, (f) for some c > 0 (details can be found in (16], $ 11). Let E denote the set of 
equivalence classes with respect to ~, and let E, be the set of classes having 
a representative in А , . Then for the proof ofthe lemma it is convenient to combine the 
factors in (4.2) as follows: 


u = Hyg (EL x, (u)). 


We will show that given any acE ,, there exists a u(a)eU such that 


(a) = [| x,(u,) (4.3) 


and E 
~ 0 for all xean I. (4.4) 


Itis known that the roots belonging to ae E , form a system of positive roots in a certain 
root system R(a), and for each case there is an explicit description of the set U, of 
elements of the form (4.3) which are fixed by c, i.e. belong to U (cf. [16], § 11, Lemma 63). 
To be more precise, the full list of possibilities looks as follows (the fields / and k and the 
field automorphism 0 are as introduced above): 


(a) R(a)= A, and a= (al; then U, = {x,(2)| tek}; 

(b) R(a) E ,)" where n = 2 or 3; then U, = Íx-o(x):-- Ix = x(t), cea, tel}; 

(c) R(a) = = A, and a = (a, f, a + 8); then U, = {х„(г)ху(ї°)х„+ (и)! uel and tt? +u + 
u — 0} апа 02 = 1; 

(d) К(а) = С, and а= {a, 8,a +B, + 28}; then U, = {х,()х (1) х, 5,5 (u) X, p 
(t! *? + и) |с, uel} and 20? = 1. 

(e) R(a)= G, and a = (a, fj, a + B, + 28,a + 38, 20 + 3B}; then U, = {x(t Xpt) Xa+ gu): 
убт = Уруу... Ор (O E NITE. 


From this description, the existence of ue U, satistying (4.4) follows immediately for all 
cases except (c), and to handle (c) one can take t — 1 and then notice that since the trace 
map Tr, is surjective, one can find uel to satisfy the required equation, proving (i). 
To prove (ii) suppose that our parabolic corresponds to a (proper) subset A c II. Let 
aeII\A and aeE , be the class containing х. Consider the corresponding root system 


R(a) and the group G, generated by root subgroups U, for xeR(a). Then G, is stable 
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under c and PAG, = Bo G,. On the other hand, arguing as above, one can show that 
G, always contains a non-identity o-fixed element of the form 


u(—a)= [] x(u) 


ae( ~a) 


which belongs to G but not to P. The lemma is proved. a 
For convenience of reference, we formulate here one simple group-theoretic statement. 


Lemma 4.3. Let $:G, >G, be a surjective homomorphism of finite groups such that 
N = Кег(ф) is contained in the center of G,, and let xeG,. Then 


(C; (609) «Cs (х) 
(ii) if n is the exponent of N, then Cg (ф(х) © 6(C, (x")). 


Proof. Let C, = Cg (х), C; = Cg ‚(ф(х)). For ge C, we pick a lift ge ^ ! (g) and consider 
the commutator [î x]. Since Ni is central in G,,.this commutator depends only on g, 
but not on the choice of g and therefore can be denoted simply as c(g). Furthermore, 
one easily verifies that for ge C, c(g)e N, and the map 


0:C,— М, gec(g) 

is a homomorphism of groups the kernel of which is exactly $(C, ). It follows that 
£C, < (o(C,)) (SN). 

On the other hand, N c C, and therefore 

8C, 

BEN 

and we obtain (i). To prove (ii), it remains to observe that with notations as above, we have 
[5x 15 [8 x]: E, x]1x 1)..." P(g, xx "^ ?] = E. х]", 

implying that [g, x" ] = 1, and eC, (x"). [| 


#Ф(С,)= 


While Lemma 4.2 and the preceding remarks provide a uniform construction of the 
element х, the choice of J requires a case-by-case consideration of all types. 


Groups PSL,(q). Here y can be presented explicitly in the matrix form, without 
appealing to the root notations. For the Borel subgroup B (resp. the maximal torus T) 
we take the group of the upper triangular (resp. diagonal) matrices in С = SL,,. Suppose 
k = F, the field of q elements. We will show that except for the cases listed in Theorem 
4.1 and also the group PSL,(5) one can take j—diag(s,s !,1,...,1) where s is 
a generator of F7. Since q 7 2, the centralizer Cg(j) is always contained in the parabolic 
subgroup P c G consisting of matrices of the form 


а, 012 “3 «+s Qin 


а, 422 “23 . аһ 
OE (0. Gey cook |: 


0 0 йаз © : Ann 


PSL, G be th 1 
Мены: Kangri Sia) ESF) = be canonical homo morphism and W= e. 


i 
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Lemma 4.4. If д #2 then except for the following cases: 


D) n=2,q = 3); 
DAS d SA; 
3) п=4,а=3, 


we have Cg(y) = e(Ca(y)). 


Proof. Let (c Ф( v)e С,;(у)\Ф(Се(ў)) if possible. Then vjv^ ! = zy where z = diag(£,...,&), 
and 1 ¢¢€eF* satisfies с" = 1. If n>4 then ў has eigenvalue 1 with multiplicity 
n—2> 2, and since the only eigenvalue with this multiplicity for zy is ё we obtain ё = 1, 
a contradiction. [fn = 4 and q > 3, then again J has eigenvalue 1 with multiplicity 2, and 
the only eigenvalue with this multiplicity for zy is č. For n = 3, v belongs to Сс (ў?) (cf. 
the proof of Lemma 4.3) which coincides with Cg(¥) unless s? = + 1, ie. if q Æ 4 or 7. 
However, for д = 7. y has eigenvalue 1 while zj does not. In the last remaining case 
n = 2, we have ve Cg (j?) which equals Cg(¥) provided s? > + 1, i.e. if q # 3,5. ш 

Now, to complete consideration of G = PSL,(q), it remains to observe that for n = 2, 
q=3 the group С is not simple, and therefore is automatically excluded from our 
consideration, and for n = 2, q = 5, С is isomorphic to the alternating group A; which 
has been considered earlier. 


Groups PSU,(q?). The group SU, (q?) is obtained as the subgroup of G = SL, consist- 
ing of elements fixed by the automorphism c of G given by the formula 


o(x) = F !(x*)-!F, 


where xj, = (0(x;,)), 0 is the field automorphism x» x“, and 
| 0 1\ 
F= "o. 


Obviously, in this case k = F,, | = Е. Besides, since SU ,(q?) is isomorphic to SL, (q), 
we may assume that n > 3. Asin the previous case, one can take for B (resp. T) the group 
of upper triangular (resp. diagonal) matrices in G. 
If n > 4, we let ў = diag(s,s^ !, 1,..., 1, 0(s),0(s) +) where s is a generator of Ї*. Since 
q > 2, all the elements in the set (s, s^ +, 0(5), 0(s) *, 1} are distinct, and therefore С, (ў) is 
contained in a proper parabolic P > B. As in the previous case, to verify (B) it suffices to 
show that the matrices J and zp where z = diag{é,...,¢} with č satisfying č" = 1 and 
€0(€) = 1, are not conjugate unless č = 1. For n > 6 this follows from the fact that y has 
eigenvalue 1 with multiplicity n — 4 > 2, and the only eigenvalue of this multiplicity for 
zyis č. For n = 5, one should observe that 1 is an eigenvalue for y but not for zy unless 
č = 1, since the order of s is q? — 1 > 8. 
Suppose now that n = 4. If č = 1, then for s to be contained in the set of eigenvalues of 
zy, € should equal one of the elements s?, s0(s ') or s0(s). The orders of these elements 
are respectively (42 — 1)/2, q + 1,4 — 1, and the conditions on č imply that q = 3 which 
is excluded in Theorem 4.1. 
In the case п = 3 we let ў = diag(s,s~ ' O(s), 0(s) ') where s is as above. Since q > 2, all > 
the elements s,s + Ó(s) and 6(s)~ * are distinct, and therefore С = T. In verifying (В) E 
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Сс) = Cc) and Cely) € e(Cs(9)) = Ф(Сс(9)). as required. In the last remaining 
case q = 4, if s is contained in the set of eigenvalues of zj and č > 1, then č can be only 
either s^? or s3. Using the properties of č, we easily check that none of these is possible. Р. 


Groups PSp,,(q),n>2. Неге G = 5р, (/) where f is an alternating form with the 


EE | 


For B (resp. T) one can take the group of upper triangular (resp. diagonal) matrices in 
G. Let J = diag(s, 1,..., 1, 5^!) where s is a generator of the multiplicative group of 
К = Е. Since the cases q = 2 or 3 are excluded in Theorem 4.1, 5& s ' implies that 
Сс (7) is contained in a proper standard parabolic, hence (A). If p = 2, then the center of 
G is trivial, and (B) is satisfied automatically. Otherwise, for q > 3, ў is not conjugate to 
— y, and again (B) follows. 


Groups *C,(2?"*1). Since the group 2С, (2) is soluble, we may assume that m > 1. In 
this case К = Е,.,1= F,:.., and с acts on the root elements as follows: e 


z ig. a f 


۽ 0 


(In the realization of R = C, as {+ 2в,, 3-265, + в, + е, } given in ([2], table III) we 
have a = 2e,, = £, — 6.) Then acts on the elements л, (1), h,(t) by similar formulas, 
implying that T consists of elements of the form r (s) = п. (s) hg (s^), sel*. Since the center 
of G is trivial, it suffices to show that for a generator s of /*, the element к = r(s) is 
regular. Obviously, for any root y, the value y(r) is a certain power of s, to be denoted as 
|y(r)| For positive y’s, the value |7(т)| are given in table 1, which shows that there is no 
y such that y(r) = 1, hence regularity of r. 


Groups РО (},4),п > 5,4 > 3. For a non-degenerate quadratic form f over k in 
n variables we let О (f) denote the commutator subgroup of the special orthogonal 
group SO,(f), and then PQ,(f)=9,(f) if n is odd or else if p—2, and 
PQ, (f) = O,(f)/( + 1} otherwise. (Recall that if f is isotropic, which is always the case 
over a finite field, then O, ( f) coincides with the kernel of the spinor norm for p 7 2 and 
Q,(/) =80,(f) for p= 2) 

For the groups PQ,(f) the above method requires some minor modifications. Let fo 
be the split form in n variables, ie. fy = ххх, if п= 27, and 


r-1 
Table 1. 
y 0] 
2—2; =1 42t 
£ 1 i 
| 20, 2—2m*1 
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fo =X, X, to хх, 2 + X7, , if n=2r+1. It is more convenient to think of the 
occurring groups as obtained not from the simply connected spinor group Spin, (fo), 
but rather from the special orthogonal group G = SO, fo). We fix the maximal torus 
TcG consisting of matrices of the form diag(t,,...,t,,t)*,...,t;') (resp. 
Фасо p BRI ti !))forn = 2r (resp., n = 2r + 1), and also the Borel subgroup 
B c G consisting of the upper triangular matrices in G whose diagonal part is in T. 
Then the split orthogonal group SO,(fo) over k = F, is obtained as the group of o-fixed 
points for с = 0 where 0 corresponds to the field automorphism хх“, while non-split 
(but quasi-split) group SO,(f) where n = 2r, f= xX, + х, ух, + X2 + dx?,,, 
dé(—1yk*? if p 2, and f =x; X +- x, ,X,,5- dx2 + x,x,,, + dx2, ,, dek* is 
such that the polynomial dt? + t + d is irreducible over k if p = 2 is isomorphic to the 
group of c-fixed points for с = t°@ where 0 is as above, and т = Int(s), 


E | 


EO 
O m 


\ hy 


Let G = Q,(f), G = PQ,(f) and ф:50,(/) = PSO,(f) be the canonical projection. The 
same argument as before shows that it suffices to find y in T = GT with the following 
properties. 


(A’) C«() is contained in a proper parabolic P c С containing В; 
(B) Celo) = Ф(С (Ӯ). 


(Obviously (B’) is satisfied automatically if either n is odd or p = 2.) Now, suppose that 
а > 3, and let s be the generator of k* and 


jy = diag(s,s, 1,..., 1s ООЛ ^) 


One easily verifies that ў is fixed by сара has the spinor norm one in both split and 
non-split cases, so ye T. Since s#s~*, Cg(y) is contained in a proper parabolic 
containing B, hence (A') Finally, if u= (v) is in Cc(o(y)) but not in ф(Се(ў)) 
then v^! jv = — ў which is impossible since the eigenvalue 1 or ў is not an eigenvalue 
for — y. 

Verification of (A) and (B) for groups of other types is based on the root technique, so 
let us recall some facts and fix notations. For a subset A c П, the standard parabolic 
subgroup P = P, corresponding to A is generated by B and U,, for all «e — [A] where 
[A] denotes the set of roots which are linear combinations of roots from A with 
non-negative coefficients. On the other hand, for peT, the centralizer Co (3) is generated 
by T and U, for сєФ(ў) = (eR, |a(y) = 1); this is a consequence of the Bruhat 
decomposition and the following fact proved in [15], ch. II, $4: in the simply connected 
case, the centralizer C,,(j) in the Weyl group W = W(T, G) is generated by reflections 
w, for жєФ(ў). So, to ensure (A) we need to find ye T such that 


Ф(ў) c [A] (4.5) ЭШ 


for a suitable proper subset A c II. Such an element j will be presented in the form xm 


J = na (t,)---X%m(lm) where y;,..., Xm are (multiplicative) one-parameter subgroups in T. 
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The group X, (T) of one-parameter subgroups which is identifiable with the dual group 
Hom(X(T), Z) of the character group, coincides in the simply connected case with the 
Z-lattice Q(R") generated by the dual roots a" —2z/(x|x), and the one-parameter 
subgroup corresponding to о“ is Н, in the notations of Steinberg [16]. Also, let P(RY) 
be the dual group to the subgroup O(R) c X(T) generated by the roots xe R. Then 
O(RY) is embeddable into P(R") as a subgroup of finite index in such a way that the 
pairing between Р(К“ ) and Q(R) is compatible with that between X(T) and X, (T), and 
the index e = [P(R":Q(R")] is called the connectedness index (l'indice de connexion) 
of R. 

If II = (o,,...,o, ), then P(R” )is a free Z-module with the basis w,,..., со, such that 
(0,05 = ду. Then y; = ew;EX (T), and in some cases for ў one can take an element of 
the form y = y;(s) for some i, where s is a generator of k*. To describe the precise 
conditions when this is possible, let us denote the coefficient of f'e O(R) at o; as n,(f). 
Also, let € = n, «, +- + п, о, be the highest root. We claim that if 


gen u 1, (4.6) 


then the element ў = 7;(s) satisfies (4.5) with A = IT (o; }, thereby yielding (A). Indeed, 
let «eo (ў) and a¢[A]; then n;(x) > 0 and n;(x) < n;. This means that 5°" is a power of 
a(j) = s*"'?. and then (4.6) gives a contradiction. 

For the groups of types Eg, F4, G, the corresponding n; can be given explicitly (for 
these types e — 1, implying that the center of G is trivial (cf. [16], $3) and (B) is satisfied 
automatically). 


Groups E,(q),q > 3. Labeling simple roots as in [2], Table VII 


Ог оз O04 a; Og ат ag 


EE 


a2 


we have à = 20; + 3a, +40, + 624 + 50; + 4a +3% + 20g, and (4.6) is satisfied for 
==, 


Groups F4(q),q > 3. We have the following Dynkin diagram (cf. [2], table VIII): 


and the highest root @ = 2a, + 3%, + 4%, + 24. Obviously (4.6) is satisfied for i= 1. 


Groups G,(q),q > 3. The Dynkin diagram is 


a2 ot 
E50 


and the highest root is & = 3a, + 2a, (cf. [2] table IX). Then (4.6) is satisfied for 
m2) 
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Other groups require more detailed treatment. 


Groups *D,4(q),q > 3. Неге С is the group of c-fixed points for the automorphism c of 
the group G of type D, of the form с = t90 where т is the algebraic automorphism of 
G corresponding to the following symmetry of the Dynkin diagram: 


and 0 is induced by the field automorphism x  x* (in this case k = F, l = Ем). Then 
R can be realized as {+¢,+¢|1<i<j<4} with the following system of simple 
roots: 


(4 = £4 — 65,05 = £5 — £3.03 = £4 — £4,04 = £3 + 84 


(cf. [2], table IV). The center of С is trivial, and we need only to find je T satisfying (A), 
i.e. such that (7) c [A] for some proper subset A c П. Let t be a generator of /*. 
Assume now that д > 3, and so we may pick an element sek* different from 1 and 
N x(t). Then the element 


J = h, (Oh, (*)h, (*)h, (s) 


is fixed by c, and the values at J of positive roots containing «, are given in table 2. 
Going through the table, one easily ascertains that all values are different from 1, i.e. 
Ф(ў) c [A] for A = (25,05, «4 ). In fact, one can say even more: since ў° = ў, then using 
the action of оп the Dynkin diagram, we conclude that Ф(ў) c [A] for A= {a}. On 
the other hand, о, (9) = s? N (t) +; so picking sek* such that in addition s^ # N y(t) 
(this is always possible if q > 5; for p # 2 опе can take s = — 1), we obtain a regular y. 
For q = 3, we take 


y h, (12)һ, (*)h, (2*%)һ. (— 1). 
Then again with the help of table 2 we verify that (y) c [A] for = {2,434} - 


Table 2. 

y 17691 
2—6, tsp 
E+E s 

£j —£3 00645395 
€1 £53 Ny, (t)-s~* 
£4 — 4 PSOE 
£i +84 Таа 
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Groups E,(q) and ^Eq(q?),q > 2. The Dynkin diagram looks as follows: 


aS 


a2 


and ?E, is the group of c-fixed points for ¢ = т°@ where 0 is associated with the field 
automorphism хн х“, and т is the algebraic automorphism corresponding to the 
symmetry indicated above (in this case k = F,,] = Fẹ). 

First, let q > 3 and let w, = g, + 2%, + 224 + 344, + 245 + ag be the highest root. Then 
05€ Q(R") = X,(T) (cf. [2], table V); let ў = о, (5) where s is a generator of k*. Since 
n; = 2 and s? # 1, we obtain Ф(ў) c [A] for A c ITA (2, ), proving (A). To verify (B), pick 
a u = o(v) which is in C; (o(y)) but not in Ф(Св(ў)) if (B) is not true. Then v` ' Fv = zy for 
some non-trivial element z of the center Z(G), and there exists we W = W(T, G) such that 

wyw 1 = zy. (4.7) 
Itis easy to check that Z(G) is generated by the clement 
Zo = h, (Eha, (£?)h, (E) h, (E?) 
where č is a primitive 3rd root of unity (or ë = 1 is case of characteristic 3), and therefore 
(4.7) implies that for B = œ, — w(@,) we have 
n,(B) = 0 mod (gq — 1). i = 2,4. (4.8) 
Obviously weC,(j); since for q = 5 the order of ў is four, we obtain C?) = Сү (ў) 
implying that z = 1. On the other hand, for q > 7 we can never have (4.8) for i = 2, since 
n,(@,)=2 and |n,(w(w,))|<2. So, it remains to consider the case q= 4. Since 
n5(05) = 2 апап, (0) = 3, we can have (4.8) only if 
n3(w(05)) =2 or — 1, п,(и(0,)) =0 or +3. (4.9) 
Using the table of roots in [2], one can see that the possibilities for w(w,) are the 
following: 
(05, — 0&5, — (05 — %3). 
However, in the first case z — 1, and in the last two cases we respectively have 
В = а; + 3%, + 224 + 30, + 2а; + ш, 
апа 
2a, + 3%, + 4x4 + 62, + 40; + 2ш, 
and therefore 
w wy ` = hals )ha,(s ?)h, (57 ?)h, (s7 1) 
ог a E ~ 
h, (s 2)h, (S ^) hs Nha, (s 2), 
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but neither of these elements belongs to Z(G), and (B) is established. 

Finally, if q = 3, then both groups E,(3) and ?E,(9) have trivial centers, so we need 
only to check (A). Since n, = ng = 1, in the non-twisted case one can take J = y,(— l)e T 
where y, = Зо, EX (T) to ensure that Ф(ў) c [A] for А = IIMa, }. In the twisted case 
we let ў = 7, (s 5) (Os) where s is a generator of the multiplicative group of | = F9, 0 is 
the field automorphism xi x°, and х = 30g. Then for xé[A] where А = IIN(2,,a ), 
the value «(f) is one of the following: s, 0(5) or 50(5), and neither of these is 1. 


Groups Е-(д), д > 3. Labeling the simple roots as in [2]: 


| аз Q4 a5 ag a7 


a2 


we have w, €Q(R") = X,(T) (cf. loc. cit., table VI); let J = VM Сус 


the multiplicative group of k — F,. Then, since n, — 2 and s? #1, we have (y) = [A] 
for A = IT a, }, hence (A). If (B ) fails then, as above, there exists we W = W(T, es such 
that wjw ^! = zy. Then w is contained in C,,(j?), which, as we mentioned above, is 


generated by w, for 2єФ(72). For any such « we have 


(9) Sem SEMI (4.10) 
and since q > 3, we conclude that n, (x) > 1. However it follows from the table that there 
exists the only positive root in the root system of type E; with n, (a) > 1, namely à = 0, 
the highest root; besides in this case п, (@) = 2, and therefore (4.10) holds only if q = 5. 
So, Cy (3?) is generated by w, for « not containing «,, and also by w for q = 5. So, if the 
element x = мўи ! j^! is non-trivial, then it equals w,(— 1). But 0, (— 1) = h,,(— 1) 
h,.(— 1)h,.(— 1) while the non-trivial element in the center is h,,(— 1)h,,(— 1)h,,(— 1). 
Thus z¢Z(G), a contradiction which proves (B). 


Groups ?F,(2"*?). Since the group ?F,(2) is not simple (however, its derived subgroup 
2F ,(2)' known as Tits’ sporadic group, is simple and is considered in$ 5), we may assume 
that m > 1. We will be using the realization of the root system of type F4 given in [2], 
table VIII: 


R={+e, +&+ej|l «i«j«4)u(s(X e, +e + e + e4)]. 
Then the system of simple roots consists of the following elements: 
«| = 82 — £3, 2 = Ез — 64, Q3 = £4, 04 = 3)8 — E2 — £3 — 24) 


and the corresponding Dynkin diagram looks as follows: 


Q1 a2 Q3 Q4 
o— OoOO 


Then С is obtained as the group of c-fixed elements of the endomorphism c of the group 
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G of type F, acting on the root elements as follows: 


Xa (t) x, (t^), 
x, (t) > x, (t7), 


o= x, (t) 9x, (27), (4.1 1) 
x, (t) 9 Xa (t7). 
\ 
In this case k = Е,.,/= F,..... It follows from (4.11) that elements of the form 
r(s) = h, (s)h, (s?) h, (s? ')h, (s?^), sel* (4.12) 


are fixed by c. Recall that the center of G is trivial, and therefore all we need to do is to 
find y of the form (4.12) such that Ф(ў) c [A] for some proper subset A c П. Let sel* be 
a generator. We will show that 


®(r(s)) c [A] for A = {a,, %4}. (4.13) 


Fora root je R, let |y(r)] be the integer such that y(r) = s?" where r = r(s). The values of 
|}(r)| for all positive roots are shown in table 3. For m = 1, s has order 7, but no number 


Table 3. 
pata) | ! |у()| for m= 1 

£i » am 2 1 
ғ, 1—2" ET 
ғ; 1—2" ES 
En =2+3.2" 4 
£i —£j —1+2"7! 3 
E, £5 1 1 
£j — 63 1+2"! 3 
& £4 1 1 
£i — 6; 2—2"*! ES 
£1 £4 = Dit gmt? 6 
€2 — £3 0 0 
& +83 2—27 -2 
£j — 64 3—2"+2 = 35 
Ez +4 = 1+2"! 3 
£3 — ês 2 -5 
£3 + £4 =—1+2”*! 3 
(e, +e, +83 + £4) 25 2 
+(e, +E, 64 — 64) 2-21 22 
Muncn-6e) E 3 
Mnn-n-u) 1-2" =a 
3E, — & + £3 + £4) = heres 3 
3(8, = 82 — £3 + £4) —2+3-2" 4 
3(6 = ر8‎ — £3 — £4) 0 0 
Z(E, — £2 + £y — £4) JL =1 


eS SEE EE Le 
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` in the third column (except two zeroes) is divisible by 7, and (4.13) follows. For m > 1, 


(4.13) is easily obtained via elementary estimations. 


Groups ?G,(3?"*!). In this case, G is obtained as the group of c-fixed points of the 
automorphism c of the group G of type G, acting on the root elements as follows: 


BELO = x_(t*"), а B 


с x 
Lxp()) > x, C? ). تڪ‎ 


Then k = F,.,l = Кз... Since the group ?С„(3) is not simple, we may assume that 
m > 1. One easily verifies that c-fixed elements of T are parameterized as follows: 


r(s) = h,(s)hg(s*”), Sele 


Since the center of G is trivial, it suffices to show that for a generator s of [*, the element 
r = r(s) is regular. The values of |7(r)| for all positive roots are given in table 4, and 
simple analysis shows that there is no root y such that 7(7) = 1, hence the required 
results. 


5. Proof of Theorem 3.5 for groups of Lie type: Exceptional cases 


First, we outline the basic idea of constructing the required elements in the Chevalley 
groups which are not covered by Theorem 4.1 and then present these for each type (we 
will see in the next section that the method used here is also applicable to the sporadic 
groups). 


Lemma 5.1. Let G be a finite group, x, ye G. Then 


&E(x, y) « c? d?, (5.1) 


where c is the order of C = C(x) and d = max(#C,(z)), z runs through the coset yC. If 
y normalizes C and CAC,(y) = (e), then d = #C,(y) and (5.1) can be sharpened to 


cd 


^ , < 1 
#E(x, у) SIUS 


(5.2) 


Proof. Obviously, the number of elements in 


Cde D= AU] CAA) 


zeyC 
Table 4. 
y Ii 
02 2—3"*! 
ay —142:3" ` 
a2 +a, 1—3" 
a2 + 2, ВЕ 
«2 + 3a —-143"*! 
2a, + 3%, 1 
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cannot exceed cd, and (5.1) is immediate. Furthermore, if y is as in the second statement, 
the map 


CC, cry !c ус, 


is a bijection. This implies that any element ze yC can be written as c ^ ! yc for a suitable 
ceC; in particular, #C,(z) = € C (y). Besides, in this case 


E(x, y) = CC,(y) CCo (y)C. (5.3) 


and writing C,(y) as Cg(y) = ui- ,z; D where D = <y), t = [С (у): D], and using the fact 
that y normalizes C, we obtain 


23.0? 
0) Gh — с 
ZE(x, y) < c^:d:t SiO) 


The lemma is proved. [s] 


The basic construction for producing the required elements x, v in most types of 
Chevalley groups is as follows. Let = F,, the field of q elements, Ї/К be the extension of 
degree n, and pj,:1— M,(k) be the regular representation. Then To= p(1*) and 
T, = p(I) are cyclic subgroups of Gy = GL, (К); let x, (resp. x,) be a generator of Ty & 
(resp. Ту). Obviously, x, is a regular element in GL, implying that its centralizer C, in 
бе coincides with the cyclic subgroup (xo 2. We claim that x, is also regular, and 
therefore its centralizer in Gg (resp. С, = SL, (k)) coincides with C, (resp. C, = <x, >). 
To see the regularity it suffices to observe that if sel™ is a generator, then all the 
elements s,5*,..., 57 , obtained by applying the consecutive powers of the Frobenius 
automorphism, are pairwise distinct (since for any i, j between 0 and n—1, the 
difference q' — q! is strictly less than the order of s which is equal to (g" — 1)/(q — 1)). 

Next, let с be a generator of Gal(//k). Since N,,(I*) = k*, the Skolem—Noether 
theorem easily implies the existence of an element y, eG, which normalizes To and is 
such that the inner automorphism Int(y,) induces on p,,(l) the automorphism 
Pix? 0? pj, . Then any element yey, C, enjoys the latter two properties as well, and 
obviously the intersection C, N C, (y) coincides with p, (k*) which is the center of Go. 
Another property of y to be used in the sequel is given by the following statement. 


Lemma 5.2. Any yey, Co is conjugate in GL,(k) to a matrix of the form 
0 0 1 
@ sse OO 
1 0 0 


1 0| 
for some aek*. In particular, y is a regular element in GL,,. 


Proof. Since y'€Co 0 Cs (y,), we have у" = «E, for some «ek* (where E, is the identity 
matrix). Let us show that y is conjugate to the corresponding matrix w — w(a), it being 
sufficient to establish the conjugacy in GL,. Obviously, y normalizes the torus 
T, =Ry(G,,), and therefore the conjugation which brings T, to the diagonal form 
i takes Guim AERBEARV RAP Qmial regfzipou-ob essen emáaUmatrix there corresponds 


мїн Е 


| г. 
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in an obvious way a perrnutation of indices (1,..., n], and the permutation correspond- 
ing to и is by our construction a cycle of length n. This means that conjugating и by 


a suitable permutation matrix, if necessary, we may assume that и looks as follows 


lo 


0 0 ж. 

v O 0 @ 
CCA) 0, 0 0 |. 
0 


The conjugation by the diagonal matrix 
diag(1; d5... CN: O Оо COR) 


brings AC, 0 
conclude that f = 

Recall now the Кл criterion for regularity (cf. [13], § 1): ge GL, is regular if and 
only if for any A in some algebraically closed field containing the entries of g, the rank of 
the matrix (g — AE,)is > n — 1. To verify this criterion for y, notice that deleting the first 
row and the last column in the matrix w(x) — AE,, we obtain the matrix 


xm to the form w(f)), B =a,,...,%,- However, since w(f)" = BE,, we 


a =A 
0 — 
1 
— 
ij 
implying that rank(y — AE,) = rank(w(a) — AE,) > n — 1. L| 


Using this information, we are already in a position to consider the following. 


Groups PSL,(q). First, let q = 2. Then G = PSL,(q) is isomorphic to SL,(q) = GL,(q). 
Since the group SL,(2) is not simple and SL,(2) is isomorphic to PSL;(7), we may 
assume that n > 4. We will prove that for x =x, and y = y, 


E(x, y) 5 С. i (5.4) л 
This will be done by estimating the number of elements in E(x, y) and comparing it to 52 
the order of С. Since in our setting Cg(x)on Cg(y) = (e #Cg(x)<2"—1 and E 


#C,(y) < 2" — 1 (the last inequality follows from the fact that the centralizer of a regular 
element in M, is a vector space of dimension n), we obtain from Lemma 5.1 that 


5n 


2 
#Е(х, y) <. 


Let o, = 25"/n, B, = *SL,(F;). We will show that for г 


Ch < ft. 


350 Andrei Rapinchuk and Alexander Potapchik 


Indeed, obviously 
An+1 eps: 

n n+ 1 

while, using the formula for f, (cf. [16]), we obtain 
ПОО 9). Q1 — 2" 
B, O =D). (297—211) 


= (2n 1 — 1) » 25. 


By virtue of (5.6), the inequality а, < fj, implies %, + 1 < „+ 4, SO it suffices to prove (5.5) 
for n = 5, which is done by аса PNA ions 


33, 554, 42 
U5 REE a E IU 
The case n = 4 requires slightly more delicate estimations. Since у? = £,, y is a regular 
unipotent element, and therefore #C,(y) = 8. Thus, Cg(y) = {1,2} <y), and in view of 
(5.3) we obtain 


E(x, y)  (C(1, 2) C (1, z) C): y». 
Then 
BE(x, y) < (183 +215? + 15)-4 = 15,360 


while #SL,(F,) = 20,160. 

Now, consider one of the two remaining cases: G = PSL,(F). Let G=SL 4(F4) and 
Фф: G — G bethe canonical homomorphism. Let x = p(x, ) and y= = ф(у, ), and show that 
for these elements we have (5.4). Indeed, it is easy to see that if s is a generator of I 
where | is the extension of k=F, of degree 4, then k(s*)=J, implying that 
C(x) = (Cg (x, )), and therefore £C (x) = 20. Next the characteristic polynomial of 
any 2,єу, T, has the form /* + 1, implying that the algebra Е, [z, ] is isomorphic to 
F, ФЕ», and therefore Cg (z,) is of order 32. There exists an element гє T, such that 
y,ty; ! — —t, and then 2,127! = — г for any z,ey,7,. Then for z = q(z,) we have 

2) = {1,ф(0)):р, where D = e(Ca(z,)) is of order 16. Using (5.3), we obtain the 
following estimation: 


#E(x, y) < 205-16? = 2,048,000 


while #G = 6,065, 280, and (5.4) is proved. 

The last case G = PSL,(4) could be treated similarly, however we prefer to bring out 
at this point one technical statement which is applicable in a number of cases (in 
particular, to all sporadic groups). 


Lemma 5.3. Let G bea finite group, and let xeG be an element of a prime order p, such that 
the centralizer C of x in G coincides with the cyclic group (x». Suppose that p? does not 
divide the order of G, and that С has c(p) conjugacy classes of elements of order p. Then 
(i) Ng(C) contains an element y of order d(p) = (p — 1)/c(p); 

(ii) if m is the maximum of orders g the centralizers of elements of order d(p) in G, then 


#Е(х, y) < f(x,y) = 
(х,у ES 
(As was кше out by Fischer, the condition that p? does not divide the order of G is 


superfluou 
C-0. Шеш) Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


Classification of finite simple groups 351 


Proof. Consider the homomorphism ш: NG(C) > Aut(C) sending дє (С) to the re- 
striction of the inner automorphism Int(g). It follows from our assumptions, that any 
element of order p in G is conjugate to an element of C, and therefore c(p) is equal, in 
fact, to the number of orbits of Im(u) on the set X = {x,...,x?~1}. Since Aut(C) is 
a cyclic group acting simply transitively on X, we obtain that c(p) = [Aut(C):Im()], 
implying that Im(4), and consequently also NG(C), contain an element of order d(p). 
Part (ii) is immediate from Lemma 5.1. m 


So, to prove that E(x, у) = G it suffices to verify that f(x, y) < #G. This is done by using 
information from [1] about the centralizers of elements. For example, if G = PSL, (4), 
one finds in [1], p. 24, that an element xeG of order 7 satisfies the assumptions of 
Lemma 5.3. Besides, c(7) = 2 and for y wetake an element of order d(7) = 3. Again from 
the table in [1] we conclude that m = 9. Thus f (x, y) = 9,261 while #G = 20, 160. 


Alternating groups. The only case left out in Theorem 4.1 is G— Ag. This group, 
however, is known to be isomorphic to SL, (2) which has already been considered above. 

To exhibit the required elements x, y in the groups of other classical types, we embed 
into these a suitable group GL,(q) or SL,(q) and take the images of x, (or x,) and y, 
under this embedding. The calculation of the centralizer of the element x thus obtained 
is based on the following statement. 


Lemma 5.4. Assume that n > 3. If x is one of the matrices xo or x, constructed above, then 
x does not have any common eigenvalues with — x (if char 4 2) and + x^ *. In particular, 
the matrix diag(x,'x ^!) is regular in GLa,- 


Proof. If 7 is one eigenvalue of x, then all others are 74,...,2% '. It follows that if 2 is 
common to x and — x, then 4 = — 4“ for some 1 «i n— 1. Since the order of 2 is 
either (q" — 1) (if x = xg) or l(n, 4) = (q" — 1)/(q — 1) (if x = x,), we obtain 


2(qi — 1) =0 mod l(n, 4) 
which is impossible for n > 3, as is easily seen. Similarly, if å is common tox and + x ris 
there should be i, 1 <i € n — 1 such that- 

2(4 + 1) = 0 mod l(n, д) 


which is not possible either. The lemma is proved. 


simple, we may assume that m > 3. Now it is convenient to usea presentation о 
other than the one used іп $4. Namely, the corresponding alternating matrix | 
taken in the following form (a 


O — 12 
Не 2 


and then Sp,,,(q) = {xeM om(Q| ‘xx = I). In this realization we have t 
& GL, (q) > Sp2,,(q) given by the formula 


ааа 0 
ва |, (a) 
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Also, let p:G = 8р, „(9) =» PSp;,(q) = С be the natural projection (note that Кег(ф) = 1 
for q = 2), X = £(xo), J = (уо), and x = ф(Х), y = GJ). 
It follows from Lemma 5.4 that Cg(X) is the cyclic group (X>. Besides, the matrices 
X and — x are not conjugate if char # 2, implying that C,(x) = p(Cg(X)). Thus, 
2" — 1 if g=2, 
95 у —1)} if q=3. 
Furthermore, it follows from Lemma 5.2 that any ZeCg(%) is conjugate in б to 
a matrix of the form 5 = diag(w,'w +) where w = w(a) for some ge К+. However, since 
q =2 or 3, wis orthogonal (i.e. ‘ww = E„), implying that Cç(2) is identifiable with the 
unitary group U,(R) over the ring R = F,[w] defined by the equation 


a* Ja = J, 


where J — E A (eeR is the multiplicative identity), (a;;)* = (т(а„)), т being the 
involution of R defined by taking the matrix transpose. To estimate the order of О, (К), 
consider the subgroup Н c GL; (R) consisting of matrices of the form diag(r, e), re RÈ. 


Obviously, Н has trivial intersection with U,(R), hence 


(H-U.(R)) = (#H):(#U,(R)) <#GL,(R) s 
and 
#GL,(R) 
#U,(R)< ane = #SL,(R) 
However, as is well-known, #SL,(R) < (#К)?, and we obtain the estimation 
8 Cay) < q?". 
Also, recall that the order of G is given by the formula (cf. [16]): 
#С = y:q" (q? — 1)(q* — 1)...(q?" — 1) (57) 
where y = 1 if char = 2, and y = 1/2 otherwise. Now, let us verify (5.4). First, let q = 2. It 
follows from the above that C,(x) 4 C,(y) = (е), and therefore by Lemma 5.1 
(#Сє(х))°-(#Сє(у))* _ 2?" 
#E(x, y) < ——————————— « —. r 
(x, y) ord(y) - (5.8) 
Then, using (5.7) one easily verifies that &E(x, у) < #G for any m > 4. For q=3, we 
obtain the following estimation 
#E(x, y) < (#Cg(x))?-(#Cg(y))? < $:3?", (5.9) 
, and again it is easy to check that #E(x, y) < &G for any m > 4. 
The case m = 3 requires slightly sharper estimations. With the notations as above, let 
W be the image of the (R)-determinant on U,(R); obviously W is intermediate between 
U,(R) = {аєК*|а-т(а) = 1) and (R*)!~* = (a/x(a)|ae R* ). 
Then 
| #U,,(R) = (##/)-(#50,(К)). Ме 
, On the other hand, direct computation show that SU,(R) = SL, (Ro) where Ro = R'is” 
i - tric el ts. = = = i 
the subrin OE Syme oed um- ad AAR F; LU (9) whe 


ыы ———]—À 07 


A 
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f()— t? — 1, i.e. R=F,@F,. Besides, т acts trivially on F, and non-trivially on F4. 
Obviously, U (К) = (R*)! 7° has order 3 and Ro = F, © F,, implying 


&U (R) = (FU , (R)) (SL.(F;))? = 108. 


Form = 3, q = 3 we have R = Е, [t]/( f (t)) where f (t) = t + 1. So, R is identifiable with 
the ring F; [8], ó? = 0, with т sending 6 to 26 + 02. Obviously, under the homomor- 
phism R — F, sending 6 to zero, U,(R) is mapped onto Sp,(F;), and therefore W is 
contained in (1 + ôF, [ô]). Using this fact, itis easy to show that W has order 3. Also, Ro 
coincides with the subring generated by 6”, and consequently 


#U (R) = (RW) SL; (Ro) = 1944. 


Thus, we have shown that if = 3, the order of Cc(y) is 108 for q = 2, and is 1944 for 
Дз! 
Using the figures in (5.8), we obtain for m = 3, 4 = 2 that 


&E(x, y) < 175-108? = 1,333,584, 


while the order of G equals 1,451,520. For т= 3, д = 3, one should observe that 
Cg(x) Се (у) = (e) (this is the case for any odd m) and therefore (5.9) can be sharpened to 


&E(x, y) < эң (C6 (x) (CGQ))^, 


using which it is easy to verify that again #E(x, y) <#G. 

The last remaining case is С = PSp,(3). It follows from [i] that С has a single 
conjugacy class of elements of order 5, and if x is one of them, then C, the centralizer of 
x in G, is <x). By Lemma 5.3, N,(C) contains an element y of order 4, and then 


5* (Cg (y) 


HE(x,y) < 
E(x, y) 4 


(5.10) 
Reference [1] provides two possibilities for the order of Cc (у): 8 or 48. We shall show 
that in our case #C,(y) = 8, and then (5.10) easily yields the required result (observe, 
that #G = 25,920). jet XeSp,(3) bean element of order 10 in o^ ' (x), and jeg” ! (y). It is 

easy to see that X has 4 distinct eigenvalues in the natural action on the 4-dimensional 
space, and the conjugation by ў induces a cyclic permutation of the lines spanned by the 
corresponding eigenvectors. Now, it follows from the proof of Lemma 5.2, that y is 
a regular element in GL,. Thus, the centralizer of J in Sp,(3) is a 2-dimensional torus 
splitting over the quadratic extension of F3, easily implying that the order of Cc() is 
< 16, hence #C,(y) = 


Groups PSU,,(q?). As is well-known, the group G = PSU, (q^) for n = 3, q = 2, is not 
simple, and for n = 4, q = 2isisomorphicto PSp,(3) which has already been considered. ` 
Besides, the following cases are easily considered with the help of Lemma 5.1, E А 
elements of the indicated orders: 


n=4, q=3, ord(x)=5, 
п= 5, q=2, ord(x)=11, 
n=6, q=2, ord(x)= 


So, throughout thi; subsection n> 7and q = 2. Welet k = Y m = in and | 


= (Ху). 
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Lemma 5.5. Let xe GL, (ko) be one of the matrices xo or x,. Then for any "Ekg, x does 
not have common eigenvalues with их(и x 1) and ц(х*) +. 


Proof. Asin the proof of Lemma 5.4, if A is one of the eigenvalues of x, then all others 
are: A*,...,A% '. Thus, if A is common to x and их(и # 1), it satisfies a relation of the 
form: д = på”, for some i= L,...,m — 1. This implies the congruence 9(4' — 1) =0 
mod (4" — 1), which never holds true. Similarly, if A is common to x and ju(x*)~!, then 
for some i we have 4 = пд *, implying 9-(2:4' + 1) = 0 mod (4" — 1), which is again 
impossible for m z 3. The lemma is proved. а 


First, we consider the case п —2m,m > 4. It is convenient to use the following 
realization of the unitary group: 


U, ={xeGL,(F,)|x* Ix = I}, (5.11) 
where 


and (x;;)* = (ху). Let e:GL,, 


cae» [ 4 0 
0 0 (a1) 


Obviously, for Č = SU, one has £^! (G) = SL, (Е,). Let X = e(x,), ў = &(y, and x = ф(®), 
у= ф(ў). It follows from Lemma 5.5 that the centralizer C (x) is equal to (q»c)(T, ), and 
therefore its order is < 3(4" — 1). Any zeyC,(x) is of the form z = ф(2) where Ze fe(T,), 
and it suffices to estimate the order of Cg(2) (which is > #C,(z)). Actually, for the case of 
n odd we will need the estimation of the order of the centralizer in U, (for n even) of any 
zeye(T,). For this reason, we produce here the latter estimation, which is also the upper 
bound for Сс(2). It follows from Lemma 5.2 that 2 is conjugate in U, to the matrix 
w = diag(w(a),(w(x)*)~ +), for some xek$. Since ax = 1, the matrix w(x) is unitary, and 
therefore the centralizer of w in U, is isomorphic to the unitary group U,(R) over the ring 
R = ko[w(a)] (which is the centralizer of w(x) in M, (ko)), provided with the involution т, 
acting as * on w(z) and as on kọ, and with respect to the matrix 


(F,)— U, be the embedding given by the formula 


0 e 
пее P б) 
To estimate the order of U,(R), observe that SU,(R) = SL, (Rọ) where Ro = К" (since 
char — 2), and therefore 
#SU,(R) < (#Ro)? = 22". 
Тһеп 
#U,(R) < 2?"-d, ` (5.10) 


where d is the order of the subgroup U,(R) of elements re R* satisfying t(r)r =e. In 

particular, since the order of the multiplicative group of R* is < 2?", we obtain that 
#U (R) < 25". 

Then à 


16m 


< Aa? 
#E(x, y) 77] 
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and using the formula for the order of G, 
HG — у:2°" - "(92 = 1)(23 EIS 1). М TOANE 1 + 1)(22" NA 1), A 


where у is 1 or 1/3, we easily obtain that #E(x, y) < #G for any m z 4. 
Now, let n = 2m + 1, т > 3. Then U, can again be presented in the form (5.11) where 


| 0 E, 0| 
E 0.5 | 
I = m . 
ol 
0 0 1| 


and we may consider the embedding e: GL, (kg) > SU, given by the formula 


ja 0 0 | 
mM CEE 
€.ar» 
0 
TE о  z(a) 


where z(a) = (det(a)) " '(det(a)). Let X = e(xo), y = (уо) and x = (X), y = ф(ў). 

It easily follows from Lemma 5.5 that the centralizer C; (x) is equal to (q*&)(To), 
hence its order is < 4" — 1. To estimate the order of Cg(2) for 2єў (Т), observe that if 
#(е„) = 2е,, then the Z-eigenspace V of 2 in the natural action on F} is at most 
3-dimensional (since any element in y, T; is regular). Obviously, Vis invariant under 
Cc(3), and therefore the index in Cg(2) of the subgroup B fixing e,, does not exceed the 
number of elements in V, i.e. 2°. On the other hand, B is isomorphic to the centralizer in 
U,,, of an element of the form similar to that of Z, and we obtain that #С„ (2) < PE» б; 
The corresponding estimation for #E(x, y) looks as follows: 


#Е(х, у) < 216т + 2 
using which and the formula for the order of G: 
ЖС = pinus Wms (D2 =? 1)(25 4-1). L 1E zw iy ooa 1 4r 1), 


we easily obtain that #E(x, y) « #С for all m z 4. 

The case n = 7 requires slightly more careful estimations. Assume that 2 = 1, i.e. 
2(e,) = e,. Observe now that the index [Cc(2): B] cannot exceed, in fact, the number of 
elements in the subspace Vdefined above, of length 1. Using Witt's theorem, and the fact 
that V is non-degenerate in this case, it is easy to calculate that this number is 36. On the 
other hand, we a priori know that the centralizer of the corresponding clement in SU, 
cannot exceed 21°, and from the information in [1], we conclude that this bound, in 
fact, can be reduced to 1944. Thus, #C¢(Z) < 36:1944, using which, it is easy to compute 
that #E(x, y) < #С also in this case. 

Now, assume that A ¥ 1. Then one can easily check that the corresponding 4-eigen- 
space V is 1-dimensional and the algebra R introduced above is the field F4». It follows 
that U,(R) is of order 9, and therefore according to (5.12), 


HU,(R)«929. 


Eventually, we obtain that #C(2) < 9:2?, using which one can easily check again that 
RE(x, y) < #С. 
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Groups PQ,(f),q=2 or 3. First, let n—2m,mz 4 and f has Witt index m, іе, 
f Xia Xam) = X1 Xm+ 1 +: + XmX2m- Then we have the embedding £: GL, (q) ^ SO,(f) 
given by the formula 


е а 0 
O 


Note E for q = 2 we have GL,,(q) = SL, (q) and SO,(f) = Q,(f), while for q = 3 we 
have e^! (Q,(f)) = SL, (q). Also, let 
9:6 =,(f)> PQ,(f) = б 


be the canonical projection; obviously Ker(q) = 1 if either q = 2 or q = 3 and m is odd. 
Let X = £(x4), y — ғ(у,), and x = ($), y = o(j). It follows from Lemma 5.5 that the 
centralizer Cc (x) coincides with (фов)(Т,), and therefore has order (q" — 1)/(q — 1). 

To estimate the order of Сс (2), єў (Т) observe that 2 is conjugate in SO,(f) to 
a matrix of the form diag(w, w) where w = w(a),« = + 1. Then С (2) embeds into the 
unitary group U,(R) of the ring К = F,[w] with the involution induced by taking the 
matrix transpose and with respect to the matrix 


J- ү 2 
One easily verifies that the subgroup Н c GL,(R) consisting of matrices of the form 
diag(a, e), ae R*, has trivial intersection with U,(R), implying that 

#(U,(R): H) = (U;(R)) (RH) < #GL,(R) 
and, consequently, 


#GL,(R) 
#H 


For q =2, we have Cç(x)^ Cç(y) = (1), so by Lemma 5.1 
(2) OLI » 29m 


#U,(R)< = KSL,(R) < q”. (5.13) 


#Е(х, y) < (5.14) 
m m 
Similarly, for q = 3 
39m 
#E(x, у) < x (5.15) 
On the other hand, the order of G is given by the formula 
#G = 0:47" 90042 — 1)(g* — 1)... (4777? — 1)(4" — 1), (5.16) 


where у = 1 for q = 2, and у = 1/2 or 1/4 for q = 3. Using (5.14), (5.15) and (5.16), it is easy 


to show that #E(x, у) < #G for any m > 5. The case m = 4 is considered using Lemma 
5.1 and elements of the following orders: 


m=4, q=2, ord(x) = 
m=4, q=3, ord(x)=13. 
Next, let n = 2m + 1 and f(x,,...,x,,,,) = XX, + + Xp X2, + X34 ү. In View 


of the isomorphism B, (2) = C,(2), we need to consider here only the case q = 3. Take Ше 
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following embedding e: GL, (q) > SO, f), 


a 0 0 
(а): 
еа 0 б 

ПОТЕ 0 1 


Obviously, С = РО, (/) coincides with O,(f) and e^! (Q,) = 51, (4). Let x = e(x,), 
y = (у). As usual, it follows from Lemma 5.5 that С. (x) = &(T,), and therefore has 
order 1/2:(3" — 1). To estimate Ce (2) for zeye(T,), we let V be the 1-eigenspace for z. 
Obviously, V is invariant under C,(z), contains the last basic vector e, and is of 
dimension <3. It follows that the subgroup D of C,(z) fixing e, is of index at most 
#V = 3°, and from (5.13) we derive the estimation 


#C,(z) < 33m + 3 
Then 


39m* 6 


#Е(х, y) < (37) Gm ys 


Since 
#С = 43m?-(3? — 1)(3* —1)...(32"— 1), 


we obtain that #E(x, у) < #G for any m > 5. To consider the case m = 4, notice that here 
yj = — £4, in particular, y, does not have eigenvalue 1; therefore V is 1-dimensional 
and [C,(z):D] € 3. Using [1] we see that the order of the centralizer of an element of 
order 4 in PQ, is < 14-10? which implies that #Cg(z) < 6-10°, and eventually that 
"t E(x, y) < #G. 

The case m — 3, q — 3 requires special consideration. It follows from [1] that G has 
a single conjugacy class of elements of order 15; let x be one of them. Then С = Сс (х) 
coincides with <x, and the quotient-group N,(<x)>)/<x> is isomorphic to 
(Z/ASZ)* ~ (Z/3Z)* x (Z/SZ)*. Let S be a Sylow 2-subgroup in Nc (x5). Then S pro- 
jects isomorphically onto (Z/15Z)*; let yeS be the element corresponding to the pair 
(— 1 тоа (3), 2 mod(5)). Obviously, Int(y) acts on <x) without fixed points, and 
therefore 


E(x, y) = CC,(y)CC,(y)C. 


Now, writing С (у) as a union of cosets modulo $ and using the fact that S normalizes 
C, we conclude that 


з. 2 ii Р 
EECa O Дн (2880 оз 


"(x. v) < 
#Е(х, у) € 8 


while #G > 4:5 x 102. 

Finally we consider the case: n= 2m,m >4 and f(x,,...,x5,,)— хх. + + 
Xm-1X2m-2 + (X2, 1› Хәм) Where g is an anisotropic binary form over F,. Consider 
the embedding ¢:GL,,_ , (q) ^ SO, (f) given by the formula 


a 0 0 
0 (ta)! 
£a 


0 . 
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The commutator subgroup Q,( f) coincides with SO,( f) if q = 2, and is a subgroup of 
index 2 if д = 3; moreover, in the latter case c^? (Q,(f)) = SL, ,(q). As before, let 
9:G = Q,(f) — PO,(f) = С be the natural homomorphism (note that Кег(ф) = 1 if 
q — 2), and let X =e(x,), ў = e(y,), and х = ф(%), y = ф(ў). As usual, it follows from 
Lemma 5.5 that Cg(x) = (C), where C = (e(To) x 50,(9)) ^ (f). Taking into ac- 
count that in the case q = 3, — E,eO, (f) ifand only if m is odd, we see that the order of 
Сс (х) is as follows: 


[8Q" 1—1); 4-2, 
#C,(x) =(2(3" '—1); q=3 and m even, (5.17) 
gu al: g=3 and m odd. 


The estimation of the order of Cg(Z) for Ze fC is based on the reduction to the case of 
split form in 2(m — 1) variables. Namely, if B c Ca (Z)is the subgroup fixing the last two 


basic vectors e, ,,e,, then we already know that #B < д?" ©, and it suffices to 
estimate the index d = [Cç(2):B]. Let Z= ўс where c = diag(a, b), a = c(t). te Т, and 
beSO ,(g). 


Case 1: b= +1. Let V be respectively (+ 1) or (— 1)-eigenspace for 2. Then V is 
invariant under Ca(2) and has dimension 2 or 4. In the first case V coincides with 
V, = Cen- ,,€,2 implying that d is bounded by the order of the orthogonal group O(V;) 
which is 3 for q = 2 and 8 for q = 3. Now, assume that dim V = 4, and let V, be the 
orthogonal complement of V, in V. Then there are two possibilities: either V, is 
non-degenerate of Witt index 1 (this happens if, respectively, + 1 or — 1 is a simple 
eigenvalue for у, t) or the restriction of f to V, is zero. Obviously 
#O(V) 


#0(V2)’ 


as 


and in the first case 


HOW) ог В 3 2» 
OW) КЕТЕ — q^ (q* +4 +q +1), 
this number being equal to 60 if = 2, and 360 if q = 3, while in the second case 


#О(У) _ (&GL;(g)):q^-(&O(V,)) 
#0(V,) ai #GL,(q) 


which 15 48 for q'— 2 and 648 for q =3. 


= q'(&O(V,)) 


Case 2: b+ + 1. Then b has order 3 if q = 2, and order 4 if = 3. If y, t and b have no 


common eigenvalues, thenV, = e, . ,,e,» is invariant under Cg(Z) and d < #0(V,). 
Now, let 2 be a common eigenvalue for y, t and b; A belongs to Fx, but not to F} 
Obviously, the Z-eigenspace V (4) for Zin E’: is 3-dimensional and C¢(Z)-invariant. If vis 
the Z-eigenvector for b in V; and for he Cg(Z) we have h(v) = v, then at the same time 
h(o) = v where the bar denotes the nontrivial automorphism of F/F, and therefore 
h acts on V, identically, i.e. he B. This implies that 


d « (V) — (0)) 
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Putting the above information together, we obtain that 


63-23" 1), if а= 2, E 
Cg(z)'< D s if q=3. (5.18) 


Using (5.17), (5.18) and the formula for the order of G: 
HG = y qu (Gz EL 1)(q* Mi 1)-- (4 2m = 2 1))” + 1), 


where у = 1 for q = 2 and y = 1/2 or 1/4 for q = 3, one easily shows that # E(x, y) < #G 
for any m > 6. 

The case q = 3. т = 5 requires slightly more precise estimations. First of all, observe 
that if in the above argument b = + 1, then necessarily te T, and therefore (y, t)* = — 1. 
This implies that v, t and b have no common eigenvalues and 


#С&(2) < 8-312 < 4-3-108. 


On the Contrary, if b has order. 4, then te Tj T,, implying that y, t is conjugate to the 
matrix w = w(1) (notations as in Lemma 5.2). To estimate the order of the centralizer of 
s = diag (w, w) in Q,(g) where g has Witt index 4, write F$ as 


E = УШУ LV, 


where V, (resp. V. ) is (+ 1) (resp. (— 1)) eigenspace of s, and V, is the orthogonal 
complement of V, 1 V_. Obviously, each of these spaces is invariant under Cg (2), and 
we obtain the estimation 


&Cgs(2) < 728-1(80(V., )) (8O(V..)) (8 O(V3)) = 7284224? < 4:3-10°. 


Using the value 4-3-10° as the upper bound for the order of Cg(2), we obtain by direct 
computation that # E(x, y) < #С. 

To consider the following cases, one applies Lemma 5.1 to the elements of the 
indicated order: 


m=4 q =2 Oxo) = 7; 
П OF CE 2). 


The case ^D, (3) requires special treatment. Неге С = РО, (7) where f is a quadratic 
form in 8 variables over F, of Witt index 3. Obviously, in this case G is identifiable with 
G =Q,(f). Let 2 Ke the matrix of f; and т be the involution of М, (Ез) given by the 
formato t(a) = F^! ('a)F. Then O.(/) is defined by the equation t(g)g = Eg. The order 
computation shows that G = Q a) contains an element x of order 41. Then L = F, [x], 
the subalgebra generated by x, is t-invariant and is, in fact, a field extension of F, of 
degree 8. One easily finds that T= (leL|x(I)-! = 1) has order 82, and Шеге 
T= + (x> and TAQ,(f)=<x>. This allows to conclude that the centralizer 
SCARS GOs 

Let ge GI.4 (3) be the element such that Int(g) induces on Lan automorphism of order 
8. Since the restrictions of t and Int(g) on Lcommute, we obtain that gz(g)e L", and then 
for a suitable le L* we have gt(g) = (1), and therefore s = [^ ' g satisfies st(s) = 1. If we 
assume that det(s) = 1, the characteristic polynomial of s would be 2® + 1, and therefore 
— Eg = 5%0,(/) –а contradiction; hence det(s) = — 1, and the characteristic poly- 
nomial of s is 2? — 1, i.e. every 8. root of unity is eigenvalue of s with multiplicity 1. Let 


y be one of the elements s? or — s? which belongs to Qg (f). Then Int(y) induces on Tur 
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automorphism of order 4, 
E(x, y) = CC,(y) CC5(y)C, 


and 
#C)?-(#C,(y))? 
#Е(х, у) < (8С) (FCM) 
4 
To estimate £C, (у), observe that у has the following eigenvalues: 1, — 1. i, — i, (where 
i? = — 1), each with multiplicity 2. We have the following decomposition: 


F8=V,iV_1V, 


where V, and V_ are (+1) and (— 1)-eigenspaces for v, and V, is the orthogonal 
complement of V, 1 V . . Each of these spaces is invariant under y, and the restriction of 
y to V, is not scalar. It follows that 


#C,(y) <(O(V,) x O(V_) x Н)ло, (7) 
where Н is a proper subgroup of O(V,), and therefore 


8:8:720 
= = 11,520. 
1 520 


#Сс(у) < 


Thus, - 
#E(x, y) < 2:29-10}? 


while #G > 1013. 

The group *D,(2). It follows from [1] that the group G of this type has a single 
conjugacy class of elements of order 7 having the centralizer of order 49; let x be one of 
them, and C = C,(x). Then N,(<x>)/C is the cyclic group of order 6, and therefore 
there exists an element ye Nc( x») of order 6. Again using [1] we see that the order of 
Сс (у) can be either 72 or 24. Since neither of these numbers is divisible bv 7, we conclude 
that the action of Int(y) on C is fixed-point free implying the fact that 


E(x, y) = CC(y)CC(y)C. 
Therefore 


492-722 


#Е(х, у) < < 1-20-10$ 


which is less than #G(> 2-1-108). 
The groups *E,(4), F,(2) and G,(3). These are considered by applying Lemma 5.1 to 
the elements of the following orders: 
E, ога (х)=13, 
F,(2) ord (х)=13, 
G,(3) ord (x) = 7. 
Tits group ?F4(2). This is considered using Lemma 5.1, if one takes for x an element of 
order 13. 
b For consideration of the remaining types we need the following proposition. 


+ 


PROPOSITION 5.6 > È 


1) Let D be a semisimple group of rank r over the field k = F,. Assume that D does not 
contain any factors of type G2. Then for r < 5 we have the estimations for the order of 
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Table 5. 

r #D(k) 
1 <q? 

2 <2-4!! 
3 < 241 
4 < 4% 
5 < 4% 


2) #Е,(4) > 3cq'?? and #Е, (д) < 3. q?**. Besides, #Е, (2) > 2:10?? and #F,(3) > 5:102. 


Proof. The proof easily follows from the formulas for the order of finite Chevalley 
groups (cf. [16]). ш 


The group Eg(2). Let G, (resp. G,) be the subgroup of the simple simply connected 
group G of type E, over k =F, generated by the root subgroups G, for 
x €(0,,04, 04.05, %6 } (resp. for x =g), simple roots being labeled as in the previous 
section. Then G, = SL,, G, =SL,, and besides, С, and G, commute. Let T, be the 
following subtorus in G,: 


aT 


where l/k is the extension of degree five, and T = (Rj,(G,,) x G,,) ASL, be the maximal 
torus of SL, which contains T,. A simple computation with roots shows that 
C,(T,)=T x G,. (Indeed, T, is conjugate in G, to the subgroup generated by h,, 
a€(24, 94,04, 4ç }, and one easily checks that the roots orthogonal to these «;’s are à.) 
Now, let x, bea generator of T, (К); ord(x,) = 31. We claim that again Cg(x,) = T: G;. 
Assume the contrary. Since T = T,:G,, and T, does not have any proper k-defined 
subtori, the maximal central subtorus in Cc (x, ) would reduce to Gm- But the group of 
the form G,,:Z where Z is the center of some semisimple group of rank € 5 cannot 
contain an element of order 31. Let x = x, x, where x; is some non-trivial unipotent 
element іп G,(k). Then the above argument shows that Cc(x) = T(k) x (x22, and 
therefore has order 62. 

Next, let y = diag(y9, 1)eG, where yeeSL, (B i is such that Int(yg) induces on / an 
automorphism of order 5, and let zeyC,(x). Then z—ytx$ (£—0 or 1), and 
C (z) = Сү;(уї), so in estimating the order of С, (2) we may assume that z = yt is an 
element of order 5 in G,. Obviously, z is contained in a k-defined subtorus S c G, of the 
form Rx (Gn, ) where m is the extension of degree 4, and the maximal central torus in 

C,(S,) is S= R,,,(G,). Suppose C«g(z) is different from Cg(S,) = Cc(S). Then z is 
a k-element in a group of the form S’-Z where S' CS is a proper k-subtorus different 
from S, апа Z is the center of a certain group of rank < 5. Since Z(k) does not contain 
elements of order 5, we conclude that S' must contain such an element, implying that 
S' >S, —a contradiction. 

It follows that Сс (2) = S-D where D is some semisimple group of rank < 2. Using 
table 5, we conclude that 


8C (zs 5 


aeRG. 
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Therefore 
#E(x, y) < 62°-5?-274 < 5-10? 


while #G > 2-1023. 


The group E,(2). Let С, be the subgroup of the group G of type E, over k =F, 
generated by G, for «Ef, 0,03, %4, %5, %6 %7}; С, ~SL,. Let T c С, be the maximal 
torus of the form 


T == (К, (Gn) x К, „(С,,)) OSL,, 


where/, and l, are extensions of degree 5 and 3, respectively. Put Т, = RO} (G„) (i= 1,2) 
and T, = T, x T;. A simple computation with roots shows that C,(T,) = T. Picking 
generators x, T;(k) for i = 1,2, we let x = x, x, (note that x, and x, have orders 31 and 
7, respectively, so the order of x is 217). We claim that C(x) = T. Indeed, if 
C,(x) = T'-D where Т” is the central torus, D is semisimple, then хєТ'· Z(D). Obvious- 
ly, it is impossible that dim Т = 1. However, if dim Т > 1 then dim T, ^ T' > 1, and 
since T, does not have any k-defined subtori except for T, and T,, we conclude that T' 
contains at least one of them. On the other hand, T’(k) contains an element of order 217. 
Suppose, for example, that T, Т. We have T- T, x T; x G,, and therefore 
T/T, x G,) = T;. Comparing the orders, we see that ТТ, x G,,, therefore T' 
projects surjectively onto T,. But this immediately implies that T' > T}, so Co(x) =T, 
and £C, (x) = 217. 

Next, let y, eSL;(k) and y;eSL,(k) be the elements inducing on l, and l, the 
automorphisms of orders 5 and 3, respectively; let y = y, y; € G,(X). Clearly, any 
zeyT(Kk) has order 15. 


Lemma 5.7. #C,(z) < 45-256. 


Proof. Obviously, z is contained in a maximal k-torus S с С, of the form S = ((G,,)? x 
К x(G,,) ХЕ, „(С,„)) 51, where m, and т, are extensions of degrees 4 and 2, 
respectively. Let Cc(z) = SD. We claim that rank D <4. Indeed, z = (y, t,)(y5t;) 
where t,€T;(k) and C,(z) = Сс (у, t) Cg (yat). Since there is an unipotent element in 
Cc(y11;) which does not commute with y,t,, the semisimple rank of C,(z) cannot 
exceed that of Сг (у, t4) minus one. So, it remains to be shown that for 2, = y; t, the 
semisimple rank is < 5. Assume that C,(z,) = S;-D, and rank D, = 6, i.e. dim S, = 1. 
Butz, eS :Z(D, ) and since #S' (k) < 3 and no k-defined quotient of Z (D, ) can contain 
elements of order 5, we obtain a contradiction. So, using table 5, we get 


#C,(z) = (#5(0))(#0(0)) < 45-2?6, 
as required. , а 
Now, we obtain that | 
#Е(х, у) <(217)?-(45-29°)? < 2-1-1019-272. 


on the other hand, #G > 22°, and one easily checks that #E (x, y) < #С. 


The group E,(3). We will use the same subgroup G, c S as in the previous case and let 


= R 
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where l, and l, are extensions of degrees 5 and 2, respectively. Let T; = R[/(G,,), 
(i= 1,2) and T, =T, x T;. Again, a simple computation shows that CG(T4) = T. 
Picking arbitrary generators х;є Т(К), let xo = x, x; the order of x, is 484. We claim 
that Ca (xo) = T. Indeed, if Со. (х) = T'-D then xeT'-Z(D), and Т” must contain an 
element of order 121. Comparing the orders, we see that the projection of T' on 
R, (Cm) must contain Т,; in particular, dim T' > 4. It follows that dim(T' à T,) > 2, 
and since T, does not have any k-defined subtorus other than T, and T,, we get 
Т> T,. Now, the centralizer C,(T,) has semisimple rank < 3, and on the other hand, 
contains a unipotent element which does not commute with x,. It follows, that rank 
D < 2. However, then the exponent of the 2-component of Z(D) is at most 2, and 
therefore Т” contains an element of order 4:121. Now, the image of the projection of T’ 
оп К, „(С,„) has to contain T, and eventually Т” = T,, i.e. Со(хо) = T. Let x, be 
a generator of 1%; put X —diag(x,, x2, — 1). Then the above argument shows that 
C,(X*)=T implying that if ф:6 = G(k) > С is the canonical projection then for 
x = ф(х) we have C,(x) = p(T(K)), and therefore £C (x) = 968. 

Now, let y, ESL,(k) and y,¢SL,(k) be the elements which induce on /, and l, the 
automorphisms of orders 5 and 2, respectively. Put ў = diag(y,, y2, 1) and y = p(y). 


Lemma 5.8. For any zeyCg(x), #C¢(z) < 1280-33. LIBRARY , 
hwa! 
ў ar 
Proof. If suffices to estimate the order of Ce) where ватки! Ko д BWAR 


2 = yt, t = diag(t,, t5, t4)e T(K). 


First of all, we are going to show that the semisimple rank of Cg(2) is < 4. Write t, in the 
form t, = et, where (ЄКЇ (б), €= +1, and let t, = diag(e t5, 3). Then Z= 2,2; 
where z; = y;t; and 


Co(Z) = Cg (21) A Cg (22): 


m 


Obviously, C,(z,) contains a unipotent element which does not commute with z;, 
therefore it suffices to show that the semisimple rank of C,(z,) is «5. Write 
C,(z,) = 80; then z,¢S’:Z(D). If we assume that rank D = 6, then dim S' = 1. However, 
this is impossible since #S’(k) < 4 and none of the k-defined quotients of Z (D) can contain 
a k-element of order 5. Obviously, S' is a subtorus in a maximal k-torus S c G, of the form 
(Gm x R,,,4(G,,) x B x Gn) SL, where m, is the extension of degree 4, and B is either 
(Gm)? оК, „(С,„), [m;:k] = 2. In either case 


#C,(2) = (HS (K)) ŒD (I) < GS (I9) (8D (I) < 1280-335. 
The lemma is proved. я 
Now, 
#Е(х, y) < (968)?- (1280-339)? < 2: 1015-372, 
On the other hand, #G > (1/25):3!??, and one can easily see that #E(x, у) < #С. 
The group Eg(2). Let G, = G be the subgroup generated by the root subgroups G, for 
WE (0, 05, 04,05, 05,07, Ag, 0}; С, = SLo. Let T = R (G m) be the maximal torus in G, 


corresponding to the extension l of k = F, of degree 9, and xeT(K) be a generator 


(ord(x) = 7:73 = 511). We claim that x is a regular element. Assume the contrary. Then 
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xeT'-Z where T' c T isa proper subtorus and Z is the center of some semisimple group 
of rank < 7. It follows that T'(k) contains an element of order 73 which immediately 
implies that Т” = T, a contradiction. Now, let уєС, (k) be an element such that Int(y) 
induces on Гап automorphism of order 9. 


Lemma 5.9. For any zeyT(k), we have &Cq(z) < 2-10. 


Proof. Obviously. z has order 9 and therefore is contained in a maximal torus S c С, of 
the form (К, „(С,) x К, „(С,) x К, „(С,)) Sb, where m, , m2, m, are extensions of 
degrees 6, 2 and 1 respectively. Let R = C,(z) and write R as R = S': D, almost direct 
product of the central torus $ and a semisimple group D. Then zeS’-Z(D). We claim 
that the three component Z, of the center of any semisimple group of rank <7 has the 
following property: for any k-defined subgroup Z4 c Z, the map mz(k):Z4(k) 
(Z4/Z4)(K) is surjective. 
First of all, notice that it suffices to prove that 


n(f ): Z4) 53/23), 


where [f:k] =3 is surjective. Indeed, then for te(Z,/Z)(k) the fiber r(f) (t) is 
non-empty and Gal( f/k) invariant, hence contain a Gal( f/k) stable point, since Gal( f/k) 
has order 3. But Z, is f-isomorphic to direct product of factors isomorphic to шз, the 
group of the 3rd roots of unity, or u$? = RO} (из), [m:k] = 2, and our assertion can be 
easily checked. 

Applying this fact to the morphism Z(D) Z(D)/Z(D)^S' we obtain that S'(k) 
contains an element of order 9, and therefore dim S' > 5, i.e. the rank of D is x 3. It 
follows from table 5 that #D(k) < 2??. On the other hand, #S'(K) < #S(k) = 189, hence 
our estimation. 


Now, 
#E(x, y) < (511)*-(225- 10??? < 2-1077, 
while #G > 3-1074. 


The group Eg(3). Let G, cS be the same as in the previous case, and let T c С, be 
a maximal k-torus of the form 


T = (R, „(С,) x К, „(С,,)) nSL,, 


where l, and l, are extensions of degrees 7 and 2, respectively. Put T; = Е((6,) 
(i— 1,2) and T4 =T, x T>. A simple computation shows that C,(T,)=T. Pick 
generators x; T;(k) (i = 1,2), (these have orders 1093 (a prime) and 4 respectively), and 
let x = х, x. We claim that Cc (x) = T. Indeed, let Cg(x) = T’-D; then xe T: Z(D). This 
implies that Т'(/) contains an element of order 1093. Then the projection of T' on 
К, „(С,„) must contain Т, . It follows that the semisimple rank of C,(x,) is < 2. On the 
other hand, C,(x,) contains a unipotent element which does not commute with x, 
implying that rank D < 1. Then the projection of T' on R, (Gm) must contain T;, and 
е. Cg(x) =T and 4C, (x) = 8744. 


eventually, T' 2 Тз, ! 
Next, let yı eSL;(k) угЄ512() be the elements which induce on l, and l, the 


aGtensocphisms Gf ard ЕВ RP 09реоцусу, авф rase iA RV: 72). 


и ее“ 
g 
Ч Và 


Classification of finite simple groups 365 
Lemma 5.10. For any zeyCg(x), #Cç(z) < 2912-3?5, 


Proof. Let z = yt, t = diag(t,,t,). Write t, as г, = et, where t, € Тү, €= +1, and put 
1 = diag(e, t; ). Thee Z = 2,27, where z; = y;t;, and 


Сс(2) = Cc(z1)0 Cg (22). 


We claim that the semisimple rank of C,(z) is <5. Since C,(z,) obviously contains 
a unipotent element with does not commute with 2,, it suffices to show that the 
semisimple rank of Сс (2,) is < 6. Assume that the latter is 7. Then z, ES- Z where S’ is 
a one- dimensional torus and Z is the center of a semisimple group of rank 6. However, 
since #S'(k) < 4 and none of the possible k-defined factors of Z contains a k-element of 
order 7, this is impossible. Thus, Cg(z) = S": D where rank D < 5. Clearly, z is contained 
ina maximal ^ k-torus pe c C, of the Tom S = (Gm x R,,,(6,) x B)OSL, where B is 
either (G,,)? or R Ne k] =2. Then 


mik Om 


#C (2) = (RS"(K))- (ŒD (k)) < (S(k))- (ŒD (K)) < 2912-335. 


m 


The lemma is proved. B 
lt follows that 
(x, y) > (8744)?-(2912-355y? < 1019-3110. 
On the other hand, #G > (1/25): 3?**, and &E(x, y) < £G. 


The group F4(3). Let G, (resp. С,) be the subgroup in С of type F, over k = Е; 
generated by the root subgroups G, for ce {&, ~,,%} where & is the highest root (resp. 
for a = «,). Then G, ~ SL,, G, ~ SL, and G, and G, commute. Let T, = R} (Gn) be 
the maximai torus in G, corresponding to the extension //k of degree 4. Obviously, T, is 
the maximal central torus in its centralizer CG(T, ). Let x, be a generator of T, (К); x, 
has order 40. We claim that Со. (х,) = Сс(Т,). Indeed, otherwise x, would be a k- 
element in a group of the form Т'· Z where Т” c T is a k-subtorus of co-dimension r 2 1 
and Z is the center of a certain semisimple group of rank <r + 1. If r = 1 then Z has 
exponent 2 or 3 implying that T' should contain an element of order at least 20, which is 
impossible. If r 22 then #Т'(к) = 4 and #Z <8, and again x, cannot belong to 
(T'- Z)(k). Now, let x, be a non-trivial unipotent element in G,(k), and x = x, x5. Then 
the above argument shows that Co (x) = T,(k) x x5»; therefore #C,(x) = 120. Next, 
let yeG,(k) = SL,(3) be the element which induces оп / an automorphism of order 4. 
The characteristic polynomial of y is A* + 1, i.e. y has order 8. 


Lemma 5.11. For any zéyCg(x), we have #C,(z) < 8:3'*. 


Proof. Wehavez = ytx where teT , (К), e = 0, 1 or 2. Since Cg(z) = Сс (yt), in estimating 
the order of Co (2) we may assume that z = yte бү. Obviously z also has order 8. Since 
С is simply connected, R = C,(z) is connected, and therefore R = S, D, almost direct 
product of the maximal central torus S, and a semisimple group D. First, we show that 
D cannot belong to either of types A5, Вз or C3. Indeed, if D were of type B, or C5, the 
center of D would not be bigger than {+1}, and dimS, = 1. Then either S, or 
S, x {+1} would contain an element of order 8, which is impossible. To show that 
D cannot be of type A,, notice that the semi-simple part of the centralizer of z in G, is 
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of type (4 ,), implying that Cc; (z^) should contain (4, )*. So, if D were of type A,, there 
would be an embedding (4,)? © A; which is impossible. As follows from table 5, in all 
other cases of rank three groups #D(k) < 2:314 and since #S, (k) < 4, we obtain our 
estimation. If D is ofrank < 2 then &D(k) < 2:3! ', and since #S, (k) < 40, we again have 
our estimation. The lemma is proved. B 


Using our estimations, we get 
#E(x, y) < (120-(8:3!*)? < 3-10?! 
while #G > 5-10?*. 


6. Proof of Theorem 3.5 for sporadic groups 


All the sporadic groups are considered with the help of Lemma 5.1 and information 
from [1]. The results of computations are arranged in table 6, which for every sporadic 
group G contains: the orders of x and y, the maximum of orders of centralizers of 


Table 6. 
G ord(x) ога(у) m f(x,y) #G 
My 5 4 8 2.000 7,920 
Mj; 11 5 10 26,620 95,040 
M3; 11 5 5 33275 443,520 
M33 11 5 15 299,475 10,200,960 
M34 11 10 20 532,400 244,823,040 
Jf 7 6 6 12,348 175,560 
Ji. 7 6 24 197,568 604,800 
US 17 8 8 314,432 50,232,960 
Js 23 22 264 847,991,232 > 8-6-10!° 
0-1 23 11 66 52,999,452 > 4,1۰108 
02 23 11 11 1,472,207 42-105 
03 23 11 22 5,888,828 495,766,656,000 
Hs 7 6 36 444,528 44,352,000 
Mc 11 5 750 748,687,500 898,128,000 
Sz 11 5 40 26,240,827,392 448,345,497,600 
He 17 8 16 1,257,728 4,030,387,200 
Ly 37 18 18 16,411,572 > 5:1106 
Ru 29 14 28 19,120,976 145,926,144,000 
O'N 11 10 20 532,400 460,815,505,920 
Еі, 13 6 155520 < 5-4-1013 > 6:4:1013 
Fiz; 17 16 32 5,030,912 . > 4-0-1018 
Fiza 17 16 32 5,030,912 > 1-2-1074 
F; 19 9 27 5,000,211 > 2:7-10!* 
Е, 19 18 2 35,557,056 > 9:10:6 
Е, 31 15 3600 386,091,360,000 > 4-1-1033 
F, 41 40 400 11,027,360,000 > 8:105? 
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elements of the order equal to that of y (denoted as m), the corresponding value of the 
function f(x, y) which is the upper bound ©: the number of elements in E(x, y) (cf. 
Lemma 5.1) and, finally, the order of G. 


7. Conjecture (FSQ) and the additive properties of normal subgroups in D* 


Thinking about the possibilities of generalizing the given proof of Theorem 2.6 to 

somewhat more general cases, one cannot help noticing that the only spot in the 

argument where D itself was used, is Proposition 3.4 which establishes property (C) for 

D* if D is of degree 3. However, in further argument this fact is employed in a much 

weaker form, viz. as property (C) for the finite quotients D*/M which probably can be 

proved in a more general set-up. (Just to compare: the centralizer of xeD is basically the 

maximal subfield K (x), while the centralizer of the coset xN in D*/N contains the image 

of K(x) as well as the image of the following set: N + xN which may be quite big.) 

A suggestive surprisingly general result in this direction was proved in [3], [18]: if D is 

an infinite division ring then for any subgroup N c D* of finite index we have 

N — N =D (so-called property N — N). Obviously, the quotient F = D*/N cannot be 

a simple group if for some xeD*XN we have N + xN = D since then the coset xN 

belongs to the center of F. Unfortunately, this property (N + xN) which is apparently 

very much like (N — N), does not always hold true, even for p-adic division algebras. So, 

the real issue now is to find (say, using technique of [3], [18]) some additive property of | 
normal subgroups N c D* of finite index that would enable us to establish property (C) 
or its modification in general case. At the present stage it is difficult to predict the form 
of such a property, so we limit ourself to stating the following rather straightforward 
consequence of the above. 


PROPOSITION 7.1 


Let D be a division ring, N = D* be a normal subgroup of finite index such that for any 
x, ye D* we have 


D* —(N + yN + yxN)(N + xN)(N + yN + yxN). (7.1) 


Then the quotient F = D*/N cannot be a simple group. 


Proof. As we mentioned above, the image of N + xN in F is contained in the centralizer <, 
C(x) = С, (х) of X = xN (indeed, if g =n, + vip then gn; ! = 1 + x(n3n; !) commutes ж a 
with x(njn; !) in D*, and therefore, g = gn, 1 commutes with х = x(ñ,ñ; !) in F). „Кеча 
Repeating this argument, we obtain that the image of N + yN + yxN in F is contained de 

in C,(X, y). In other words (7.1) for any x, yeD* implies property (C) for F. But then, 
Recording to Theorem 3.5, F cannot be a simple group. u 
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Abstract. The Heisenberg motion group HM(n), which is a semi-direct product of the 
Heisenberg group Н" and the unitary group U (n), acts on H" in a natural way. Here we prove 
a Wiener-Tauberian theorem for L'(H") with this HM (n)-action on H" i.e. we give conditions 
on the “group theoretic” Fourier transform of a function f in L' (H") in order that the linear 
span of {%: ge НМ (n)] is dense in L'(H"), where "f(z, t) =f(g-(z, t)), for ge HM (n), (z, te H^. 


Keywords. Heisenberg group; Gelfand pairs; class-1 representations; elementary spherical 
functions. 


1. Introduction 


The celebrated Wiener—Tauberian theorem (see theorem 9:4 in [13]) asserts that for 


f e LÎ (R^), the closed subspace generated by the translates of f is all of L’(R") ifand only 


if f, the Euclidean Fourier transform of f, is nowhere vanishing. However there is also 
а larger group, i.e., the group of rigid motions M (n) acting on R”. Therefore we can ask 
for conditions on " under which the rigid motion translates of f, i.e., J, ce M (n), (where 
"f (y) = f (с у)). generate a dense subspace of L? (R^). Using a ey stones version of 
Wiener's theorem it can be shown easily that Span(^f: ceM (n) )} = L' (R^) if and only if 


4 (0) 0 and f is not identically zero on each C,,%> 0, where C, = {veR": || v|| = a) (see 


for example [6], [12]). 

In this paper we are interested in the corresponding question when we replace R" by 
the Heisenberg group H” and M (n) by the “Heisenberg motion group" НМ (n) (see § 3). 
Forf eL! (H"), we have the notion of the group-theoretic Fourier transform ($4). So we 
would like to get conditions on the group-theoretic Fourier transform of f which 
guarantee that Span(4f:geH M (n)) = L' (H"). 

[n order to answer this question, we make crucial use of a theorem of Hulanicki— 
Ricci [10] about the ideals in the commutative Banach algebra of “radial” L'-functions 
on H". 

Finally we should mention that the analogue of Wiener's theorem for the two 
sided action of Н" on itself has been known for sometime - see for example [11] and 
[16]. 

This paper is organized as follows: In $2 we collect the relevant facts about Н", its 
representation theory, special Hermite functions and twisted convolution. In $3, we 
discuss the class-1 representations of the Gelfand pair (H M (n), U (n)), the correspond- 
ing elementary spherical functions and the connection between these representations 
and the representations of H". In $4 we state the Wiener-Tauberian theorem of 
Hulanicki and Ricci precisely and prove the analogue of the Wiener Даш 


theorem in our set up. 
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2. H", its representations, special Hermite functions and twisted convolution 


Let H" — C" x R denote the n-dimensional Heisenberg group endowed with the group 
law 


(z, t)(w, s) = (z + w, t + s +4Imz. w). 


Here z. w = У7_ 2.0; Ог (2,2), W= (Wis: Wp). 
For each 4eR* = R\{0}, we have an irreducible unitary representation л, of Н" 


realized on L?(R"), the action being 
T, (z, t) (E) = ее) * #5) 9 (E + y), 


for z = x + iy, peL” (R"), eR". Up to unitary equivalence these л, give all the infinite 
dimensional irreducible unitary representations of H" (see [7]). We also have another 
family of one-dimensional irreducible unitary representations y,,, weC”, given by 


(2.0) =eR™*, ЄН". 


The representations л, for AeER* together with y,, for weC" exhaust all the irreducible, 
pairwise inequivalent, unitary representations of H". 

Throughout this paper we follow the convention that N, the set of natural numbers, 
also includes zero. Let us take the orthonormal basis {®,: «e №") of L? (R") consisting of 
normalized Hermite үре, These Hermite functions сап be given explicitly 
as follows: Ф. (х)= Ih, (xj) for x=(x,,...,x,), @=(жү,..., х) where h,(y) 
= (2%. /m)- 2 (— 1)kd*/dy*(e~”)e”"/?, yeR, k —0,1,2,.... Moreover Ф, is an eigen- 
function for the Hermite operator H = — A + |x|? on R” with the eigenv alue (2|a.| + n). 
Here |a| = à, +- +o. 

The special Hermite functions ®,, are defined as follows: 


®,,(z) = (2r) "? <л(2)Ф,, Dp Lg) 


where z(z) = л, (2,0). The system {Ds os forms an orthonormal basis for L?(C"). The 
functions Ф, з can be expressed in terms of Laguerre polynomials (see [15]) from which 
it follows that Ф, (z;,...,2,) = €, (Iz; l.....Iz,|) Hence each 4,, is real-valued. 
Further let 


ф(@= Ly ' Glzl?)e- 1/4" 


denote the kth Laguerre function, where Li- ! denotes the kth Laguerre polynomial of 
type n — 1. Then 


,(2)=(2n)"* У ®,,(2) 


lal =k 


If F,, F,eL*(C") and 4eR*, we define Е, x, F,, the 4- twisted convolution of F, and 
F, by 


Fy *,F,(2)= е „Р. — w) F, (w)e/G/2Imz-w dw, 
c 
Then it can be seen that 


07, x, O Er Qn)"* 95,0; ay? 


where Ф2,(2) = Ayre, 5 (141 7 z). 
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A reference for results quoted for Hermite functions, special Hermite functions, 
twisted convolutions etc is [15]. 


3. The Gelfand pair (/7M(n), U(n)) 


The compact group U (n), of n xin unitary matrices with entires in C, acts on H" via the 
automorphism 


g(z,t) = (02,1), ceU(n) (z,t)e H”. 


Therefore we can form the Heisenberg motion group HM (n) = Н" xU (n), as a semi- 
direct product of H” and U (n). The group law in HM (n) is given by 


(o,z,t)(t, w,s) =(ot,ow+2z,s+t+ iImow:z) 
for (c, 2, t), (т, w, s)e HM (n). The group HM (n) acts on Н" in the following way 
(с, z, t)(w,s)=(ow+2,s+t+ 51 ту/ 2). 


The group U (n) is a maximal compact subgroup of HM (n). 

Henceforth we also write G for HM (n) and К for U (n). 

Let L' (H")* be the closed subalgebra of K-invariant functions in L'(H"). As shown in 
[1], L' (H")* is a commutative Banach *-algebra with respect to the usual convolution 
on Н". (K-invariant functions on Н" are sometimes referred to as “radial functions.) 
Note that functions on H" can be identified with functions on G that are right 
K-invariant. Thus L' (H")* can be identified with L! (KXVG/K), the subalgebra of L(G) 
consisting of all K-bi-invariant functions on G. Further for f, geL'(H")* = L*(K\G/K), 


f*g-—f*gg where *, x denote the convolutions in H" and G respectively. Hence 


L'(K\G/K) is also a commutative Banach «-algebra and therefore (С, K) is a Gelfand 
pair. (See [9] for details about Gelfand pairs in general and [2], [3] and [4] for the 
Gelfand pairs associated with the Heisenberg group in particular.) 

Let N beany locally compact topological group and K, bea compact subgroup of N. 
Let x: N 4! (J£) be an irreducible unitary representation of N on a Hilbert space J£. 
We say that л is a class-1 representation for the pair (N, Ko) if the restriction of z to 
Ko contains the trivial representation of Ko, i.e., the space Hy = {ve W :n(k)v = v, 
Vke Ko) = (0). 

In case (№, Ko) is a Gelfand pair, i.e., if the algebra (Lf e L' (N): f (k, xk) = f(x), 
k,,k,€K,, XEN}, is commutative with respect to usual convolution on N, it is known 
that, for л, J£, Н, as above, dim Н, = 1. The function x» (n(x )Ug, Vo 2, XEN where 
v9 € Hy is such that || vg || = 1 is САРА the elementary spherical function corresponding 
to r. For more details on Gelfand pairs, elementary spherical functions etc. see [8], [9]. 

A family {p,,},cr+xen Of class-1 representations for the pair (G, K) (see[14]) is 
defined as follows: 

For AeR* and keN, define 


= [әс smooth: 2 f A. 
а 
= lk 4- n)f, mee дора: <=} E 


where 2 is the Heisenberg sublaplacian and T = 0/0t (see [14]). An inner product (.,.) 
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on H ax 1$ given as follows 


9= earar | f(z,0)g(z, 0)dz. 


c 
Let H, , be the completion of Н, , with respect to (.,.). Let Фд(х) = |2|'"*Ф„(|Д|®х), 
xeR". Then the functions E2,(z, t) = (;(z, t), 05», a, BEN", with |8| = К, form an 
orthonormal basis for H, ,. Define 

Pax 2,1) (у, 5) = /((0,2,0) (w, s), 
for (0,2,0)є6, f eH, p (w,s)eH". Then p,, is a unitary representation of G. The 
following can be essentially found in [14]: 


Theorem 3.1. The representation p, „ defined above is an irreducible unitary сіаѕ5-1 
representation of G. The corresponding bounded elementary spherical function e; , is 
given as 


а=) - 
ЖОЕ eg, (lAl), 


(k+n—1)! 


(c, z, t)eG. The restriction of p; , to H" breaks up as the sum of (k +n— 1)!/k!(n — 1)! 
irreducible representations, each of which is equivalent to the representation n; of H". 
Moreover, for 2,4, €R*, kk, EN, p; , is equivalent to р, x, if and only if A=2,,k=k,. 


The irreducibility and pairwise inequivalence of р, ,'s are proved in [14]. Also the fact 
that the restriction of p,, to H” breaks up as the sum of (k + n — 1)!/k!(n — 1)! 
irreducible representations, each of which is equivalent to the representation л, of H° 


has been observed in [14]. To see that p; , is class-1 for each 4e R*, k e N, note that the 
function 


TN К+ n — 1)! 
Ei(zt)-N,!'? У E^(zt) where №, = (Бале 1), 
k k РУ hp ELE)! 
= N; 1/2 giat (ogni? 3 Ф (1А? 2) 

k 


= М 1/2 eitt (|A]!2z) 
2 N 1/2 git Joa ! GAlz[2)e- 1/4JAllz[? 


(using results quoted in $2) is the essentially unique K-fixed vector in H,,. The 
corresponding elementary spherical function е, , is therefore given by 


e34(0,2,t) = Cpr (0,2, t) Ez, Ez n, 
= (2(6: 2, Ef, E; Hy 


where e is the identity element in U(n). Hence the above expression becomes 


exar | EX((e,z, t) !(w,0)) E(w, o)dw 
© 


= (2л) "АР | E&(w,0)z, 9) Е о, ojdw 
с" 
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= (27) APN; | У uo). 0)" 1) 02, 02) 


С" |а] = к 


ХЖ <лу(у,0)Ф?, Фу)». 
Bl=k 


= Ng 1 e^ tAt » | е2. p^ (w = z)05 ,(w)dw. 
=k =| J С" 
Since Ф^ (2) = $7, ( — 2) and 05, is real-valued, the above expression is equal to 


ци 


Na ler 2S 93 | gilm. Ф? (z — w) OF (w)dw. 
lal=k=|6| J С" 


=N le i“ Y 2, «05, (z) 
lal — к= 1| 

T N; 1 és i2t (2n)"? 0,5 Pap (2) 
lal =k = [8] 


28 Np ema (2n)? 3 2 (z) 
lal=k 
= N; e p a2). 
Since e, ,(o, z, t) is independent of the choice of c, we also write e, ,(z, t) for e; ,(o, z, t) for 
any c eU (n). 

We now describe the other set of class-1 representations of (G, K). Consider the one 
dimensional representation x, (z,t) — е" weC"\{0}, (zt)eH", of Н". Let 
Ko = (keK:k. w =w}. Then K, is a closed subgroup of K. Let p,, be the induced 
representation obtained by inducing %„® 1 from Н" xiK, to Н" xK = G. Here 1 de- 
notes the trivial representation of Kọ- The representation space of p,, is described as 
follows: Let ў 


Н „= (f:G— С continuous: f(g99) = (Xw  1)(g9)/ (9), goe Н" AKo: JEG}. 
Therefore for f eH,, (0,2, t)eG, 
f (0, zt) = f ((e, z, t)(e, 0,0)) 
= (Xw ® 1)(e, z, t) f(a, 0, 0) 
= elRew.2 (а, 0, 0), 


and hence f can be viewed as a function on К. Let H,, be the completion of H „with 
respect to the inner product 


(f,9) = | f (k)g(K)dk, f, ge. 
K 


The induced representation p,, is given by 
pul 0, Z, t) f (т, w, 5) = /`((т, у, 5)(0,2,0)), feH, (с, 2, t (v. w, s)eG. 


Then p, is an irreducible unitary representation of G, with / (o, z, t) = Q3, eR as 


the essentially unique K-fixed vector. Here ®», . , is the total surface measure of the unit 
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sphere in R?" (see [2] for details). The corresponding elementary spherical functions y, 
can be computed to be the following 


270-1(n— 1)!7, _,(т|2]) 
(zy! s 


where t = |w| > 0 and J, .., is the Bessel function of order n — 1. Also p,, is equivalent to 
р. if and only if |w| = |w'|. For w = 0, хо, the trivial representation of G is clearly 
а class-1 representation with the elementary spherical function 7, = 1 on С. 

We also write 7]. (2, t) Гого, (о, z, t) for any c eU (n). Since we know that e; , with AeR*, 
keN and m, with т > 0 are all the bounded elementary spherical functions for the pair 
(С, К), (see for example [1]), the above discussion completes the description of these in 
terms of class-1 representations of (G, K). The connection between representations and 
elementary spherical functions for Gelfand pairs associated with solvable Lie groups 
has been studied in detail in [2]. 


п.(0,2,1) = 


4. Wiener-Tauberian theorem for L ' (H") with the HM (n) action 


We first state the Wiener-Tauberian theorem for L' (H")* due to Hulanicki and Ricci [10]. 


Theorem 4.1. (Hulanicki and Ricci) Let J be a closed ideal in L! (H")* and suppose that 


(1) For any 4€ R*, keN, there exists some f e J such that 
Ke the, ,(z,t)dzdt £0. 


(2) For any x > 0, there exists some feJ such that 


[r (z, t)n,(z,t)dzdt > 0. 


Then J = L'(H")*. 

To state the analogue of the Wiener-Tauberian theorem for the action of G on H", we 
set up some notation. 

Let H” denote the equivalence.classes of irreducible unitary representations of H". 
Forhe Li (H^), we define the “group theoretic” Fourier transform on А" as follows: Let 
л bein Н" with J£, as the corresponding representation space. Then z(h) is the bounded 
operator defined by 


sie | h((z, t)~*)x(z, t)dzdt, 
E 


where the integral is to be interpreted suitably. The assignment n>n (h), defined on A" 
is known as the “group theoretic” Fourier transform of h. Thus for each 2€R*, 7, (h) 
acts on the Hilbert space L^(R") and for each weC", X (h) (is a scalar and) acts on the 
1-dimensional space C. 

For each AeR* and keN, let P,, be the projection on the kth eigenspace 
M, Ѕрап{Ф2:|0] = kj of the scaled Hermite operator Н, = — A + |Al?|xl? on R". 
Recall ФД(х) = |41 ^o, (14|" 2х), xeR". We remark that if we take the Fock space model 
for describing the infinite dimensional representations of H”, then the A-dilated Hermite 


function PZ corresponds to a nonzero multiple of the polynomial z* = z% --- z^. Hence 
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the subspace M, , of L? (R") can be identified with the space of homogeneous poly- 1 
' nomials of degree k in n-variables z,,...,z,. The natural action, wp(z) = р(и !-z), 
S ue U (n), of U (n) on this space is irreducible. Thus L^(R") = © M, , can be thought of as 
the decomposition of the representation space of r, into irreducible subspaces for the 
K-action, after L?(R") is identified with the Fock space model. 
For a function h on H”, define %h(z, t) = h(g-(z, t)), for geG, (z, t)e Н". We are now in 
a position to give conditions under which Span {%:geG} = L'(H"), for a given function 
f €L' (H"). These conditions are purely in terms of the group theoretic Fourier transform 


of f. 


Theorem 4.2. Let f e L'(H") be such that 


(1) x; (f) P,, #0 for each 2e R* and keN. 
(2) For each r > 0, there exists weC" with |w| =r such that y, (f) #0. 
(3) 1(f) #0, where 1 is the trivial representation of Н". 


Then Span(?f: geG} = L'(H"). 


Remark. If we define f(z) = f f(z, dt, zeC" then the condition (2) above can be rewritten 
] as follows: For each r > 0, fy, the Euclidean Fourier transform of fọ, does not vanish identi- 
cally on S,, the sphere of radius r in R7”. Also condition (3) is equivalent to f,(0) ) £0. 
Proof. By our remark in $3, the given function f on H" can be thought of as a right 
K-invariant function on G via / (0,2,1) = f(z,t), (c,z,t) =G. Define f (0,2, — 
f(o,z, t) = f(— o` +z, t), (о, z, t)e С. Then f* isa left K-invariant function on G. Hence 
f** f is a K-bi-invariant function on G. Equivalently, it can be viewed as a K- 
invariant function on H". 
We claim that the closed ideal generated by f * +ç f in L' (H")" is the full algebra Ia) 
Note that once we establish the claim, the theorem follows from the observations 
(а) h«(f* «c f )eSpan(?f: و‎ for heL'(H")* and hence L'(H")* = L'(K\G/K) 
< Span(^f: geG} € L'(G/K) = L'(H^).. 
(b) The smallest closed subspace of L’ (G/K) containing L1(K\G/K) and invariant 
28 under the (left) G-action, is the full space L’ (G/K). 
To prove the claim consider - 
оле, дез (2 t)dzdt 
= Jute nues Bh ваза E 
E 
= [uten ne mH aea E 
us 
= 7 \(z, te "NL oor. 2 (n,(2)02, 02» dzdt 
> Pe 
=N; (27) » (n (f*»c/)02, 025. m 


la] = К ёч 
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Again an easy computation shows that 


n(f**gf)— [une t) ‘п, (2, n dzdt 


= Г | (fx f*)(—z, — t)n, (uz, t)dudzdt 
e U(n) 


= | n, Cf * f *)du, 
U(n) 


where л, ,(z, t) = z,(u.z, t), (z, t)e Н", ue U (n). Therefore, 


| иле the, ,(z, t)dzdt 


=N; Quy? У | (п, „(/* £*)02, 02» du 
1а] = к Un) 


= №01) y | Сл, (f), „(/)Ф2,Ф/ уди 
U(n) 


|= к 


=N; Quy? У, | \л, (/) 02 ldu. 
lal =x U(n) 

Hence |(f*«,f)(z, te, ,(z,t)dzdt = 0 || 7; ,(/) 2 || = 0, for all х such that |x| = k and 
a.e. uE U (n). Now as the irreducible representation л, , has the same central character 
as 1,, by the Stone-von Neumann theorem (see [7]), л, , is equivalent to л,. Also for 
each ue U (n), 4€ R* we can choose an intertwining unitary operator т, (и): L? (R")—> L7(R") 
such that m, (и)л, (2,1) = п, ,(z, t) m, (и), for all (z, (e H” and um, (u): U (n) U (L? (R")) 
is a continuous projective representation of U (n). Therefore, the condition [(f**g¢f) 
(z, the, ,(z, t)dzdt = 0 is equivalent to т, (и)л,(/)т, (и) {Ф = 0. for all ue U (n), a such 
that |æ| = k. As for each 4 and k, т, (и) sends M, , onto M, ,, the above is equivalent to 
T )P; , = 0. The condition (1) in the hypothesis implies that this is not the case. Hence 
fG с 7)(, te, ,(z,t)dzdt 40, for any 4eR*, keN. Also for т > 0, we have 

А - 


| Леом | | (fcf )(z, te edu dzdr, i 
H" J U(n) 


where weC" is such that |w|— v. Again using the fact that (/**;/)(2,0 = 
[оо C8 £5) (uz) du, we have f(f* c f)(z, t)n,(z, t)dzdt = const. („|х CO) du. There- 
fore, 


EL и Н 


Ju *xcf Y, t)n.(z, t)dzdt = 0 


if and. only if z, „(/) = 0, for all ueU (n). This in turn is equivalent to fọ =0 on the 
sphere S, of radius т in C". But the condition (2) in the hypothesis implies that this 
is not the case. Hence {(f*«,f)(z,t)n,(z,)dzdt#0, for т>0. For т=б, 
ffs f(z, t)dzdt=|{ f(z, t) dzdt|? = 0. Hence the Wiener-Tauberian theorem holds 
for the closed ideal (h«(/**cf): heL'(H")*) generated by f*«; f in L'(H")*, i.e, 


| с EIrpifpnmügpli(net 
| Palisade дн, 
! 
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Remark. The conditions in Theorem 4.2 are also necessary for f e L' (H^) to have the 
property that Span {%f: geG} = L'(H"). This can be seen, for example, by taking the 
function A(z, t) = e ет", (2, r)e Н", which is in L' (H") but fails to be in Span(*f:geG) 
if any of the condition (1), (2) or (3) is violated. 


5. Concluding remarks 


One can also consider analogues of Wiener’s theorem for other Gelfand pairs. The 
result referred to in the introduction is actually about the Gelfand pair (M (n), SO (n)). In 
another direction, one can consider the pair (G, K) where G is a connected semisimple 
Lie group of the noncompact type with finite centre and K is a maximal compact 
subgroup of G. There is a whole body of literature devoted to this set up. For some very 
recent results, see for example [5]. 
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Abstract. Thearticle presents two results. (1) Let a Бе а reductive Lie algebra over € and let 
b be a reductive subalgebra of a. The first result gives the formula for multiplicity with which 
a finite dimensional irreducible representation of b appears in a given finite dimensional 
irreducible representation of a in a general situation. This generalizes a known theorem due to 
Kostant in a special case. (2) Let G be a connected real semisimple Lie group and K a maximal 
compact subgroup of G. The second result is a formula for multiplicity with which an 
irreducible representation of K occurs in a generalized representation of G arising not 
necessarily from fundamental Cartan subgroup of G. This generalizes a result due to Enright 
and Wallach in a fundamental case. 


Keywords. Reductive Lie algebra and subgroup; maximal compact group; weight; partition 
function; multiplicity; generalized principal series. E 


1. Introduction and notation 


This article contains two results. They are as follows: 

Suppose a is a reductive Lie algebra over C and b is a reductive subalgebra of a. 
Suppose s and t are Cartan subalgebras of a and b respectively such that t c s. Our first 
result (Theorem 2.3) is a formula for multiplicity with which a finite dimensional 
irreducible b-module occurs in a given finite dimensional irreducible a-module. This 
result generalizes the corresponding result of Kostant [12] proved under the assump- 
tion that t has an element which is regular for the root system of the pair (а.в). Some easy 
but interesting deductions of the above result are given in Corollary 2.4. 

The second result (Theorem 3.14) is a nontrivial application of the first one and is as 
follows: 

Suppose G is a connected real semi-simple Lie group with finite centre, K a maximal 
compact subgroup of G, Q a suitably chosen cuspidal parabolic subgroup of G, 
О = MAN its Langlands decomposition, Q? (respectively M?) the connected compo- 
nent of identity in Q (respectively M), ø a discrete series or limit of discrete series 
representation of M? and v is in a* (the dual of the Lie algebra a of А). In theorem 3.14 
we give a Blattner type formula for multiplicity with which a (finite dimensional) 
irreducible representation of K appears in the representation 0(0%, o, ¥) = іпаб, 
(сехру @ 1) of G induced from the representation o @ expv & 1 of 09. The represen- 
tation U(Q?. c, v). (more generally U(Q, o, v) = indo(c @ expv @ 1) with c in the limit of 
discrete séries of M) have been studied in the work of Langlands, Knapp and others (see 
[11] and references therein) These representations, in the fundamental case, are 
studied in the work of Enright-Varadrajan and Wallach [3-7] using algebraic 


techniques only. These algebraic methods not only answer the ineducibility questions — - 
but also yield the knowledge of composition factors for most of с and v (in the 
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fundamental case). It is therefore desirable to extend the E- V —W-theory to nonfun- 
damental cases too. The second result of this paper (Theorem 3.14) below is just the first 
step in that direction. It gives a formula for K-multiplicity for U (Q^. c, v) in the general 
case. It generalizes the corresponding result of Enright and Wallach proved in 
fundamental case. The arguments here are combinational in nature but much more 
work is required in the general case than the fundamental case. 

Next step, as in E-V-W-theory should be an explicit algebraic construction of 
Lie algebra modules infinitesimally equivalent to U(O?, о, v). In this regard we have 
constructed certain Lie algebra modules which enjoy ihe same K-multiplicity 
formulas as that for U(Q9, c, v) given by Theorem 3.14; identical K-multiplicities along 
with the fact that certain K-multiplicities are precisely one may lead to their equival- 
ence with U(Q?, c, v). These results will be discussed in another paper. Full develop- 
ment of this approach, may not only establish equivalence of analytic and algebraic 
methods but may produce more information and theorem 3.14 is a basic importantstep 
for it. 

[1 add that the referee has pointed out that certain results, (viz 6.3.12 and 6.5.9) in 
Vogan's book: Representations of reductive groups. Birkhauser, on standard modules, 
would yield the result 3.14, provided one makes a transition from cohomological 
induction to classical parabolic induction. Such a transition he has pointed out, would 
require comparison of distribution characters, is not immediate and is not done in 
Vogan's book. 

The standard modules are constructed by cohomological induction from principal 
series and proof of Blattner type K-multiplicity formulas (6.3.12 and 6.5.9) in Vogan's 
book on well understood ideas in homological algebras. Nevertheless the proof of 
6.3.12, as Vogan remarks, is a little complicated and indirect. On the other hand, the 
g.p.s modules are constructed from usual parabolic induction from discrete series and 
proof of Blattner type formula 3.14 given here relies only on combinatorial arguments 
aboutelements in the root system, and it is very direct. Vogan comments in his book on 
p. 334 that there is no analogue of 6.2.14 (Frobenius reciprocity) which plays a crucial 
rolein Kazhdan-Lusztig's conjecture and is at the heart of all the results on structure of 
1* V, in Enright's construction; perhaps 3.14 would be taken as Frobenius reciprocity in 

А that direction. 
Our main aim is to see if we can push Enrights machinary further from fundamental 
to non-fundamental case. In this respect, the construction we are testing also has K- 
multiplicities given by the same formula 3.14. In other words, the formulation of 3.14 is 
also important. It differs from that of 6.5.9 in Vogan's book. The construction of 
modules, we are interested, is based upon different circle of ideas than those for 
{ standard modules and hence in spite of the referee's feeling that the task of finding 
algebraic construction is finished by Zuckerman's cohomological construction, we 
have a feeling that there is still some scope for more work in that direction, it may help 
in simplifying the theory and may sharpen the results.] 

We now describe the general notation we will use throughout the paper. 

We denote by Z, R and С the ring of integers, the field of real and complex numbers. 
Fora real vector space V, we drop the suffix to denote its complexification. For a vector 
space V over a field F, we write V* for its dual. 

For any Lie algebra m over C let U (m) denote the universal enveloping algebra of m: 
If m is a reductive Lie algebra over C and } is a Cartan subalgebra of m, let A (m,}) 
E U i denote the set of roots of the pair (m,b). For each œ in A(m,b) we have the one _ 
EI , [2 d CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 4 
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dimensional root space m, and the root space decomposition 


n -5-F Y m 


a 
aeN(Onb) 


Fora in A(nu 5), let H, be the unique element in [m,, m_,] such that «(H,) = 2. If root 
vectors X, in in, and X _, in m_, are such that [X,, X_,] = H, then (X,, X_,, H,} is 
called standard triple associated with о. 7 in h* is called A(m, 5) integral if 7(H,,)eZ for 
every х in A(t, b). Suppose P is a positive system for Л(т, 5) then Ze5* is called 
P-dominant if (Н, ) is a nonnegative real for every g in P. For any 7 in h* we denote by 
Vap., the Verma module of P-highest weight 2. If A in h* is a P-dominant integral we 
denote by FF p the finite dimensional irreducible m-module of P-highest weight 2. We 
denote Бу W (nm, b) the Weyl group of the pair (m, b). For xin A(m, 5) we denote by c, the 
corresponding reflection in W (m, b). For c in W(m, b), (c) will denote the determinant 
of the linear transformation с: > b. If t is a subspace of апа if £ is in h* we denote by 
À |t the restriction of A to t. 

Finally suppose V is a vector space, and E = {a,,...,%,,} isa sequence of elements of 
V*. Assume there is some X in V such that «;(X) > 0 for 1 < i < m. Then for any Zin V*, 
P (4) is defined to be the number of m-tuples (n,,...,”,,) of non-negative integers such 
that = X, „1,0. We also make the convention that P(A) = 0 if 2 in V* is non-zero 
and P,(4) = 1 if 4 = 0. 


2. Miuitiplicity formula for finite dimensional representations 


Suppose ais a reductive Lie algebra over C, b is a reductive subalgebra of a, s is a Cartan 
subalgebra of a and t is a Cartan subalgebra of b such that t c s. 

In this secton, we construct a formula for multiplicity with which a given finite 
dimensional irreducible b-module occurs in a given finite dimensional irreducible 
a module. Our formula is a generalization of Kostant's formula (cf [12]) proved under 
the assumption that t has a point at which no root in A(a, s) vanishes. 

We fix some notation. Set 


A, = A(a, s), A, = A(b, t), W, = W (a, s), W, = W(b, t) 


A9 = {acA Ja], 0), A* = AXA. 


Let c=s+2Z,_,ca,. Then c is a reductive subalgebra of a, s is its Cartan subalgebra 
and A? = A(c, s) which we also denote by A.. - 
E 
DEFINITION 2.1 “ А M 
Let P, be a positive system for A, and let P, be a positive system for A,. We say P, is 2 


compatible with P, if t contains a point, say Ho, such that, «(H,) is a real positive 
number for every х in P, as well for every хіп P, ДҰ. 


PROPOSITION 2.2 
Let P, be a positive system for A,. Then ^, has a positive system which is compatible with : 


D c Jo 
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Proof. First, let (.,.» be a nondegenerate form on a x a whose restriction to [a, a] x [a, a] 
is the killing form of [a, a] and let u be the ortho-complement of t in s. 

Select H, int such that «(H )isa positive real number for each «in P, and that «(H,) 40 
for each о in A*. Select Н, in u such that «(H;) is a positive real number for each a in 
A, nonvanishing on u. Let y be a positive real number such that y. |x(H )| < |x(H)]| for 
each a in A*. Set H) = yH, + H, and let P, = (xeA,/a(H,) > 0}. It is then easy to check 
that P, is a positive system for A, and it is complatible with Р,. 

We now fix a positive system P, for A, and also a P,-compatible positive system P, for 
A,. Let HEt be such that о(Н,) is positive real for each « in P, and also for each 
u&P, ^ A*. Let P, =P o AD. Let p, p, and p, denote half the sum of roots in P,, P, and 
P, respectively. If w is a t-weight of the cannonical b-module a/b, call w positive if 
»(Но) > 0 and let T denote the family of positive weights of the b-module a/b counted 
according to the multiplicity. For each 4 is s* write / for its restriction to t. In the above 
setting we now prove the main result of this section. 


Theorem2.3. Let uin s* be P -dominant integral and let win t* be P,-dominant integral. 
Let m(p, w) = dim Hom, (Еу, Р... Then 


(а) m(,w)- Y, Y, e(e)P4(o(u4- p) — (w + p,))Pp (т(и + p,) + 2). 
Aes* ceW, x 


(b) If teW, then 
m(u, w)t(b) 
= У резем, #0) Рт(о(и at Pa)) 23 c(w an py) 


— Ps + Pa) Pp (olu + p.) + 2). 
(c) If n in t* is singular with respect to A, then 


0= 2, » £&(c)P 4 (c(u + p,)) — (n — p, + р.).Р, (с(и + p,) + 4). 


дє5* acW, 


Remark. The above formula take simple forms when A? = 0 i.e. when no root in 
A, vanish on t e.g. in this case (a) becomes 


(a) m(u, w) = Ў ew, 8(0)Pr(o (u + p.) — (w+ p,)). 


This is clear by virtue of our definition of Po. 


Proof of Theorem 2.3. For a vector space p(— s or t), and any / in p*, let e^ denote the 
unique function on p* which takes the value 1 at 4 and zero everywhere else. For any 
Z-valued function f on p* write f = 2... f()&^. For any function f on p*, let support 
of f stand for the set of those Aep* such that f(A) = 0. 

Let F, denote the family of all Z-valued functions on s* whose support is contained in 
a finite union of sets of the type 


t — Y m,a/m,eZ* |, 
аєР, 
where 4 is any element of s*. Similarly, let F, denote the family of all 2 valued functions on 


t whose support is contained in a finite union of sets of the type (0 — Zp m,x/m, c Z* . 
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Define addition in F, (for p — or t) pointwise and multiplication by convolution i.e. 
if f and g are in F, then if + 90) = f (2) + 90) and fg(4) = E, f (])g(4. — n). For f and 
gin Е, we writeg = f ' org=1/f ifgf =e°. 

For dis f in F, with finite support, define f on t* by f(0) = Z;,,. ;., J (4). Then 
(0) е? = = е^ and (ii) fg g = f3 for any f and g in F, with finite support. Both (i) and (ii) are 
straightforward and we check them only at the end of the section. 

We now proceed with the Proof. Let P* = P A*. Then «cà is a bijection from 
P* onto P, v T. Hence we can find two disjoint subsets, say P* and PF of P, such that 
Р* = = PFU pi * and «>g is a bijection from P* (respectively P% Jonto P, ERGY T). 

(2.3.1) 

Now, if V is a vector space, « is in V* and A is a family of elements in V* set, 


۱/2 _ „-а/2 
d, = е? e D REA 


and 


and write D, = D, , D, = Dp,, D, = Dp , Dt = Dp,, Dt = Dp, and D} = рр. Then, from 
(2.3.1), (1) and (11) we get 


D*= D, DASD (2.3.2) 
and 
D=} У àa-2ia-pytp (2.3.3) 
a€Pa ae Pê 
Since P, = P. o P* and P* = Př U P% are disjoint unions, we get 
D, = D; D* and D*-D* = ря. (2.3.4) 


Now, let z, (respectively y,,) denote the character of F^, (respectively Fjp.). 
Then 


D,x,- Y, elo)e 20: DES (a) en 


aeW, ceW, 


Dy Xw = Y s()e*"*^» D,— Y e(ge* 
te Wy тє 
(cf. 24.3 in [10]). Note also, 
Sr » P, (A)e 2 and pu X P (we ten), 


Aes* wer* 


Combining (2.3.4) through (2.3.7), we get 
Df Xu =(D7 D) 20) 


ад 


= (D$) Y POL A аи 


Aes* oew, 
= (D$) 5 Y, elo) Pp (olu + p) — (1+ 0)):е". ^: a 
nes* aeW, tS е 
Now if nes* and сє, then 
Pp (ol(u + p.) — (1 + p))e = Pp (olu + p.) — (n + 2) 
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This is because, if Pp (olu + p.) — (n + p) #9 then ў=о(и-- p,) as every а in 
Р, vanishes on t. Using (2.3.2), (2.3.7), (2.3.8) and (2.3.9) we get 


рух, = ех, y= 1/р® 3 у el P» (olu + p.) — Q1 + p,)e* * e 


nes* сє}У, 


=, Ў, È el o)Pp (olu + p.) — (n + p,)) Po (w)eC 0" +0 +a?) 


Wet* лєѕ* oeWa 


=P X X d в(а(и+ p.) — (1 + p)) P, (Qc + р.) — (0 + p,))e 
бєї* nes* ceW, 
(2.3.10) 
| On the other hand, it is easy to see that 
|| 
[| Xu y me W) Zw (2.3.11) 


{| weL 


| where L is the set of P*-dominant integral elements of t*. Using (2.3.6) апа (2.3.11) we 
get 


DY WD х= >, >, тр, wele” t "". (2.3.12) 
meL weL тє, 

Now let teW, and compare the co-effecient of e" ^^? in (2.3.10) and (2.3.12) and 
use (2.3.3) to get part (b) of the theorem. Part (a) follows from (b) by taking t = 1. Ifnet* 
is singular with respect to A, then the co-efficient of e” in (2.3.12) is zero. Hence the 
co-efficient of e” in (2.3.10) must be zero. That proves (c) and completes the proof. 

Theorem 2.3 generalizes both Lemma 6.3 in [12] which assumes t = s and theorem 
3.4.1 in [1] which assumes existence of A -regular element in t. 

Using the multiplicity formula we will now derive some easy consequences. 

Continue with the notation of the last theorem and let u be the ortho complement of 
tins with respect to a non-degenerate form on a which is an extension of killing form on 
[a,a] and set D=u+¥,.,0a,. Then d is a reductive Lie algebra, u is its Cartan 
subalgebra. Set A, = A(D, u) and P, = (a|u/xeP c A9]. The P, is a positive system 
for A,. 


COROLLARY 24 


(In the above notation). Let p in 5* be P -dominant integral. Let v be a P -highest weight 
vector of weight u in Е p and let W = o(b)v. Suppose ji is P,-dominate integral then 
(a) m(u, д) = degree of Ef p, where ñ= ц|®. 

(b) W is precisely the set of all P,-highest vectors of weight ji in F p 

(c) The b-module U(b) W is grob the isotypical submodule of F% p, ay type Ер p (1.6.10 


is the sum of all b-submodules of F* , which are equivalent to ЕЁ 3 
(d) The b-module W is isomorphic with Ies 


Proof. By part (a) of Theorem 2.3 we get 


| m= Y, У, (90Р (0(и+ p.) — u+ p) P, (o(u+p.)+2). 241 
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Let ce W,. If ce W, then (c(u + pa) — (и + p,)) being sum ofelements in — P, vanishes 
> on t. Hence (o (u + p,)) — (и + p,)) = 0. Hence 


P lolu + p,)) — (и + p,) = 1 
in this case. On the other hand, if o¢W, then o(p + p,) — (и + p,) is a sum of roots 
in — P,, atleast one of which i is in — (P, ХР, ) and hence it takes negative value at Ho 


and therefore P (o(a + p,)) — (и + p,) = 0 іп this case. It therefore follows from (2.4.1) 
that 


т(и,д)= Y, Y, e(o)P, (olu + p.) +). (2.4.2) 
дє5* acW, e 
For 4es* and ceW,, set, 4—4|, 2= 4|,, 6 —c|, and à —c|,. Since every root in 
P, vanishes on t we get 
(1) ¢ = identity for each ce W.. 
(2) md is a bijection from W. onto W,. 


(3) сд = 4 and e4— 6 (Z)VAes* and ce W.. 
(4) If 2 = 0 then 


P, (A) = Pp (4). 


Let Г = {Aes*/2 = (u — p,)]- 

If żer and ceW, then olu+ p,) +) e t p, 4—0 hence P, (с(и + p.) + A) 
=P, JG + Pp, )+2) by (3 ) and (4). 

(6) If des s* AT and ge W, then o(u + pa) +4) #0 and hence Р, (с(и ipod A) = 0. 

(7) AZ is a bijection from Г onto u*. Now 


(5 


— 


т(и,д)= Y, Y, elo)Pp (olu + p.) + A) (by (2.4.2) and (6)) 


tel сє, 


У Y eo) P, (6 + 2.) + 2) (by (5) 


Acer сє, 


T 


Y. Y elo) Pp (о(й + ,) + n) (by (D). (2.4.3) 


neu* сє”, 


Now for neu* by Kostant’s multiplicity formula (Corollary 7.5.10 of [2]). 


У elo) Pp (o(À + py) +n) 
ceW., 
is the dimension of the — ( + p,) weight space of the D-module Ер p, and since p, = fy; it 
follows from (2.4.3) that т(и, д) = degree of FË p . This proves (a). 
Since d = u + Z, a, PBW theorem shows that U (à) has a basis, say B, such that (i) 
every element in B is a s-weight vector whose weight is zero on t. 
Let DeB and let дєѕ* be its weight. Then 4 = 0. Let weP,. Let BeP, be such that 


T B = о. Now 2+ В(Н,) = В(Н,) > 0. Hence д + is not a sum of elements in — P,- 
Therefore 4 + A + В can not be a weight of Ей. Hence XD: p = 0. Therefore, 
(ii) b,-D-v — 0. 
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(i) and (ii) now prove that (iii) each element of W = U (d)vis a P, highest weight vector 
of t-weight д. From (iii) and (a) we get (iv) dim W< dim Hom, (F$ p, F7 p,) = degree 
jg 
But W contains a copy of FË p . Hence (iv) shows that W = FẸ p, which proves (d) and also 

dim W = dim Нот, (Ff p, F7 p,) 


which in conjuction with (iii) establishes (b) and (c) follows from (b) trivially. This 
completes the proof of the Corollary. 

It remains to check (i) and (ii) which appeared in the proof of Theorem 2.3. For this let 
0 — s* and let f and g in F, have finite support. Then 


7200) = Y f(g(9 —) 


net’ 


| =) У fio 


net? дє5*%, = oes*,0 —0— 4 


ЭЭ) 


дє!” 265%, = öeš",=0 


I 
mM 
7 


/(4)9(д — 2) 
=0 


Il 
M 
= 
LE 
мо 
>> 

«x 
© 
| 
SS 
e 


des*,5=0 ies" H 
f 
= X fg) | 

бєз”,д=0 

=f-g(0). 

This proves (ii). 
Now let 4es*. Then 
é&(0- У eê). У, 

des*, =0 "n 


It follows that, e^(0) = 1 if 7 =0 and is equal to 0 otherwise. This proves ей = ей, 


3. K-multiplicities for generalized principal series representations 


Let G be a connected real semi-simple Lie group with finite centre, K a maximal 
compact subgroup of G, Q a suitably chosen cuspidal parabolic subgroup of G, 
О = МАМ its Langland's decomposition and Q? (respectively M?) the connected 
component of identity of Q (respectively M). In this section, using theorem 2.3, we built 
up a Blattner type formula for multiplicity with which a finite dimensional irreducible 
representation of K appears in the induced representation inde. (c @expv@]) 
where a is a discrete or limit of discrete series representation of M? and vea*;. ao-the 
Lie algebra of А. Our main results are Theorem 3.13 and 3.14. 

Let д0 (respectively Ко) be the Lie algebra of G (repectively К), go = ko po the 
Cartan decomposition of go, 0 the corresponding Cartan involution. We fix bo, 
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a Cartan sub-algebra of kọ and set ho = the centralizer of bg in gg. Then A, is 
a fundamental Cartan subalgebra of gy. Set, once for all, A = A(g, h). Let u = ko ® 
NET po. Then и is a compact real form of g. Let с and т denote the conjugations of 
g with respect to gy and u respectively. Then to = от and to|g, = 0. We denote the 
automorphism to of g also by 0. For each « in A, we choose a standard triple 
{Xa X -a Н, such that c(X,) = — X _, (This is possibie; cf. Lemma 1.32 in [14]) and 
set T, = Х, – X _„ and 2, = Х, + X ,. Then t(7,)= T, and t(Z,) = —Z;- 
A root ze A is imaginary or complex according as «|b сур is zero or nonzero. If «eA is 
imaginary then either g, c k in which case « is said to be compact or g, c p in which 
case g is said to be noncompact. If « and f are distinct roots in A, we say « and В are 
orthogonal if a(H, ) = 0; we say х and f are strongly orthogonal (SO) if «+ В are not 
roots; we say « and f are weakly orthogonal (WO) if they are orthogonal but not 
strongly orthogonal. Strongly orthogonal roots are necessarily orthogonal. If a is in 
А and S is a family of roots in A, we say 2 is orthogonal (respectively SO) to S if a is 
orthogonal (respectively SO) to each member of S; we say с is weakly orthogonal to S if 
itis orthogonal but not strongly orthogonal to S. If S is a family of roots in A we say S is 
a strongly orthogonal family if either S has atmost one element or any two distinct 
members of S are strongly orthogonal. For each noncompact root g in А we define an 
automorphism C, of g by C, = exp(ad(— лТ, /4)) – апа call it Cayley transform of a. 
We fix, once and for all S—a strongly orthogonal family (possibly empty) of 
noncompact roots in A and define an automorphism С; of g by С; = Identity if S is 
empty and С; = IT, C, otherwise and call it Cayley transform of 5. 
If S is empty, set t, = b, and a, = b, A p,; if S is a nonempty set 


t, = {Heb,/B(H) = oV eS) 
and 


ay =b, p, + У А2. 
BeS 
Set j, = t, Фа, in either case. A 

Now if f is in S then C,(H;) = Zyep, and C,(H,) = H; for every & # Bin $. Honea it 
follows that C,(H,) = Z, for all f in 5. Also Cir, = identity. Hence C,(b)=j and 
therefore j, isa Cartan subalgebra of gg which we call as Cartan subalgebra built by Cy. 

Let I, be the centralizer of a, in g,. Then the restriction of the Cartan killing form of 
a, tol, x I, is nondegenerate. Hence if m, is the ortho complement of a, in 1, with respect 
to this form then 1, = m, ay. Both I, and m, are reductive subalgebras of g, and 
respectively j, and t, are their Cartan subalgebras. x 

Let X denote the set of the roots of the pair (g, a). For A іп Z let gå denote the root 
space corresponding to 4. Select and fix H* in a, such that A(H*) is nonzero for every 
Zin E. Let E* = (4€E/A(H*) > 0) and set n, = У,у. and q, — 1, п,. Then q, is 
a (cuspidal) parabolic subalgebra of g, and q, = nt, ® a, ® "t, isits Langlands decompo- 
sition. We call q, as a parabolic subalgebra built by С;. 

It is clear that A(a,j) = (xo Су '/xeA]. Since A(Lj) = (xeA(9, j)/a]a = 0} = (ae С у - 
«€^, x imaginary and orthogonal to S}. We identify A(Lj) with {«e A/« imaginary and — 
orthogonal to S}. Since, аја 0 for each о in A(Lj) and (a|t/zeA(Li)) = А(т,) we 
identify A(m, t) with A(L j). xxx 

Ifa іп A is imaginary and orthogonal to $ then C,(g,) = m, and either m, c fin whi 


case we say a in m-compact or m, c p in which case we say « is m-noncompact. 
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The following results are known (cf. ch. 2 of [13]) and also easy to check by direct 
computation. 


PROPOSITION 3.1 
Let «eA be orthogonal to S. Then 


(1) a is strongly orthogonal to all except possibly one member of S. 

(2) If xis strongly orthogonal to S then C,(X,)=X,. 

(3) If a is strongly orthogonal to all but one member say В of S then 
Cs(X,) =CX,-,+ dX,,, for some nonzero numbers c and d. \ 

(4) If «is imaginary and strongly orthogonal to S then о is m-compact if and only if wis 
compact. Ifa i3 imaginary and weakly orthogonal to S then a is m-compact if and only 
if it is noncompact. 


Set A, = A(t, b), A, = A(nut), А, (= A(mot t) and let W, W, Wns W,,, denote the 
Weyl groups of the root systems A, A, А, А, respectively. Fix, once for all, 
P, a positive system for А and set Р = Р, А, ,. Then „pisa positive system for A,, |. 

Now refer to [5] and [6]. Using the terminology and results there in, we easily see 
that (m, mot) is a regular pair and Р, is an admissible positive system. Further for 
every A, integral element A in t* the Verma-module И, , ; admits a lattice of 
m-modules A,(se W, 1) above it and if we set W_, „= 45. d, then W p., is ап 
admissible (m, m^ f)-module. Call W_ Р,» À the fundamental series module of the pair 
(m, mmf) parametrized by — P „апа 4. 

For A, integral 4 іп t* and v in a*, consider W_p „аза q = ıı @ a @n module by 
allowing Н in a to act by v(H) and X inn to act by zero. The q-module thus obtained is 
denoted by W_ p, 09 Y 90. 

If W is any q-module, we induce it in the following way to get a g- module. Let EE’ 
be the unique anti automorphism of U(q) such that X * = X for all X in q and let 
Homy (U (9), W) denote the space of all linear functions f: U(a)— W such that 
f (DE) = E* f(D) for all DeU(g) and E іп U(q). This space is a g-module under the 
action X f (Y) = f (X * Y)(feHom,,,(U(g), W), X in 8. The set of all t-finite vectors in 
Homy,,(U(g), W) is a g-module which we denote by ind*(W) and call as g-module 
induced by the q-module W. 

For 2 and v as above, call the module іпа (И ,®У90) as generalized principal 
series (gps)-module parametrized by P „^ and v. 

Our aim is to construct a f-multiplicity formula for these gps modules. We need 
some, preparation. Set 


A? = (aeA/a|t = 0), A* = A\A°, A? = (ae A, /a|t = 0} 

and Af = A\A?. Call the strongly orthogonal family S simple if A? = SU — S. We note 
that S is simple if it has atmost one element. 

PROPOSITION 3.2 

Following conditions are equivalent. 

(i) A= ¢ 

(ii) S is simple 
(ii) The only real roots of A(g,j) are «°C, * with + ges. 
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Proof. First note if 26 A?. Then о = E, ;4, В for some scalars d; and further a¢ + S if 
and only if atleast two co-efficients d,s are nonzero and in this case atleast one d, will be 
non integral. 

Now if A? = Su —S then A9 =A°nA, = (Su — S)n Ay = ф as every f in «S is 
noncompact. Thus (11) = (1). Conversely, if A® > Su — 5, let xeA9X(Su — S). Write 
a = X, 5d, P. Then atleast two of d,s are nonzero. Let dj #0 Ad, for some fi, , f; in S. 
Now a (Н) = 2d, V fl in S. Therefore іа, > 0 (respectively d, < 0) then a — 8, (respect- 
ively ж + B,) is a root in A? and it is compact if о is noncompact. Thus either «eA? or 
®#А° in which case а — f, or «+f, (according to whether d, is + ve or — ve) 
is in AP. Hence А05 ф. Thus (i)=>(ii). Hence (i)e»(ij . We note that 
A(g.i) = {С; (0) = x9 C; ! /xeA) and Csal, = «|, for all «eA. Now the root С; (о) is 
real — C,(z)|t = 0<0|1= 0 ie. iff «eA? from this the equivalence of (ii) and (iii) 
follows immediately. This completes the proof. 


DEFINITION 3.3 


(1) A positive system P for A is said to be S-admissible if S c P and there exists Ho in 


ЕТЕ such that «(H,) > 0 for each « in P unless «|, = 0. Р 
(2) Let P,, be a positive system for А, and P be a positive system for A. We say P 15 
P -compatible if P, c P, ie. if P,, = (a|,xe P/z imaginary and orthogonal to S}. 


PROPOSITION 3.4([1]) 


Let P „be a positive system for A,,. Then there exists a positive system P for А which is 


n 


S-admissible and P „-compatible. 


Proof. Set 

p = {He,/— 11,/x(H,) > 0 for each « in [РИ 
апа 

m = {He,/— 1t,/«(H) #0 for each a in A*}. 

Then p is open and nt is dense in \/ — 11, Let A? be any positive system for A? such 
that S c A . (This is possible as H,(feS) is a basis for u. Any lexicographic ordering on 
A? will give such a positive system.) Let H, inu be such that a(H,) > Oforeachain'A? . 
Select any H, in bam. Let r be a positive real number such that r.|«(H,)| > «(H, ) for 
each а in A*. Let H, =rH, and H = H, + H,. Set 

P = (ae A/a(H) > 0). 
Then it is easily checked that P is an S-admissible, P,,-compatible positive system for A. 
This completes the proof. Following proposition characterizes simple system 5. 
PROPOSITION 3.5 
Let P be a S-admissible positive system for A. Then every В in S is P-simple if and only if 


S is simple. 


Proof. Let H,e4/ — 1t, be such that a(H,) > 0 for all а in Рс\А*. Now suppose S is 
simple then «(H,) > 0 for all a in P\S and «(H,) = 0 for all «in S. Hence if f is in S then 
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Ё can neither bea sum of roots in P\S nora sum ofa root in P and a root in 5 nor a sum 
of roots іп 5. Hence every f in $ is P-simple. Conversely suppose every Û in P is 
P-simple. Let «eA be such that &= 0. Then there exists scalars d, such that 
а= У 51 В. Assume without loss of generality that о is in P. then all d, are non- 
negative. Suppose a¢S. Then atleast two d,s say dẹ and d, are nonintegral. Now 
a(H,) = 2:d,. Hence 2d, = 1 or 3. If 2d, = 1, then о — $ is a root and it is in P as fis 
P-simple. But 


a—f- у dy ô— 3P. 
&eS fi] 
This contradicts that elements in $ aresimple as the co-efficient of r in the expression for 
a — f is positive whereas co-efficient for f is negative. Hence 2d, = 1. If 2d, = 3 then 
a — 2f is a root in P and 


«—28= У dyó—if. 
eS Vf 
This again gives a contradiction. This forces x to be an element of 5. Hence 
A* = SU — § ie. S is simple. This completes the proof. 


We fix, once for all, an S-admissible, P -compatible positive system P for A and set 
P,— {aeA,|a = f|b for some fie Pj, 


Р т = (xeP, |2 m-compact}, 


т 


Pan = Р„\Р, = {«Р |х m-noncompact} 


Let p, (respectively p,,.) equal half the sum of roots in Р, (respectively Р. ү). 
Following lemma is basic to the proof of multiplicity formula for gps modules. Its 
proof is similar to that of lemma 4.1 of [7] and hence we omit it. 
Lemma 3.6. Let W be any q-module. Let ueb* be P,-dominant integral. Then 
dim Hom(Fr.,,,ind$(W)) = 
(We W), (3.6.1) 


mo mol, P m.t 


: > ; 
X, dim Hom, (Ён arp,» Fip) dim Hom 
where summation is over all P -dominant integral elements w in t*. 


Next taking W=W_, , in lemma 3.6, we will determine the two factors which 
appear in summation in (3.6.1) separately. 


PROPOSITION 3.7 


Let et be A, integral. Assume (^ — p,, ) (H) is not positive integer for any «€ — Pay 
Let wet* be P „dominant integral. Then 


dim Hom, (Fr p. o D Ps 


T У ew, El) Pp (olw пг Princ) Sy (A > Pang): 


Proof. This follows from Theorem 5.1(b) of [7] which is a restatement of Theorem 49 


onger version of Theorem 14.5 of [5]. 
оса EERE окота S 
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Next we will first determine certain weights of the cannonical mo f-module t/mat 
and then using Theorem 2.3 we will compute 


dim Нот „(Ё Ер). 


MAL, Pm? 


We need some notation. Set 


P? = {ae P/x|t = 0; 
and 
P* = Р\Р°. 


For 4 in b* or h* we will write Z for 4|,. Fix H in ./ — 1 t, such that «(H,) > 0 forall zin Р 

Call a t-weight w of the mo -тоаше f/m nf positive if w(H,) > 0. 

From now on, let T denote the family of positive weights ofthe mat- modulef/mot . 
each counted with its multiplicity. 

We will determine Т. We need some more terminology. Suppose 2 and f are two 
roots in A. Say « is related to f if either « and f are strongly orthogonal or «(H,) = — 2. 
Otherwise say « is unrelated to f. 


PROPOSITION 3.8 


Let X X! denote the canonical projection of t onto t/mat. For each а in А(9,5) 
set E, = X, if æ imaginary and E, = X , + 0X, if «complex. If hop # (0). fix a point Н; 
in hap such that (Н „)&0 for every complex «eA. If hap =(0) take Н, =0. 
Set Р“ = {жє P*/x compact and unrelated to some member of S) u (xe P*/x complex and 
«(Н „)> 0j. Let 


В = (El/aeP*), 
T = family of positive t-weights of the mat module t/m с counted with multiplicity and 


(t/mat)* = the subspace of /m at spanned by positive weight vectors. е 
Then В is a basis for (тс) and hence T is precisely the family of a], = (ae P^). 


Proof. First we will prove that B is linearly independent. Suppose not. Then there exist 
a nonempty subset С of Р“ and nonzero scalars a,(x in C) such that 


Y a Ое |z 729) = {о}. (3.8.1) 
aeC aep 


Let D be the subset of C consisting of all imaginary roots in C. 
Suppose D $ Ø. Then (3.8.1) shows that if f is іп S then 


Y a [Xo X +X] Y, aX, 0X, X54 X 4] 50. (3.8.2) 


aeD aeC\D 


Linear independence of X;5s now show that 


Y aX, X, X 5] = 0 for every Bes. (3.8.3) 
aeD 
Using (3.8.3) we will deduce several properties of D. Suppose f is in 5 and «in D. Now if 
a+ is a root then (3.8.3) shows that «+ 8 =r — f for some r in D. In particular 


æ + 28 =r is a root in D. Thus we have, 
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(pi) IfaeD, BeS and if a + f isa root then о + 2f is a root in D. Similar consideration 
shows that 
(pii) IfweD, BeS and if — f is a root then х — 2f is a root in D. Combining (pi) and 
(pii) and using the fact that f string through « can not have more than four 
elements we easily deduce that 
(piii) If «eD, BeS then either « + f is not a root or « — f is not a root. 


Now suppose «єр, feS and х + 2f is a root then first of all « + 2f is in D. Now if 
æ + 3B is a root then by (pi) а + 4f is also a root which can not happen and hence « + 3f 
is not a root. Therefore using (pi) and (piii) we deduce that 


(pl) If xeD, fieS and «+f is a root then «+ 2p is a root in D, further f string 
through wis {a,o + 8,0 + 26} and therefore «(H,) = — 2. Similarly we also deduce 
that 

(p2) IfweD, BES and « — f is a root then a— 2f is a root in D, further f) string through 
a is (o, — 8,0 — 28) and therefore о(Н,) = + 2. 

Now let «e D and set 


S, = {BeS/a unrelated to fj]. 


First note that о is an $ an imaginary root and belongs to P" hence S, # ф. 


Let eS, then «(H,) ¥ — 2 and also хапа В are not strongly orthogonal hence 
at least one оѓо + fj And a — f is a root. Using (p1) and (p2) we see that 
(p3) IfaeD, eS, then a — 28€ D and В strong through о is (x — 28, « — fl. о) and hence 
o(H,) = 


Now fix «eD and let f,,f,,...,f, be an enumeration of roots in S,. For each 
i(1 <i <r) set 


Y 28, 
1<j<i 
We claim a; is a root in D(1 & i <р). 
Clearly by (p3) 1, is a root in D. Assume o; is in D for some i, 1 <i < r. It is easy to see 
thato;(H, у= alg., )=2 (by (p3)). In particular o; is unrelated to fj; , ,. Hence by (p3), 
0; — 26; , isa root in Die. 0..1 isa root in D. Thus induction proves that the claim is 


true. Hence we get a, in D. Now take any $ in S,. Then by (p3), «,(H,) = 2. On the other 
hand for any i, 1 <i <r we have 


aA) (2—2 » 2,) )=a(H,)—28,(H,) = —2 
1<J <r 
by (p3). Hence f # f; for any i, 1 & i <r. Thus B¢S,. Nowa = о, + 2, .;.., В. Further 
В and and f; for e each i are strongly orthogonal (being distinct members of S). Hence 
«(Нр (H,) = a E= Hence feS,. Thiscontradiction proves that D must be empty. Now 
if й g = rank f then there are no complex roots. Hence С = D. Hence С = ф. This 
contradicts C # ф. Hencein this case we conclude that B is linearly independent. If rank 
а # rank * then using (3.8.1), the fact that D=@ and Н, is in hop we gt 
0X,, H,]-0 ie. 


ga, 
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Y a,0(H,)(X, — 0X,) —0. (3.8.4) 
аєС 
Now since D = ф. every «in С is a complex root in P* and hencea(H,) > Ofor all in C. 
Also X;s are linearly independent. Hence from (3.8.4) we conclude that С = ф. This 
contradiction proves that B is linearly independent. 
We next want to prove that B spans (t/mot)*. Set 


P&., = (xeP*|a compact or complex, «(Н„) > 0}. 


cc, + 


Note P” c P*. , . Since A, = A? U Až, one checks easily that 
t-b Y L+ XH (3.8.5) 
зєА? ae + Р? 


Tbe 


i It follows immediately that 


MAD = ЮЕ GES (3.8.6) 
acP?. + 
1 Let «e P*. ,. If ue P“ then EleB. If «¢ P* then « is compact, imaginary and related to 
| every member of S. We have two cases: 


Case (1): œ strongly orthogonal to $ then E, = X, = C,(X,)emof. Hence E =0. 


Case (11): œ not strongly orthogonal to S. Let {8,,..., Ê,,..., f/,,) be an enumeration of 
elements in S such that a(Hg,)= —2.1 «i <r and a is strongly orthogonal to f; if 
r«ixm.Set 


y-a-c 6:. 
1<ї<г 
Then one checks easily that y is an imaginary root. It is weakly orthogonal to 
8;(1 & i <r) and strongly orthogonal to B;(r < i < m). By Proposition 3.1(a) we get Дь; 
r= 1. Set В = В, then у = a + f. Using Proposition 3.1 we get А 


Cs(X,) = C(X,) = cX, р + dX, 4, for some nonzero constants c and d. 
: (3.8.7) 


Now y is noncompact. Hence it follows from Proposition 3.1(d) that Cs(X,) is in mae. 
Thus Cş(X,) = 0. Therefore (3.8.7) gives 


Хї=хї_ дса =O UKE о (3.8.8) 


Now « + 2f is strongly orthogonal to {B2,..-,Bm} = S\{B} and (a + 28)(H,) — 2. Мо ea 
a + 28 is compact, « + 2f is unrelated to f (as (x + 28)(H5) = 2) and a+ 2BeP* as 
(we P*). Hence « + 2BeP* and X1, ›є B. Hence from (3.8.8) we get X{EB i.e. 
Thus in any case Ele B for every a in Р». Hence from (3.8.6) we deduce that subsp 
spanned by B is precisely (f/mot)*. Hence B is a basis for (f/maf)*. The secon 
» assertion in the statement in the proposition is now obvious. This completes. 


for ind§(W_, , 69v 690). ^ $5 
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Lemma 3.9. Set 
Pin = {EP „|© m noncompact} 
P*. + ={aeP*|either a noncompact or complex and «(H,,) > 0j 
and let P* be as in Proposition 5.10. That is 
P* = {a c P* either х complex and «(Н „) > 0, or 
æ compact and unrelated to some member of Sj. 


Identify P „ with 


(er 


Then there exists a bijection f:P, 0 P*—P*., such that f(x)-—& for every 
«ЄР, „УР. 


either « compact and weakly orthogonal to S ог а non- 
compact and strongly orthogonal to S : 


Proof. Let {B,,...,B,,} be an enumeration of elements of S. For «eA and any i, 


(1 <i & m) set m(x, i) = a(H,,) and define п(о, i) in different cases as follows: 


(a) n(o, i) 2 m(a, i) if a = + f;. 
(b) n(a, i) = 0 if жапа fj; are distinct and strongly orthogonal. 


(c) 
m(a,i) if m(o,i) +3 or +1 
260] 0 if m(a,i)= —2 but а= — ff, 
D 1 if m(a,i)=2 but o z f; 
—1 if a and f; are weakly orthogonal. 


` In table 1, we give the values of n(a, i) against т(о, i) in the case when + « and f; are 
distinct and not strongly orthogonal. 
Define a map s:A > A by 


s(a)=a— У n(ui)f;. (3.9.1) 
1<і<т 
(Root string consideration shows that s(x) defined by (3.9.1) is a root.) For «eA and 
1 <i<m the following properties of s(x) can be easily verified. 


(P1) s(x) is complex if and only if œ is complex. 


(P2) s(a) = a. 

(P3) s(a) = —a if «eS; s(a)¢ + S if and only if ad + S. 

(P4) 5(0) is SO to f, if and only if « is SO to В; and in this case 
(a, i) = n(o, i) = m(s(a), i) = n(s(o), i). 

(P5) s(a)eA° if and only if «e A^, 


Table 1. 
m(a, i) —3 ر‎ -—1 ( 1 2 3 
n(c, i) =3 0 oi) ا‎ EE 
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(P6) If о, BEA are different from + [;, none of a, f strongly orthogonal to В; and 
m(p, i) = т(о, i) — 2n(a, i). Then n(B,i)= —n(a,i). (This can be easily checked 
from table 1). 
(P7) m(s(a), i) = т(0, i) — 2n(a, i) 
(P8) n(s(a, i) = — n(a, i). This follows from (P3), (P4), (P6) and (P7). 
(P9) . s S) ) = ж. This follows from (P8). 
(P10) m(s(a), i) = — 2ifand only if either æ = fj; or m(a, i) = — 2. This follows from (РЗ), 
(P7) and table 1. 
(P11) If > fj; then g is unrelated to f; if and only if s() is unrelated to 8;. This follows 
from (P6) and (P10). 
If xe P, „(Р n considered as a subsystem of P) then s(x)eP*. , . (Ifa is not SO to 
S then by Proposition 3.10 there exists a unique f = fj; such that о and fj; are 
weakly orthogonal. In this case s(x) = « + B; which is noncompact.) 
(P13) n(x, i) is odd if and only if « is unrelated to f;. This can be observed from the table 1. 
(P14) Set 


(P12 


— 


yı = 5(0) + n(mi)B;2a-— У n(mjf; 
l<j#i<n 
Then (i) m(y;,j) = m(s(a),j) for j zi, (ii) m(y;, i) =m(@, i) hence n(y; i) =n(@, i), 
(iii) y; is unrelated to fj; if and only if « is unrelated to (1 <j <m), (iv) s(y)) = 
æ — n(x, i) B;.(i) and (ii) are proved by direct computation and (iii) follows from (i), 
(ii) and (P10). As for (iv) note if з= i then (i) implies n(y;,j) = n(s(@),j) and hence 
by (P8) we get n(y,,j)=—n(a,j) and (ii) implies n(y,,i)=n(a,i). Now 
5();) = y; — E, <j<,n(7;,J)B; substitution now proves (iv). 
(P15) Suppose a is such that for every i(l < i < m) either «is strongly orthogonal to fj; or 
m(a, i) is odd ого # + В, then п(о, i) = m(a, i) for each i and hence in this case 
s(x) =op, ap, Op, (x), ср denoting the reflection corresponding to f,. We now 
define a map f: P,, u P* ¬ P*., as follows: 
(d1) For «€P,, , and « strongly orthogonal to S let f(x) = s(«)(= о). 
(d2) For«eP,,, ando weakly orthogonal to S let 8 be the unique element of S which is 
not strongly orthogonal to « and let f (a) = s(x) — 28(— « — В). 
(d3) For «€ P* and a complex let f (a) = s(a). 
(d4) For ae P*, «compact let i be the least integer such that «is unrelated to fj; and set 


m,n 


(о) = s(a) if s(x) is noncompact 


= s(x) + n(a, i) B; if s(x) is compact. 


One checks easily that in all the cases f(x) defined above is an element of Pf. +: 
Let «eP uP*. Note the following properties of f (x). ? 2 


m,n 


(Pi) f(a) = à. 
(Pii) f (x) is complex if and only if æ is complex. 
(Piii) f (æ) is strongly orthogonal to S if and only if « is and in this case œe P mn: 
(Piv) If «eP „„ then f (a) is related to every BES. К 


nun 


(Pv) If «€ P* then f (a) is related to f in S if and only ifa is related to fl. In particular f (x) 
is unrelated to some fin S and if iis the smallest integer such that «is unrelated to 
В; then i is the least such that f(«) is unrelated to f, 
(Pvi) f(a) is unrelated to atleast one f in S if and only if xe P*. 
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(Pi), (Pii), (Piii), (Piv) are obvious. (Pv) follows from (P11) and (P14). (Pvi) follows from 
(Piv)and (Pv). We now prove that the map f defined above is a bijection. First we prove 
the surjectivity of f. 

Let ae PÈ 


nc, ж 


Case І. If « is complex then «e P* and f (x) = a. 


Case II. If a is noncompact we have several subcases: 


| 
! 
(1) о strongly orthogonal to S then «e P,, , and f(x) = о. | 
(2) с not strongly orthogonal to 5 but related to every member of S. | 
Assume w.lg that т(о, В) = —2 for 1&i €l and « SO to fj; for | «ci &m. Let | 
7=%+2,.;-,f;. Then у is weakly orthogonal to fj;(1 < i € I) and strongly orthogonal 
to f,(| <i < m) by Proposition 3.1, we get | = 1. Set B= f,. 
Thus in this case there exists a unique f in S such that x(H,) = — 2 and then y= 
æ + В is compact. Hence yeP,, ,. Now by definition (d2) f(y) = y — B = 2. 


Case III. о not strongly orthogonal to S and also unrelated to some member of S. 


In this case let i be the least such that « is unrelated to fj;. Then by (P11)it follows that iis 
the least such that s(x) is unrelated to fj;. We have two subcases of this case: 

(i) s(«) compact. In this case, s(x)e P* and 5(5(0)) = « which is noncompact hence by 

definition (d4) f (s(a)) = о. 

(ii) s(x) noncompact. In this case let у; = 5(0) + n(x, i)B;. By (P13) п(о, i) is odd (Hence 

7: 1s compact) and by (P14) y; is unrelated to fj; hence у,є P* by (P14 (iii). i is the least 

such that y; is unrelated to fj. Hence by definition (d4), /(7,) = s(y;) + n(y;, DB; 
Now by (P14) (iv) s(yj) = « — п(о, i) B; and by (P14) (ii), n(y, i) = n(a, i). It follows that 
Јо) a. 


Thus we have proved that for «&P*  . , there exist y in Р 


пс, т 2 


an U P* such that f(y) =a. 
This proves the surjectivity of f. 
We now prove the injectivity of f. 


Suppose o, YEP „„U P“ are such that f(x) = f (y). To prove that о = y. 


Casel. a€P,, ,.In this case f (o) is related to every f in S (see Piv). Thus f (у) is related to 
every f in S. Hence уєР , (by Pvi). We now have the following subcases. 


Case 11). œ strongly orthogonal to S. In this case ( f (y) = ) f (x) = о. Thus f (у) is strongly | 
orthogonal to S. Hence by (Piii) we conclude that y is strongly orthogonal to S and that | 
f(y) = y. Thus у= f()) = f (o) = o. | 


Case I(ii). œ weakly orthogonal to S. In this case there exists a unique f in S such that ais 
strongly orthogonal to all members of S\ {6}, æ is weakly orthogonal to $. In this case 
f (a) = o — B (by d). 

Now y€P,, , and y cannot bestrongly orthogonal to $ (otherwise interchanging roles 
of y and о in case I(i) and we would get о = у which would contradict а is a weakly 
orthogonal to S) hence y is also weakly orthogonal to S. Let ô be the unique element of 
S which igg Sr eet SM AO дына — 8 =» =F 


e M f a Г 
DR ЕЦЕ SUUM roue E 


S -——'A-c—€qz 
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В were not same as д then y — 6 would be strongly orthogonal to B(as y is so) i.e. « — f 
would be strongly orthogonal to f which is not correct hence f = ô. Therefore « = y. 


Case П. e P*. Then ye P* (otherwise by case I, ж will bein Р , and we would get у = 0): 
We consider all the possible cases. 
Case 11(1). s(x) noncompact, s(y) noncompact. In this case f (z) = s(x) and f (y) (by d3). 
Hence we get s{x) = s(y). Therefore by P9 we get « = y. 
Case lI (ii). s(x) compact. In this case, let i be the least such that « is unrelated to f;. Then 
by (d4) f(x) = s(«) + n(«, i) B;. Therefore by (P14(iv)) we get 
s(f (0)) = х — п(о, i) f. (ж) | 
Now let if possible s(y) be noncompact. Then by definition (43), f (у) = s(7). Therefore | 
by (P9) we get y = s(f(y)). Now using f(y) = f(x) along with (ж) we get y =a — п(а, if 
Now by (P13) п(о, i) is odd hence « — л(о, i)fj, is noncompact (x being compact, p, being 
noncompact). Thus y is noncompact and this contradicts ye P*. Therefore s(y) must be 
compact. Now let j be the least such that у is unrelated to fj;. Then by (d4) we have 
f(y) = s(y) + n(y,j) B;. Therefore 
> 50700) = y — ny, j) B; (by P14 (iv). (жж) 
Now (x) and (жх) alongwith f (у) = f (x) gives 
у —n(y,j)B; = a — nla, i) В,. (9) 
Now by (Piv), i is the least such that f (а) is unrelated with fj; and j is the least such that 
f(y) is unrelated with fj. Therefore f(y) = f(a) gives UU] Now by P14(ii), 
n(f(a),i) = n(a,i) and n(f(y)j) = n(y,j). But f(a) -f6) and i=j. Therefore we get 
n(x, i) = n(y, j). This, in conjuction with (xxx) now gives у = 0. mc. 
This proves that y = а in every case and therefore it follows that f is injecuve 
completing the proof of the Lemma. 
DEFINITION 3.10 
» (a) For w #0 in г* let p[[w]] be defined by 
рси = (Xev/EH, X] = w(H)XV Het). 
(b) Let P? denote the family of those nonzero w in t* with the propensi that (i) 
p[[w]] z {0} and (ii) w = for some о in each P, w being counted in Р, dimp[[w]] 
number of times. 
Remark 3.11. Pf is usually written as P,,. It then follows that P; is precisely the family of 
nonzero & = «|, with «e P,- 
PROPOSITION 3.12 
ata is a bijection from PX. , onto the family BA 
Proof. Let wet*. Then = 
> 


p=hnp+ X СХ Y we OK O 


a non-compact a complexa(H.) > 0 
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It follows that we PS if and only if w = for some ae P and then 


р] Y CX, + » C(X, + 0X.) 


aeP,anon-compact,a=w aeP,acomplex û = w,a( H«) > O 


3 E 


aeP?, and а= 


Ш 


From this the proposition follows immediately. 

We now collect various assumptions and notation and prove the main result. 

Let gy be a real semi-simple Lie algebra, до =f) ® Po its Cartan decomposition, 
0 corresponding to Cartan involution, bo, the Cartan subalgebra of to, b, the central- 
izer of b, in go, 5 the strongly orthogonal family of noncompact roots in A = A(g,}), 
©; Cayley transform of S, jo = і,Фа,,а 0 invariant Cartan subalgebra of gy built by 
Cso that t, = (Hebo/B(H) = oV Bin S}, qo = my ® ag ® n, some parabolic subalgebra 
of go with a, as its split part. Let Р, be a positive for A(m, t). Let P be an S-admissible 
and P, -compatible positive system for A set. P, = {«eA(f, b)/x = f |b for some ЄР}, 
P,,,={aeP,,/x—m compact}, P= (xeP,|a|, = 0}. и = ortho-complement of t in 
s with respect to killing form of b =u + E, p t, Р, = (x|u/xePy a], = 0}. Let 
Ps Pmo Po Pa denote half the sum of roots in P, P o P and P, respectively. Let P5 be asin 
Definition 3.10. For 1 in b*, let 7 = 1|, and î = 1|,. А, = A(nuit, t) and W, = W(t, b). 
Then we have the following theorem. 


nmt 


Theorem 3.13. Let л in t* be A „integral. Suppose (A — p,, .)(H,,) is not a positive integer 
for all œ in P, |. Let v in a* and p in b* be P -dominant integral. Let m(A, v, и) denote the 
multiplicity with which finite dimensional irreducible k module with highest weight 
и occurs inind}(W_p ,®v @0). Then 
(a) 

m(2, v, 4) = 


Y X s(o)Ps(c(u- p.) — (2 + p. — 2p, )) P» (o(u + p.) + м). 


web* сє; 


(a) In particular, when $ is simple 


m(,v,u) — У, e(a)Pps(o(u +p.) — A + p. — 2р„„)). 
сє; 
(b) If u is such that = 2 2р then m(A, v, Ш) = degree of FË p the finite dimensional 
irreducible b-module with P,-highest weight ji. In particular if S is simple then in this 
case m(/, v, p) = 1. 


Proof. Let L denote the set of all Р, -dominant integral elements in t*. For w in L, 
set 


m(u, w) = dim Нот (FY) pty) 
and 
m[A, у, u] = dim Hom, (Fr, We Prd © y © 0). 
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The Lemma 3.6 and Proposition 3.7 give 


m(A, v, и) = Y m(u, w)m[A, у, w] 


weL 


=) Y e(t)m(u, м)Рь (T(W + Pac) — (4 = Pm.c)): (3.13.1) 


wel tEW mt 


Using Theorem 2.3 (b) and (3.13.1) we get 


m(A, v, и) = УУУУ elo) Prlolu + p.) — (TW + Pme) — Pme + р.) 


x Pp (olu + p.) -y)Pp, (CWE Pye) —A—Pme)» (3:132) 


where >, Z,, X. and E, denote summations over w in L, тіп W,,,, y in b* and c in 
W, respectively and T is the set of positive weights of the canonical nı of modulef|moft. 
Now т( + Pme) with w in L and x in W, , exhaust all W, , regular elements of t*. 
Therefore it follows from Theorem 2.3 (c) and (3.13.2) that 


m, v, = Y, Y, Y; elo) Pr (си + p.) — 61 — Pyne) + р) 


жуа 


x P, (0 — (A — Pe) Pp (olu + р.) + 7) 


== y D elo)Prop, (Olu 3r 123) = (Др — 2)) 


yeb* ceW, 
x Pp(o(u+ p.) + 7), (3.13.3) 


where Z,, £, and £, denote summations over 1 in t*, yeb* and c in Wae But, 
Pop. (n) = Ps (1) for every net* by Lemma 3.9 and Propositions 3.12. Part (a) now 
follows from (3. 13.3) and part (b) follows immediately from (a) by arguments same as 
those used in proof of Corollary 2.4 (a). 
We now work on group level. 
^ Let О be the parabolic subgroup of G with qo = mp ® a, @ nt, as its Lie algebra and 
let Q — MAN be its Langlands decomposition. Let 0° (respectively M?) be the 
connected component of 1 in Q (respectively M). Then Q? (respectively M? is the 
connected subgroup of G with Lie algebra qọ (respectively то) and Q? = M? AN. Let 
T =exp ty. Then T is a Cartan subgroup of M°. Let A denote the lattice of the 
differentials of characters of T. Let 2 in t* be P, -dominant. Suppose 2€A + Pm and 
A(H,) #0 for each P -simple root z in A, ү. According to Harish Chandra [8,9] and 
Schmiod [13] there exists a unique invariant eigen distribution Op, ; called as ‘discrete 
or Mock discrete series character of M? as described in ch. 15 and 16 of [5]. 
Then by Theorem 16.2 of [5] there exists a nonzero irreducible unitary representa- 
tion (сь „4, Hp, ,) of M? which has character 0р ; and is infinitesimally equivalent to 
-P,A*p,: Let as usual vea*. Let іпа0,(сь ,  expv O 1) be the representation of 
G induced by the representation (cp, @expv@ 1) of MAN = Q? to G in the usual 
; way; G operating by left translate. Set 


Gp ay = іп, (сь , © expv @ 1). 
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Call op a» the generalized principal series representation of G with parameters P,,, 2, y. 
Then dp av is infinitesimally equivalent with ind?.(W_p „1 ©» ®0). 

Theorem 3.14. Let 2 in t* be Р, dominant. Suppose 4€ ^ + p,, and also 2(H,) 40 for 
every P-simple х in Р, ү. Let u in b* be P, dominant integral. Let M(A,v, д) be the 
multiplicity with which Ef, appears in сь з ,. Then 


(a Mv a= У У e(o)Pps(o(u + p.) — (2 + р — 2p) Pp (o( + p.) + м). 
web* ceW, 
(a^) In particular, if S is simple then 


М(%у,ш)= Y, є(в)Рь(с(и+ p.) —(A + p — 2р,)). 


сє! 
(b) If i — 1+ p — 2p, then 
M(A, v, ш) = degree F$ p,- 
In particular in this case, if further S is simple then 


M(A,v, p) = 1. 


Proof. We claim 
p — 2p. = Pm — 2p, c: (+) 


(*) follows immediately from Proposition 15.2 in [11]. We may also argue as follows: If 
S is empty, then A(m, t) consists of all imaginary roots in A. А(т еї, г) consists of all 
compact imaginary roots in A and if in P then Oa is also in P. From this the (x) follows 
easily in this case. 

If S has just one element (ж) follows from (7.21) in [13] easily. In general case, we can 
prove (x) using (7.21) of [13] and induction on number of elements in S. We omit the easy 
details. Theorem 3.14 now follows from Theorem 3.13 and the equation (ж) when we note 
that op ,, is infinitesimally equivalent with іпа (ИУ _ь ,@v@0). This completes the 
proof. E 


Remark. Theorem 3.13(a’) and (3.14(a’) have been proved in the fundamental case (i.e. 
when S = ф) by Enright and Wallach in [7]. These results in the case when S is singleton 
are proved in [1]. 
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Abstract. We prove the existence of the moduli space M(n,d) of semistable generalised 
parabolic bundles (GPBs) of rank n, degree d of certain general type on a smooth curve. We 
study interesting cases of the moduli spaces M (n, d) and find explicit geometric descriptions for 
them in low ranks and genera. We define tensor products, symmetric powers etc. and the 
determinant of a GPB. We also define fixed determinant subvarieties M, (n, d), L being a GPB 


of rank 1. We apply these results to study of moduli spaces of torsionfree sheaves on a reduced 
irreducible curve Y with nodes and ordinary cusps as singularities. We also study relations 
among these moduli spaces (rank 2) as polarization varies over [0, 1]. 


Keywords. Generalized parabolic bundles; nodal curves; torsionfree sheaves. 


1. Introduction 


This work is a generalization and continuation of our work in [B3] where (and in [B5]) 
we introduced the notion of generalized parabolic bundles (GPBs). They are vector 
bundles with flags (of vector spaces) over effective divisors. In [B3] we studied the 
special case of flags of length 2 and we consider here flags of sufficiently general type. In 
$2 we study the generalities on semistable and stable GPBs and their properties. We 
prove the existence of the moduli space M (n, d) of semistable GPBs of rank n, degree 
d of certain general type. In § 3, we study interesting cases of the moduli spaces M (n, d) 
with flags of length 2. We define 1-stability and 1-semistability, compare these notions 
with the stability and semistability of GPBs and use them to prove the existence of fine 
moduli spaces for GPBs. We consider the question of defining tensor products, 
symmetric powers etc. and the determinant ofa GPB. We also define fixed determinant 
subvarieties M, (n,d), L being a GPB of rank 1. We describe M, Q, d) explicitly when 
X is an elliptic curve. There is interesting geometry associated to this (Remark 4.8). 
Section 4 is the application of these results to the study of moduli spaces of torsion-free 
sheaves on a reduced irreducible curve Y with nodes and ordinary cusps as singular- 
ities. The case of a single node was considered in [ B3]. Let X be the desingularization of 
Y, p: X ¬ Y being the natural map. We give a correspondence between GPBs on X and 
torsionfree sheaves on Y. Unlike the correspondence given by Seshadri (Theorem 17, 
р. 178 [S]), this correspondence is not bijective, but it preserves rank and degree. Also it 
maps 1-stable (1-semistable) QPBs to stable (semistable) torsionfree sheaves and vice 
versa. We also consider relations among various moduli spaces (rank 2) as the weight 
a varies over [0, 1] (see 4.9). These relations are similar to those obtained for stable pairs 
by Bradlow, Thaddeus, Garcia-Prada and others. 

Finally we introduce orthogonal GPBs and study their relation to orthogonal 
sheaves on Y (5:10, 5-11). We postpone the general case (principal G-bundles)to a future 
paper. On the one hand GPBs are generalizations of parabolic bundles ([SM], [B2]). - 


On the other hand they generalize the presentation functor giving normalizations of | 
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compactified Jacobians studied in detail by Seshadri, Oda, Kleiman, Altman and 
others. GPBs are associated to representations of the group z,(X)x Z s ---* Z, where 
7,(X) is the fundamental group of X and * denotes the free product of groups 
(Theorems 1, 2 [B4]). GPBs have many applications. They have been used crucially for 
proving factorization rules of generalized theta functions [RN] and for proving 
Frobenius splitting for moduli varieties of vector bundles on ordinary curves [MR]. 


2. Generalized parabolic bundles 


2A Generalities on GPBs 


Let X be an irreducible nonsingular algebraic curve defined over an algebraically 
closed base field k. Let D be an effective divisor on X. Let E be a vector bundle of rank 
n and degree d on X. 


DEFINITION 2.1 

А quasi parabolic structure on E over the divisor D is a flag Z of vector subspaces of 
H*(E & 05) given by F :F,(E)= H°(E@ 05) > F,(E) >... 2 F,(E) = 0. 
DEFINITION 2.2 


À quasiparabolic bundle (QPB in short) is a vector bundle E together with quasi- 
parabolic structures A’ over finitely many disjoint divisors Dj, ј = 1,...,Ј. Let 
A —(71....,27). Then a QPB is a pair (E, Z). 


DEFINITION 2.3 


An isomorphism of QPBs (E, Z) and (E', Z’) is an isomorphism /:Е — E' which maps 
the flag 2 ; to the flag 7 for all j. 


DEFINITION 2.4 


А (generalized) parabolic structure on a vector bundle E over an effective divisor 
D consists of 


(1) a quasiparabolic structure on E over D 


(2) real numbers o,,...,o, with O< o; <... < a, < 1 called weights associated to the 
flag. 


DEFINITION 2.5 


Let æ = (0, - --,0,), m; = dim F,_ ,(E)/F,(E),i=1,...,r. Define wtp E = У. , m;a. If we 
consider parabolic structures over divisors D,,...,D,, we define wtE = Ум E. 
Define pardeg E = degree E + wtE and par и(Е) = pardeg E/rank E. These are called 
respectively the parabolic degree and the parabolic slope of E. 


DEFINITION 2.6 


A generalized par abolic bundle (abbreviated as GPB)is a vector bundle E together with 
parabolic structures over finitely many disjoint divisors. We denote it by a triple 
(E, Z, 2). Here & = ( 0), له‎ = (al. ol] j = je. 
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DEFINITION 2.7 


Every subbundle K of E gets a natural structure of a GPB (see 3.2 [B3]). By 
a subbundle of a GPB, we will mean a subbundle with this induced parabolic structure. 
A GPB (Е, 2, о) is semistable (respectively stable) if for every (respectively proper) 
subbundle K of Е, one has par и(К) < (resp. <) par j«(E). 


DEFINITION 2.8 


Let (E, Z, g) be a GPB. Let a: = 1, of, = aj — 1. For real number « with 0 < « < 1, 


define EJ = Fi_ (Е) if of_ а аа С 
А morphism of GPBs is a TOOT f: Е — M of underlying vector bundles 
such that f(E7) € Mi for 0 € a « 1 and j 4 1,...,J. 


PROPOSITION 2.9 


(1) If h:I К is a generic isomorphism of GPBs which is not an isomorphism, then 
par u(I) < par u(K). 

(2) If f:E, > E, is a morphism of semistable GPBs of the same rank and same parabolic 
degree (the divisors D, being fixed for all j), then f is of constant rank. 

(3) If. in addition, one of E E, is a stable GPB then f is either zero or an isomorphism. 


Proof. Since (2) and (3) follow from (1) by standard arguments, we only prove (1). For 
1 <j < J, let N; denote the kernel of h|Dj:I|D;> K|Dj. One has deg K > deg + 
DAN; 3), because h is a generic isomorphism, with equality if and only if h is an 
isomorphism away from the union of D;. Define 
— 1 р P 2 
wih, = У of (dim(H°(N ) o FU)/H9(N ) OF}. 1 (1)). 


i-o 
Since o] < 1 for all i,j one has 


WEN; < X (dim HON, F{() = dim Н(А,) Fi, , 1)) =h°(N;). 


Thus wtN = У мг, € Y;h*(N;) with equality if and only if all N; =0. Since h is 
a morphism of GPBs End пр, induces an injection (I|D;)/N; SKID, it follows 
that wt] — wtN <wtK. Thus, раг degl = deg I + wil < deg I + wtN + wtK < deg 
I + Y,h(N;) + wtK < par deg К. The last two inequalities cannot be equalities unless 
his an Wan Since / and K have the same rank, (1) follows. 


PROPOSITION 2.10 


Let @ denote the category of semistable GPBs (E,#,«) on an irreducible non- 
singular curve X with parabolic structures over fixed divisors D,,...,D, on X and’ 
with fixed рат и = m. Then € is an abelian category whose simple objects are stable 
GPBs. 

By the Jordan—Holder theorem, for any (E, A, a) in €, there exists a filtration of 
(E, A, о) in € with successive quotients stable GPBs with раги = m. The associated 
graded object for this filtration is unique up to isomorphism. Denote this object by 
gr(E, Z, o). 
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DEFINITION 2.11 


х) and (Е',.2', о) are equivalent if 


We define an equivalence relation in € by (E, Z, 
gr(E, Z, g) and gr(E’,#’,«’) are isomorphic in €. 


2B Existence and properties of the moduli space 


Our aim is to construct a moduli space for equivalence classes of semistable GPBs of 
a ‘fixed type’. 


Theorem 1. Let X be an irreducible nonsingular projective curve of genus g(g >0) 
defined over an algebraically closed field. 

Let D,,...,D, be finitely many (fixed) divisors on X such that their supports are 
mutually disjoint. Consider the set of semistable GP Bs (E, 2.0) on X of fixed rank n and 
fixed degree with F!:F}(E) = Н(Е® 0p) 5 --. > FE) = 0 flags of length r (r indepen- 
dent of j) and weights о) = (d, , .. ., 9) fixed independent of j. For each j, we assume the 
flag type of Fi fixed (varying with j). Denote this set modulo the equivalence relation 
(2.11) by M. Then M has the structure of a normal projective variety of dimension 
n'(g — 1) + 1 + Y;dimG; where С, is the flag variety of flags of type Fi jd 
The subset of M corresponding to stable GPBs is a nonsingular open subvariety. 


Proof. The construction of the moduli space M is done using geometric invariant 
theory generalizing [B3]. We only sketch the proof as it is very similar to that in [B3]. 
We first construct a universal space R for GPBs of the above type with an action of 
PGL(N) on it. Then we show that there exists a good quotient M of R by PGL(N)in the 
sense of geometric invariant theory. We denote by S the set of all semistable GPBs 
(Е, 2,0) of the above type. Without loss of generality, we may assume that 
—n<degE «0. Let C; = deg D;,j = 1,...,J. For (E, Z,a)eS, let b = par deg(E). Since 
the GPB's(E, Z, a)eS are semistable, there exists mg such that for m > то, h*(E(m)) = 0 
and the canonical map H°(E(m)) > Q7. , Н(Е(т) ® € ) is surjective. Given an integer 
bo, one can choose m > g such that for Fes (i.e. F such that (F, Z, a)e S) or for F c E, Ees 
and pardegF- b, one has H'(F(m))=0 and the canonical map H?(F(m))^ 
&;H'(F(m)G 0, ) is surjective. This can be done by arguments similar to those on p. 226 
[SM]. We shall choose b, suitably later (depending only on n,g, b and C; j = 1,...,7). 
Choose m» д, m > то. Let n=h°(E(m)). Let P be the Hilbert polynomial of E(m) in 5. 
Let Q = Quot,(0*, P) be the Hilbert scheme of coherent sheaves on X which are 
quotients of OY and have Hilbert polynomial equal to P. There is a universal sheaf U on 
Q x X. Let R be the subscheme of Q consisting of points q in Q corresponding to sheaves 
U, which are vector bundles generically generated by sections and satisfy H *(U,) = Ох 
(by the Riemann Roch theorem, H' (U,) = 0 for qe R). By our choice of m, R contains the 
subset of О determined by E(m) with (E, Z, g)eS. It is well known that R is a nonsingular 
variety. Let py:R x X >R be the projection. Define V; = (p,), (U|R x D;). Let G(Vj) be 
the flag bundle over R of the type determined by the parabolic structure over D;. Let G(V) 
be the fibre product of {G(V,)},. j=1,...,J over R. We denote the total space of G(V) 
by R. Obviously R has the local universal property for GPBs. It is the universal space for 
GPBs which we wanted to construct. Let К“ (respectively R*) denote the subset of 
R corresponding to semistable (resp. stable) GPBs. 
The group PGL(N) acts naturally on O} and hence on R, R^, R=. We shall construct 


a projective variety Y with PGL(N)-action such that a good quotient of Y modulo 
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PGL(N) exists. We shall give an affine injective morphism from R to Y which is 
PGL(N)-equivariant. The existence of a good quotient of R modulo PGL(N) then follows 
(Proposition 3.12, [N]). Following Gieseker [G2], let us define a ‘good pair (F, ф) to be 
a flat family F + T x X of vector bundles on X such that F, is generated by its global 
sections at the generic point of t x X and ф:0 р, (Е) is an isomorphism, p being the 
projection T x X — T. Let A denote the Jacobian of X corresponding to line bundles 
on X of degree equal to deg E(m), EeS. Let M be the Poincaré bundle on X x A and 
g:X x A— A the projection. Define Z = P (Hom(A"0*,g, M)”). Given a good pair 
(Е, ф) one defines a morphism Т(Е, Ф): T — Z as follows. Fix te T. One has a natural 
map y: A"H?(F,) > H9?( A"F,) given by y(s, ^ = As,) = s, s(x) = (X) ^ Л, (x). 
Also, o gives a map А”ф: A"k" > A"H? (F,). Define T(E, q)(t) =e A". It is easy to 
see that this defines a morphism [G2]. Via the action on 0", PGL(N) acts naturally on 
Z preserving the fibres over A. Note that the fibre of Z over LeA is 
P(Hom(^A"K", H?(X, L))"). If we are given a good pair (Е, ¢) where Е = (F, Z, æ) is 
a family of GPBs of fixed type considered in the theorem, parametrized by T, then for 
every t in T; F,|D, has flag 


£*:FQ(F,) = H°(F,@ Op) > FI(F)S > FKE) =0. 
Let е: H*(F,) = H*(F,G (5) be the natural map. Via e; (by pulling back) the flag Fi 
induces a flag on H°(F,). Identifying H°(F,) with К^ by ф, we get a flag (of fixed type) on K^: 
(К^): К = Fİ (kY) 2 Fi (Kk) =... > FK"), 


with F/(k") = kernel of ез. Let fj = dimension of Fljiz0,...,7, j=1,..., J. Let G | 
denote the Grassmannian of subspaces of kY of dimension f}. Let G = IG}, i= 1,..., | 
109.1 PIENE J. Thus (F,q) determines a morphism /:Т- С. Define a morphism 
T(E, o): T >Z x G by T(E, p) = T(F, q) x f. Thus we get a morphism T:R >Z х G. The 
space Y we wanted to define is the product Z x G and T is the required PGL(N)- 
equivariant morphism. Let 6)=b+[n(m+1—g— a, =; Cj), 6; = (i+ — 9) for i 
i— 1,...,r— 1. Let Ly = 0z(1), L; = generator of Pic G; for all i, j. Let N, be an integer : 
such that №, 6, is an integer for all i. Let q,:Z x G>Z,qj:Z x G>G; be the projections. 

Define a line bundle L on Z x G by 


L= (q,)* L^ @(®@: 1 97-,(0)* Lip”): 
On Y = Z х G we take the linearlization of the PGL(N)-action given by L. Let Y, (Y^) 
denote the set of semistable (stable) points of Y. 
PROPOSITION 2.12 


(а) аєК*= T(g)e Y. 

(b) аєК* = T(q)e Yan к; И 
(c) qe R, T(q)e Y, q£ R^ T(q)¢ Y“. 

(d) qe R5 — R> T(q)£ Y5. 


Proof. Similar to 3.12 [B3]. "P 


PROPOSITION 2.13 


The morphism T is a proper injective morphism. 


Proof. Similar to 3.13 [B3] or 3 [B1]. 
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Since T is affine and a good quotient of YS modulo PGL(N) exists (well known) it 
follows that a good quotient M of Rs modulo PGL(N) exists (Proposition 3.12 [N]). 
Risa nonsingular projective variety of dimension n?(g — 1) + N? + X dim G;, G; being 
the flag variety of flags of type F’, j =1,..., J. Hence M is a normal projective variety 
of dimension n?(g — 1) + 1 + У, біт G;. Also, if RS = RS and Aut(E, 2, 2) = k (scalars), 
then M is a geometric quotient and is nonsingular. We end the proof of existence of 
M with this remark. 


PROPOSITION 2.14 


Let h denote the canonical morphism from Rs onto the quotient M. Let & denote the 
universal family of GPBs on R* x X. Then for p, qe R^, one has h(p) = h(q) if and only if 
gr(6p) z gr(6,). 


Proof. Similar to 3.15, [B3]. 


3. Interesting special cases of the moduli spaces of GPBs 
3A a-stability, a-semistability of QP Bs 


Notation 3.1. In this section we study QPBs (E,Z) —(!.... F?) with 


SURE) EI(E)S0:Letdim FJ (E) = a;,a = Y, aj, j = 1..... J. If J = 1, then we may 


often denote (E, 2) by (E, Е, (E)). The results of this section are also needed later for 
applications. 


DEFINITION 3.2 


Let a be a real number with 0 «o <1. A QPB(E, Z) with F/:F4(E) > Fi (E) 20 is 
called o-semistable (respectively «-stable) if for any proper subbundle F of E with 
induced quasiparabolic structure, one has 


deg F + Y; dim Fi (F) (CS deg B + a dim Fj (E) 
rank F Р rank E 


Note that for 0 < x < 1, a-semistability (or a-stability) is the same as semistability (or 
stability) of the GPB(E, Z,a) with o? = (0, о) for all j. 


PROPOSITION 3.3 
Let (E, F) be a QPB with F!:Fi(E) > Fi(E)>0,a= > dim Fi (E). 


(1) Suppose that 1 — 1/[a(n— 1)] <a <1. Then if (E,Z) is o-semistable, it is also 
]-semistable. If (E, Z) is 1-stable, it is also a-stable. 

(2) Suppose that rank and degree of E are coprime and a is an integral multiple of rank E. 
Then (E, A) is l-stable if and only if it is 1-semistable. 

(3) If the conditions of (1) and (2) are satisfied then a-stability is equivalent to o- 
semistability and the moduli space M is nonsingular. 


Proof. (1) Let F be a proper subbundle of E of rank r with induced (quasi)parabolic 
structure. Define 
B(F) = ndeg(F) — r deg(E), A(F) = ra — n> іт Е} (F). 
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The condition for «-stability (z-semistability can then be written as 
B(F) <(<)xA(F), for all subbundles F of E. Define ô= 1 —«. If A(F)>0 then 
B(F) <¢A(F)=>B(F)<A(F) since «<1. If A(F)<0, then [B(F)« A(F) — 
9A(F)] = B(F) € A(F) if and only if — óA(F) < 1. Since X dim Fİ (F) <a, one has 
= A(F) € a(n — r). Thus — A(F)«& a(n — 1) for any F. Hence if б < 1/a(n — 1), for 
0 >1 — 6 = a < l,o-semistability implies 1-semistability. Suppose now (E, Z) is 
l-stable. For A(F) < 0, if B(F) < A(F), then B(F) < «A(F) as « > 0. For A(F) 0, 
B(F) < A(F)= B(F) < «A(F) = A(F) —óA(F) if and only if óA(F) < 1. Since 
dim FJ(F) > 0, A(F) € ra < a(n — 1) for all F. Thus for 1/5 > a(n — 1), 0<a= 
1 — ô <1,1-stability implies «-stability. 
2) Proof as in the vector bundle case. 
3) The first assertion is clear from (1) and (2). The second assertion follows from 
Theorem 1. 


Theorem 2. Let M (n, d) denote the moduli space of stable GPBs (E, 4, a) of rank n and 
degree d on a nonsingular curve X of genus g satisfying the following conditions. 


(1 F =(F',..... FI), FÌ: Fİ (E) > Fi (E) > 0, dim Fi (E) =a, is a fixed integer depend- 
ing on j,a = У, іт FJ (Е). 
(2) a =(æ',..., gf) with a? = (0, а) for all j, 1 — 1/а(п— 1) <a < 1. 


(3) The rank n and degree d are coprime and a = Ya; is an integral multiple of n. 


Then M (n, d) isa fine moduli space. 
Proof. Similar to 3.16 [B3]. 


3B Operations on QPBs 


In this section we assume that D; = x; + zj, for all j and the QPBs are of the type defined 
in 3.1. We denote such a QPB by (M, F} (M)). 


3.4. Direct sum and tensor product of two QPBs. The direct sum of two QPBs 
(M, Fi (M)) and (N, Fi (N)) is the QPB (M @ N, Fi (M)® Fj (N)). The tensor product of 
the two QPBs is the QPB(M@N,Fi(M@N)) where Fi (MQN) is the image of 
Fi(M)@Fi(N) under the projection map (M, ® M) Q (N, ON.) (MON), & 
(M@N),. We remark that if the projections from F} (M) (respectively Р (№)) to 
M, and M, (resp. №, and N_) are isomorphisms then a similar statement is true for 
Fi (MQN). 


3.5. Let T denote an operation on vector spaces such that for V, = V5, T(Vj)e TV) 
and for any two vector spaces V,, V, there isa map pr: T(V, © V;) > T(V;) T(V;). For 
example, T(V) = End(V), &"(V), S"(V), A” (V) etc. In these examples T(V,)® T(V) is 
a direct summand of Т(И Ф №) (characteristic zero), hence there is a canonical 
projection map pr.T which induces a corresponding operation on vector bundles which 
we again denote by T. We want to extend T to QPBs. Note that 
pr Т(Е! (Е)) = T(E,)® T(E,). For a QPB (E,Fj(E) define T(E, Fj(E)) = (T(E), 
pr(T(F4 (E))). 


3.6. In particular when T = A", the top exterior product, then T(E, F} (E)) is a rank 1 | 


ОВР called the determinant. Let (E, Z, x) bea GPB with Е, F as in 3.1. Then we det 
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the determinant of (E, Z, о), denoted by det(E, Z, x), to be the rank one СРВ (det 
E, Zo, &). 


PROPOSITION 3.7 

Let p; and q; be the projections FÌ (E) Е, and F} (E)—> E, respectively. Let M' be the 
subset of the moduli space M (n, d) corresponding to GP Bs satisfying the condition that at 
least one of p; or qj is an isomorphism for every ј = 1,.... J. Then det: M' ^ M(1,d) 
defined by (E, Z, «)>det (E, Z, о) is a morphism. 


Proof. Let (6,¥%,%)—T x X be a (flat) family of GPBs. It suffices to show that 
we can globalize the construction in 3.6 to (£, Z, х) replacing (E, Z, x). By definition, 
A gives a rank n subbundle F (£) of 4,— p, (|Т x D;) for all j. Let Л" = 2. We 
have 


(pr), CZ|T x Dj) = (pr) (“ЇТ x x) (рт), CT x z;) 
= A'(pr.(6|T x x;)) G A" (Pt. (|Т x zj)). 


Let p: A"6;— A"(pz,(£|T x xj) Ф ^"(pz.(&|T x z;)) be the natural projection. The 
rank n bundle F} (4) determines a rank 1 subbundle F of Л "6. Then p(F’) is a rank 
1 subbundle of (рт), (“| T x D;) giving the parabolic structure over D; on 2. Thus we 
get a family (.Z, Z о) of rank one GPBs on T x X. 


Notation 3.8. Fix a GPBL = (1,.2 0,0) of rank 1 and degree d. Let M; denote the 
subset of М” consisting of GPBs (Е, 2, a) such that det (E, Z, x)= (L, 4 9,u). Let 
Mz denote the closure of Мг in M (n, d). Notice that M7 is closed in М”. 


3.9. Let V, V, be two vector spaces of dimension n. Let G be the Grassmannian of 
n-dimensional subspaces of V, Ф V, . Let e, ,...,e, bea basis of V, and let e, + ,, ..., €2, be 
a basis of V,. G isembedded in P( ^"(V, Ф V,)) by the Plucker embedding. Let {Р; . „> 
1 <i, <--- <i, < 2n be the Plucker coordinates. Let Н be the hyperplane defined by 
аР, „= 6.Р, 4. (257 0 (a,b both nonzero and fixed). The following Lemma seems to 
be known. 


Lemma 3.10. GAH is nonsingular. 


Remark 3.11. The result of the lemma does not hold if one of a or b is zero as can be 
seen by taking n —2. In that case GAH becomes а cone with base a nonsingular 


quadric in РЗ. 
Theorem3. Suppose that L= (L, Fo, a) is such that p (FÌ (L)) = 0, 4 (Еі (L)) #0 for allj. 
Then one has the following. 
(1) Mg is normal. 
(2) If (n,d)=1,% = (0, a) with 1 — 1/nJ(n — 1) <a < 1, then My is nonsingular. 


^ Let (b;, a;), bj€ Lx, aj;EL,, be a generator of Fi (D), j= 1,...,J. By our assump- 
Trapa = b Me both TOO for all j. Consider a GPB(E, Z, о) (as in 3.1). Let 
SEn 1 7 UE G; = Gr(n, V; V) ~ б. We identify Fi (E) with the element of 
„= jy TERRE? 
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G, determined by it. Then a semistable (E, Z, 4) corresponds to an element of MF if and 
only if for all j, Fi (E) belongs to the subset of G; defined by 


(а, P, — b;P (n4 1).. (2n)} = 0, PES any #9, Б. n¥ Of. 


The closure of this set is the hyperplane section G;^ Н, of G;; where H; is defined by 
ajP, ,— Oj Pins р) (һу 0. Thus a semistable GPB(E, £, a) corresponds to an element 
of M, ала only if Fi (Е)єС оН ,for allj. Let К, R be the spaces defined in the proof of 
сеш 1. R is a bundle over R with fibres IT;G, a J-fold product of G. Let К, denote 
the subset of R corresponding to vector bundles E with fixed determinant L. R, is 
known to be nonsingular. Let R; be the fibre bundle over R, with fibres II;G^ H;, 
Ee Is a subbundle of RIS By Lemma 3.10, Rri is nonsingular. Мг is the quotient of 

г by PGL(N) (in the sense of geometric invariant theory), hence Mr is normal. If the 
o MER of (2) are satisfied, then by Proposition 3.3 Mz is a geometric quotient and 
hence is nonsingular. 


en 


3C Moduli spaces for rank 2 


3 Throughout this subsection, we assume that J = 1, D = x + z r(E) 22,0 «a <1. 
ie (e, е„) and (e,,e,) denote bases of E, and E, respctively, these will be chosen 
suitably in different cases. Let G, denote the Grassmannian of 2-dimensional subspaces 
of V— E, ФЕ, , С, = Р(Л? И). Any element in A?V can be written in the form 
Хе, Ле, + а з Ле, + Хе, ^ e + ез Лез + Хзез Ле; + ђе Лец. б, is de- 
fred by X, an X,Y,+X, Y, — 0. F,(E) defines a point in G,. The subset of G, 
hir to stable (resp. EOD QPS (E, F,(E)) will be denoted by G? (resp. 
С^). Let H denote the hyperplane hX, — Y, =0,h £0. 


Lemma 3.13. Let the assumptions be as above. 


(i) A QPB(E, F ,(E)) of degree 1 is -stable (= 1-stable) for 1/2 < a <1 if and only if one 
of the conditions (а), (b) is satisfied, (a) E is a stable vector bundle and F, (E) + М.Ф M. 
for any line subbundle M of E of degree zero. (b) E has a subbundle M, of degree 1 with 
E/M, = M, deg(M,)= 1, deg(M)=0 and F,(E)n((M,), 6(M1).) = 0, F,(E)*& L,GL. 
for any line КЕРШЕ L of E isomorphic to M. 

(ii) A QPB(E, F,(E)) of degree zero is a-semistable for 0 < a < 1 if and only if E is 
a semistable vector bundle and for any line subbundle Lof E of degree0, F, (E) # 1.„© 1... 
Further, it is a-stable if and only if it satisfies the additional condition F, (E) 
(L,@® L.) = 0 for L as above. 


Proof. This follows from straightforward computations. 


PROPOSITION 3.14 


Assumptions as in 3.12. Assume further that degree E = 1,g = 1, 1/2 < a < 1. (1) The open 
subset of Mz corresponding to QPBs with underlying vector bundle E stable is isomorphic 
to G, H — X. (2) The closed subset of Мү corresponding to QPBs with E not stable is 
a fibration over X with fibres isomorphic to P". 


Proof. (1) On the elliptic curve X there is a unique vector bundle E of rank 2, degree 
1 with a fixed determinant. By Lemma 3.13(i)(a), (G, ^ H)* = G,^ H - Pic X. Since 


де Pi esult follow. 
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(2) By 3.13, E = M, 6 M. Fix MePic? X, since det E is fixed, this fixes E too. Choose 
nonzero elements e, e(M,),, e; € M, e3€(M,).. e,€ M.. Any automorphism of E is of 
the form f=[4 Y] with 4ek* = Aut M,, uek* = Aut M, vek, seF(M* @M,)— (0). 
There are two cases depending on zeroes of s. 


Case (i). Assume s(x) and s(y) are both nonzero. By suitable choice of the basis elements, 
one can have (СсН)*={ї,5&0}—{Х,=0=Х,—Ү,) (Бу 3.13) апа 
Ге) =e, f (e) = ue; + vey. (ез) = дез, (e4) = He, + уез. Then Aut (E) acts on P? by 
f(X,, Yi X2, Yo, Хз, Y3) = (АНХ, AMY, AUX 

+ pvY,, ANY, + ру, 22 X , —AvX, —AvY, — v? Y3, ш? Ya). 
For the normal subgroup G, defined by 4— 4 — 1 acting on the cone C(H)z kS 
(coordinates (X,,X,,Y,,X,,Y;) the ring of invariants is generated by 
X,,X,—Y,, Ya, U = X, Y, + X, Y,. The affine cone C(G,o H)is given by U = — hX?. 
Hence the quotient of (С, Н)" by G, is (A? — 0) c P?, it is given by the map 
(X,,X5, Y, X4, Y.)5(X,, X; — Y,, №). On this quotient the induced action of 
G,, = P(Aut E)/G, is given by multiplication of coordinates by 1, 1,1 respectively 
(t= 122°). The quotient is Pt, it is given by mapping to (X,, X; — Y2). 


Case (її). Suppose s(x) = 0, 5(2) #0. By 3.13, (G, Н)“ = (Y, 20] — (X, =0 = X, = 
X4). Asin case (ii), one has f(e,) = 2e,, f (e5) = pez, f (e4) = 223, f (e4) = Meg + уез. The 
action of Aut E on P? is given by 

fX. Y,X,, Y5,X35; Yi) 

= (ОХ AON ALX ALLY, + AVY, 2? X4 — AVX 5, i Ya). 

The normal subgroup G, acts on Н x К° by 

TD KE УУ, Х.Х, Y;). 
The ring of invariants is generated by X,, X,, Y and U = X, Y; + X, Y. G,OH is 
defined by U = — hX?. The quotient of (б, Н)“ by G, is (A? — 0) c P?, it is given by 
projection to (X,, X, №) coordinates, uA 1 = teG, = P (Aut E)/G, acts on it by 


t(X,,X>, №) = (X,, X,,tY,). The (required) quotient is P! given by projection to 
coordinates (X , , X ;). 


Remark 3.15. The above calculations indicate that M; is obtained by blowing up an 
elliptic curve (isomorphic to X) in a nonsingular quadric (G, ^ H above) in P^. 


PROPOSITION 3.16 


With the notations of 3.12, assume that g = 1,0 «a < 1 and the determinant of E is 
trivial. Then My is a P?-bundle over P^. 


Proof. Lemma 3.13 (ii) implies that either (a) E = M M +, MePic? X or (b) E comes 
h 1 . 

ina nontrivial extension 0 — M; 5ЕУМ, 0, М, = М, = МєРісо X, M? = 0.Upto 

isomorphism there are four vector bundles of type (b) corresponding to four roots of 0. 


B „ m~, 1 
The vector bundles of type (a) are parametrized by (Pic? X)/(Z/2) ~ P. 
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(a) IfM = M `’, then (E, F,(£)) is equivalent to a GPB with E of type (b). Therefore, we 
may assume that M #4 M ^ !. Lete,,e5, e3, e, be basis of M,, M; +, M_, M; ! respective- 
ly. Since any line subbundle of £ of degree zero is either M or M ^ +, by 3.13(ii) the only 
nonsemistable points іп С, ^ H are (0, 0, 0, 0, 1, 0) and (0,0, 0, 0, 0, 1). Stable points are 
given by X,Y, #0. P(AutE) — P(G;, х6.) = GTEC, асїб DY LO ХОШ 
X4, Y)  (X,, Yi, X4, %,tX 3,1 1 Y3). Projections to (X,, X5, Y;) coordinates show 
that the quotient of С, H under G,, is P?. The semistable but nonstable GPBs 
correspond to the quadric hX? = X, Y, in P?. 
(b) Let e;,e5,e,,e, be the basis elements of (M,),, (М), (M );, (М). respectively. 
Any automorphism of E is of the form AId--ugeh.P(AutE)z G,. Taking 
HA! = (t€ G,, it acts by te, = e}, fe; =e3, te, = €» + te, te, =e, + tes. Hence one has 
t(X,, Yi X,, Y, X ,, Y) 2 (X,, Yio Yo TEB. Xa EDL Xi — 0 OX) E 
The ring of invariants for G,-action on А is generated by X,, Y,, U, = X; — Y;, Y; and 
U» = X, Y, + X, Y,. Hence the quotient of the cone C(G, ^ H)" is the affine quadric 
АХ? = U, in (k? — (0]) x k, where the latter К has U, as coordinate, while coordinates 
in k? are X,, Ү,, U,. Note that the nonsemistable points for G, are (X, = Y; = U, = 0}. 
The quotient of C(G, ^ Н)“ by scalar multiplication is P?, given by projection to (X ,, Y3, 
U,) coordinates. The nonstable GPBs correspond to Y, = 0 in this P7. It is not difficult to 
see that in case E = МФ M, M? = 0, there are no stable GPBs and the semistable GPBs 
give a Р! (in the moduli space Mz), which is the same as (Y, = 0} in P? above. 

These calculations show that there is a surjective map A: М; — Р! with fibres Р? and 
over P! — {4 points] this fibration is locally trivial. The result now follows from Tsen's 


theorem (p. 108, case (d), [М]. 
4. Applications to curves with nodes and ordinary cusps 


4A Preliminaries 
Let Y bean integral projective curve over an algebraically closed field k. Let zt: X > Y 


be the normalization map. Let (А, т) be the local ring at a singular point y of Y. We 
assume that Y has only nodes and ordinary cusps as singularities. 


PROPOSITION 4.1 


Let F be a torsionfree A-module of rank n. Then F x rA (n — r)m(rA denotes the direct 
sum of r copies of A). 


Proof. We assume that y is an ordinary cusp, the nodal case being proved in 
Proposition 2, Part 8 [S]. By Corollary 6.2 [B], every indecomposable torsion-free 
A-module is isomorphic to an ideal. Any ideal is isomorphic either to A or m [1.4 [D] ]. 
The result follows by induction on rank. 


PROPOSITION 4.2 


Let A be the local ring at а node. Let m, , m, be the two maximum ideals of the semilocal 

ring A, kı = A/m, i= 1,2; К, =k, =k. Let p:A—k, Gk, be the canonical surjection, 

а= Q,p,n > 0. Let V be a subspace of k'i © КЪ of dimension n. Let p: V >k" be the 

projection, а; = dimension of the kernel of pi- Then F=q~'(V)x(n—a, —a3) 

A € (a, + a; )m. Г 
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Proof. Weassert that there is an automorphism of A" such that the induced automorphism 
h, of (4/m" maps V onto the subspace V, = k$ D" “eOk? alk, Gk; e 
(kı  k;y "^-^ @(k, k)“, D is the diagonal of К, ®k,. Since p 'D— A,p Кут 
one has p^ (Vj) + (n—a, — а,)А © (a, + a;)m, hence the result. 

We now prove our assertion. Let K;, I; denote respectively the kernel and image of 
p, i— 1,2. Write V= K,® WỌ K3. Let e,,...,e, (resp. e +1›:::› e,) be a basis of 
K, (resp. K;). Let e, , ,,...,e,..,, be a basis of W. For eje W, write e; = e + е2 
being the component in k}, j = 1,2. Complete the basis е,,..., 65,» Ca, 1,25 * * 9 08 9221 
I; toa basis (e; ,},i=1,...,n of K5 where e; „ = e; i < a, . Similarly choose a basis (eii! 
of k^ extending a basis of I, with e; , = e;,i = n — a; + 1,...,n. Let b; = e; , + e;,2 for alli. 
Since q is a surjection there exist M, ;in A, i, j = 1,...,n, such that q(M, j,..., Mj) = b, 
for all i. The matrix M = (M ;) is the matrix of an endomorphism f of А" which induces an 
endomorphism h, of (A/m)". h, maps the canonical basis of (A/m)" to the basis {bj}. 
M modulo mis the matrix of the base change. Hence the determinant of M modulo mis 
a unit and therefore det M is a unit. Thus f isan automorphism, so is h, . With respect to 
the basis (b;), h,(V,) = V. 


4.3. We now assume that A is the local ring at an ordinary cusp y. Then (A,m,) is à 
local ring. One has A ^m, =m = m2,m* ! = A. There is a canonical A-splitting of the 
exact sequence 0-m,/m— A/m— A/m, — 0 as follows. A is a k-algebra, we consider 
A/m, =k embedded in A. If f(x) denotes the element of k determined by f, then 
f — f ()em,. This induces a map s: 4/m >т, /т. It is A-linear (as m, A = m) but not 
A-linear. Using the splitting given by s we write A/m =k, Ф К,, k, = А/т,, k5 = m, m, 
КК, 2 


Гетта 44. Let p:A +k, ФК, be the canonical map. Let V be a опе dimensional subspace 
of k;  k;, p: V +k, projections, F = p (V). Then one has 


(1) If V =k, then F = m,. 
(2) If p, is nonzero then F x A. 


Proof. It is easy to check (1) and that if V = k,, F = A. For (2) it suffices to show that 
there is a unit beA such that multiplication by b induces a linear automorphism h of 
k, ФЕ, with h(V) = k, . Let t bea uniformizing parameter in A, m, = tA, m = t^ A. For 
feA, f =fo + fit mod m, fof ek ie. p(f) = (fo. fi)ek, & k,. Then hüfosfi) = 
P(bf) = (bo fo, fob; + f, bg). Choose b with b, = 1,b, = — v, /u where (vo, v, ) is a gen- 
erator of V. 


PROPOSITION 4.5 
With А as above let V,q, p;, F be as in 42. Let a be the rank of p,. Then F ~ aA @ (n — a)m. 


Proof. As in Proposition 42 we can find f; h,, V, =h, (V) (use М mod m, is а unit) 
Thus we may assume that V = V,. Consider the automorphism of A" whose matrix 1s 
a diagonal matrix with first a, (diagonal) entries 1, next n — a, — a, entries beA and m 
last a, entries 1. Choose b with p(b) = (1, — 1)e A/m. It follows from the proof o 

Lemma 4.4 that the induced automorphism h, of (4/т)" is identity on the first a, and 
last a, factors and maps each D in the middle п— а, — a, factors onto Кү. Thus 
h, (V) sh Okie =k" “@Kî , hence F xq (У) = (n—a)mQaA. 
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4B Relation between torsionfree sheaves and QPBs 


Notation 4.6. Let y,,...,y, be the singular points of Y. Define divisors D; =r ' (yj), 
D, — x; + z; if y; is a node, D; = 2x; if y; is an ordinary cusp. Let Q denote the set of 
isomorphism classes of QPBs(E, 2) of rank n, degree d on X with AF: F} (E) > Fi(E)>0, 
dim F} (Е) = п for all j. If y; is a node let p;,q; be the projections from Е! (Е) to E, ‚Е. 
respectively and a;, b; be the dimensions of their kernels. If y; is a cusp let p;, a; be defined as 
in45. PoEr- (г) 0 <r; € n, define Q; = ((E, £)|a; + b; = n— гу y; is a node and 
aj=n—r,if y,is a | cusp}. Let (A;, m;) be the local ring at yj. Let S denote the set of 
isomor phism classes of torsion- free sheaves of rank n and degree d on Y. Let S,= {FeS| 
stalk F, y, & rj A; ® (n — r;)m;]. Then S (resp. Q) is a disjoint union of S, (resp. Q;), 0 <F SP. 
Letos о, = ap 947 5 The latter is the set of locally free sheaves in S. 


PROPOSITION 4.7 

There exists a map f:Q >S with the following properties. 
(0,) = S,. 

| 


:Q, — S, is a bijection. 
Е, Ea is 1- ‘stable (resp. 1-semistable) if and only if its image F under f is a stable 


resp. semistable) torsionfree sheaf. 


(n; п)" 


i) 
Ло 
( 


Proof. Let (E, 7 )eQ. By 42, 4.3, x, (E k(yj) = (К, Ok; = Н®(Е|,). Then /(Е,2)= Е 
is defined by the exact sequence DESEE «(э Ө (n, EG k(y; )yFi (E)—0. Since 
X(€) = x(0,) — J, deg: F = z(F) — rank F- (Oy ), deg. p= X(E)— nz (Ox), F and E have 
the same degree. 


(1) In view of Propositions 4.2, 4.5 we have only to show that for FeQ,, there is (E, £) 
mapping to F under f. Let E, = z* F/torsion. E is given by an extension 0— Ёо ~ 
E GT; 0, where T; = k(x ek, ;), a; + b; n— rif yjisa node and T, = k(x;)" "if 
yj İsa cusp. The composite of sheaf inclusions E mn. (Eg) ^ n, (E) sisse a linear map 
p Gk(yj) Ty ESKU ). Define F (E) to be the image of this linear map. 

(2) The inverse f 7! of f|, is defined as follows. For FeS,, define E=r*F, 
Fi(E) =F @k(y,) <(РӘл Ох) Куу) = (п, (E) & К(у,)). Since the above inclusion is 
induced by Oy c O, and 0,1 maps onto k, (resp. onto each of k,, k;) ink, ӨК, if y; i is 
a cusp (resp. a 010) it follows that p; (pics. each of p;, q;) is of maximum үй for all j. 
(3) Similar to 4.2 [B3]. 


Theorem 4. Let M = M(n,d) denote the moduli space of semistable GPBs of rank n, 
degree d on X satisfying 4.6 and weights (0, a), 1 — 1/[nJ(n — 1)] <a < 1. Let U = U (n, d) 
denote the moduli space of semistable torsionfree sheaves of rank n, degree d on Y. i 


(1) The map f (see 4.7) induces a morphism f: M ¬ U. Í- 
(2) f lary: (M, > (U, is an isomorphism, where the superscript s denotes stable points. ‘= 
In particular f is birational. Na 

(3) f is surjective. = 


(4) If (n,d) = 1, then M (n, d) is a desingularization of U (n, d). 


Proof. Note first that semistable GPBs are also 1-semistable QPBs and hence map to 
semistable torsionfree sheaves under f. (1) and (2) now follow since the above 
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constructions globalize easily to families of bundles. (4) follows from Proposition 3.3. 
(3) Weshow that the image of f contains the set U? of stable points in U. If F isa stable 
torsionfree sheaf on Y sheaf then by 4.7 there exists a 1-stable QPB and hence a stable 
GPB mapping to F. Since Y has only planar singularities, U is irreducible [R] and U*is 
an open dense subset. Since f is proper if follows that f is a surjection. 


Theorem 5. Assume that Y has only J nodes as singularities. Let L be a fixed line bundle 
on Y. Let Оі denote the closed subset оў О, corresponding to vector bundles with fixed 
determinant L. Let U, be the closure of Ul in U. Let L= f 7 ' (L), f, being the map f in 
case n = 1. Let Mz be as in Theorem 3. Then f induces a birational surjective morphism 
Мгә UL. If (nd) = 1, then M, is a desingularization of U,. 


Proof. First note that detof = fodet where the latter f is the map f in case п=1. 
Hence f (M;) = UL, the subset corresponding to vector bundles with fixed determinant 
L. Since f is proper it follows that /(M,) = U,. The rest of the assertions follow from 
Theorems 3 and 4. 5 


Remark 4.8. Relation with singular intersection of quadrics. Assume that д = 1, J = 1, 
Y is a hyperelliptic curve with Weierstrass points wọ, W}, Wa, W3: W4; Wo being the 
unique node of Y. The desingularization X is an elliptic curve. Let L bea line bundle on 
Y of degree 5. The linear system |L] gives an embedding of Y in P*. The linear system 
|x*L| gives an embedding of X in P^. The inclusion H°(L) > H? (n, x* L) = H°(x*L) 
induces a projection from P^ to P? mapping X onto Y (isomorphically outside wo). 
There exists a Cartier divisor W, of degree two supported at wy. Let W = Wo + Xi>oWi: 
On P?-P((LG 0,,)*) there is a singular pencil of quadrics of the form 
Oi=X,X,+XZ+ Х+Х$+Х, 0,—Xi-2aX,X,-a,Xi- а, Х2 +a; X; + 
a,Xé, a; being distinct scalars [B6]. О = Q, Q, is a 3-fold with a unique singular point q. 
Q isa normalization of U, (2, 1) and is bijective with it (Main theorem, [NE]). The blow 
up of Q at q is isomorphic to the blow up of a nonsingular quadric Q, in P* along X. 
Оо is the base of the unique quadric cone in the singular pencil with vertex q and 
х= 000 (X, =X, =0}. The latter is isomorphic to M,,L being the generalized 
parabolic line bundle on X corresponding to L on Y (Remark 3.15). The injective 
evaluation map H*(L) L® O,, induces a projection to P? mapping О to a surface 
containing Y. The space of maximum isotropic spaces of one system for Q, is 
isomorphic to P?. There is a bijective morphism from this space to U, (2, 0) which is an 
isomorphism outside the singular set (a Р!) corresponding to nonlocally free sheaves, 
while the singular set is isomorphic to UX(2,0). M,(2,0) is а P?-bundle over Р! 
(see 3.16). The latter is isomorphic to the blow up of P? along a line. 

Generalizations of these results to hyperelliptic curves of higher genera are possible 
[B6]. 


4.9 Variation of a. Let M (on, d) (respectively M, (o; п, d)) denote the moduli spaces 
M (n, d) (resp. М, (n, d)) for weights (0, o). 7. 


(A) о = 0. In this case the semistability, stability of a QPB is the same as that of the 
underlying vector bundle. Hence M (0; п, d) x U , (n, d) x Gr(n, 2n). 


(B) п=2,4=1,0<@<1. 
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(1) Let 0 < « < 1/2. Then o-semistability is equivalent to the stability of the underlying 
bundle and hence there is a surjective morphism from M (o; 2, 1) — U , (2, 1). a-stability 
coincides with o-semistability but it does not imply 1-stability. Consequently there is 
only a rational map f: M(o;2, 1) — U,(2, 1). M (a; 2, 1). is nonsingular. 

(2 «= 4. The «-stability is equivalent to the stability of the underlying bundle. 
But z-semistability does not imply stability of the underlying bundle, so A is only a rational 
map. It is defined on g-stable bundles and is surjective. o-semistability does not imply 
l-semistability, but 1-stability implies «-semistability. Hence f is also a rational surjective 
map. As z-semistability does not imply «-stability, M (5; 2, 1) couid be singular. 

(3) Let 1/2 < a < 1. The undering bundle ofa semistable QPB can be non-stable. Hence 
there is only a rational map /:M(z;2,1)— U,(2, 1). However the morphism f is 
surjective and birational. M («;2, 1) is nonsingular (Theorem 4). 

(4) Let « =1. Then М(1; 2, 1) is not nonsingular since it includes sheaves which have 
torsion over D;, s [RN]. The maps f, h have the same properties as in case (2). Under the 
assumptions of 3.8, one can see that M, (1; 2, 1) is a blow up (possibly a double blow up) 
of P? along Y, where Y is embedded in P? by the linear system | L|, deg L = 5. M (o5 2, 1) 
for case (3) has been described in 4.8. 


(С) п= 2а = 0 OR 


(1) LetO < a < 1. Then g-stability implies «-semistability, the converse is not true. Also 
x-semistability implies l-semistability. Hence there is a morphism f:M (a; 2,0) 
¬ U,(2,0), it is surjective and birational. Since the underlying bundle is semistable, 
there is a surjective morphism й: M (o5 2, 0) > U,(2, 0). 

(2) Let «= 1. Then the morphism f is as in (1) above, but h is only a rational map, the 
underlying bundle of a 1-semistable QPB may not be semistable. 


5. Generalized parabolic orthogonal bundles 


5.1. Let the base field be algebraically closed and of characteristic different from 2. For 
simplicity of exposition, we assume that Y has a single node y, as its only singularity. 
Let r7’ (yg) = x, + x4. Fora vector bundle E, we denote the rank and degree of E by 
r(E) and d(E) respectively. We indentify an orthogonal bundle with a pair (E, q) where 
E is a vector bundie and q a nondegenerate quadratic form on E (with values in the 
trivial line bundle O). For a closed point x, let q, denote the induced quadratic form on 


the fibre E.. Let q, —3(q,, © 4,,), 4; = Ix, € (— 4). 


$2 


-— 


Гетта 5.2. Let a:E, x E, be a quadratic isomorphism (i.e. preserving qy,» 4,,). Then the 
following holds. 

(a) The graph Г, of c is isotropic for q,. 

(b) р:Г, > E,, (i = 1,2) is an isotropy for q, on V, and qx, on Е (i.e. qx (p;(v)) = 9:(0) for 
оєГ,). In particular, q, is nondegenerate on Г E 


Proof. Easy. 


Remark 5.3. T, is in fact a maximum isotropic space for q. The space 5 of maximum 

isotropic spaces for a nondegenerate quadratic form О on a vector space of dimension. 

2n has two components, each being a smooth variety of dimension n(n — 1)/2 = dim | Si 
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O(n). The above lemma means that $ may be regarded as a compactification of O(n). 
This suggests the following. 


DEFINITION 5.4 


А generalized quasiparabolic orthogonal bundle (orthogonal QPB in short) on X isan 
orthogonal bundle (E, q) of rank n together with an n-dimensional vector subspace 
F (E) of E, ФЕ, which is isotropic for 4, = qx, & (— 4,.). 

For a subbundle N of E define F; (N) = Е, (Е) (№, GN.) and f,(N) = dimF , (N). 


DEFINITION 5.5 


Let « be a real number, «e[0, 1]. An orthogonal QPB (Е, F,(E), 4) is a-stable (resp. 
a-semistable) if for every isotropic proper subbundle N of E, one has (d(N) + af, ( N))/ 
r(N) < (resp. € Ja. 


Remark 5.6. If one considers special orthogonal QPBs, one should take the underlying 
bundle an SO(n)-bundle and Е, (E) belonging to the unique component of S (see 5.3) 
which contains the graphs of isomorphisms o:E, — E, which preserve the SO(n)- 
structure modulo a maximum parabolic subgroup. Recall that an SO(n)-bundle can be 
identified with a vector bundle E of rank n with a nondegenerate quadratic form q and 
a given trivialization of A" E whose square is the trivialization of (A" E)®* given by A'q. 


Example 5.7. Generalized parabolic SO(2)-bundles on X are in bijective correspon- 
dence with generalized parabolic line bundles on X (recall that the latter give 
a desingularization of the compactified Jacobian of Y). 


Proof. Since SO(2), = k*, every SO(2)-bundle is of the form E = L@ L~', LePic? (X) 
with the natural quadratic map а= LO L^! LG L^! = O. L, L^! are isotropic 
subbundles. Each system S of lines in the quadric q, in P? = P(E, © E, )isisomor phic 
to Pi. We can choose nonzero elements e,eL, , e,€L,,, f, eL, +, f; eL. such that 
В, (е7) = 1, i= 1,2; where B. is the bilinear form associated to qz With respect to 
(ordered) bases (e,,f,) of E, and (e,,f,) of E,,, any isomorphism o:F,, > Fy, 
preserving the SO(2)-structures is of the form a(e,) = ae;,0(f,) =a ‘fz, aek*. So 
Г, = span of (e; +ае,, f, -- a^! f,). Thus 


(E, Е, (Е)) = (L, F,(2)) 6 (.7 (Lc 9 
where Е, (L) is spanned by Ae, + ue, and F,(L ^) by uf, + Af», (А, WEP’. 
DEFINITION 58 


An orthogonal sheaf on Y is a pair (F, qp) where F is a torsionfree sheaf on Y and Q, is 
a nondegenerate quadratic form оп F with values in O,. An orthogonal sheaf (F, дь) is 
semistable (resp. stable) if for every nonzero proper (totally) isotropic subsheaf N of F, 
d(N)/r(N) < (resp. <) 0. 


DEFINITION 5.9 


An isomorphism of orthogonal sheaves is a sheaf isomorphism which preserves the 
quadratic forms. In case of orthogonal QPBs we also demand (in addition) that the 


quasiparabolic structures F, (E) should be preserved. 
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PROPOSITION 5.10 


(a) There is a map f from the set of isomorphism classes of orthogonal QPBs on X 
to the set of isomorphism classes of orthogonal sheaves on Y. Let f(E,F,(E), q) = 
U Ap): 

(b) If p,, i= 1,2 are both isomorphisms, then (Е, д.) is an orthogonal bundle. f gives 
a bijection between orthogonal QPBs on X with p,, p, isomorphisms and orthogonal 
bundles on Y. 

(c) (E, F, (E), д) is 1-semistable (resp. 1-stable) if and only if (Е, дь) is semistable (resp. 
stable). 


Proof. (a) To a QPB (E, F,(E)) one can associate a torsionfree sheaf F given by the 
exact sequence 0 F z.E—n. EG k(yo)/t, F,(E)—0. The quadratic form q on 
E induces one on л, E and on F. The quadratic form др оп F is nondegenerate outside 
Yo and a priori has values in л, Oy. Consider q, © qx, asa form on E, ФЕ, with values 
k(x,)®k(x,). Since Г, (E) is isotropic for 4,, one sees that 4x, € q,, maps F,(E) into 
k(yg) contained diagonally in k(x,)@ k(x»). This means that the form др on F has 
values in O, c z 0, and (Е, qp) is an orthogonal sheaf (5.8). 

(b) F is locally free if and only if p; are both isomorphisms. Moreover, E = z* F and 

hence gets a nondegenerate quadratic form with values in € ,. Since the correspondence 

(E, F ,(Е)) Е, is bijective for F locally free (4.7) the result follows. 

(c) This can be checked similarly in 4.2 [B3]. One has only to notice that a subsheaf is 

totally isotropic if and only if it is generically totally isotropic. 


PROPOSITION 5.11 
An orthogonal QPB is a-semistable if and only if the underlying QPB is so. 


Proof. We only have to check that if (E, Е, (Е), 4) is «-semistable, then (E, F,(E)) is 
о-зетіѕіаЫе. Let F be a subbundle of E. We may assume F is nonisotropic. By the proof 
of Proposition 4.2 [RS] we have an exact sequence 0 N > ЕФ F^  N^—0 where 
N is the isotropic subbundle generated by F ^ F+, L denoting orthogonal complement. 
Also, d(F) = d(F^) = d(N). 

Case (i) When N =0. Then E = ЕФЕ, d(F) = 0. Since q| F is nondegenerate so is 
q2 = 4x,®(—q,,). Since F,(F)c Е, (Е) is isotropic for q,, f,(F)&r(F) Thus 
(d(F) + 07, (F))/r < a. 

Case (ii) When N > 0. We need to show d(F) + «(f (E) — r(F)) <0. Since N is isotropic, 
orthogonal a-semistability implies d(N) + «(f, (N) — r(N)) <0. Since d(F) = d(N), it 
suffices to check that (ж) /, (Е) — r(F) < /, (№) —r(N). Now E/N is a vector bundle of 
degree 0 with induced nondegenerate quadratic form 4. The image of F,(F) in 
(F/N), ®(F/N),, is isomorphic to F,(F)/F,(N) and is an isotropic subspace for 
4x, € (— 4x,). Hence dim F,(F)/F,(N) € r(F/N), i.e., f (F) — r(F) < f,(N) — r(N). This 
finishes the proof. 
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Abstract. We classify principal bundles on a compact Riemann surface. A moduli space for 
semistable principal bundles with a reductive structure group is constructed using Mumford's 
geometric invariant theory. 


Kevwords. Principal bundles; compact Riemann surface; geometric invariant theory; reduc- 
tive algebraic groups. 


4. Reduction to a quotient space problem 


In this section we reduce the problem of constructing coarse moduli schemes for the 
functors Е" to one of proving the existence of a good quotient of certain universal 


spaces under the action of a full linear group. 
We recall the definition of a good quotient ([22], Definition 1.5, p. 516). 


4.4. DEFINITION 

Let a:H x T — T be an action of the algebraic group Н on the scheme T. A morphism 
p:T > Y is called a good quotient of T modulo Н if the conditions (i), (ii) and (iii) below 
are satisfied. 


i) p is surjective, affine and H-invariant. 
ii) p, (07) = Oy. where O7 is the sheaf of H- invariant functions on T. 


ш) HZ sadosi H- oe subset of T then p(Z) is closed in Y; further if Z,, Z; are two 
closed H-stable subsets of T such that 2, ^ 2, = ¢, then p(Z,)Ap(Z,) = Ф: 
If in addition the condition (iv) below is cile sisted we call p: T — Y a geometric 


quotient. o d З 
iv) p(x,) = р(х,)<огЬі of x, = orbit of х, (or equivalently, in view of (iii), all orbits 


are closed). 


4.2. Remark. A good quotient is a categorical quotient, ie. given any H-invariant 
morphism f: T — Z there is a unique morphism f: Y >Z such that f = fop ([[22] 


p. 516). 


4.3. Notation. Let «:H x T — T be an action of the algebraic group H on the scheme 
T. Then for morphisms h:$ — Н and t:$— T we denote by h[t] the composite 


SEES эх TET. Wrox any morphism /:5,-5, we denote by f the product 
f x idy:S, x X>S, x X. 


This is the second and concluding part of the thesis of late Professor A Ramanathan: the first part was 
published in the previous issue. 

—Editor 
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If E is a bundle (or more generally a scheme) over a scheme M and т:$— М is 
a morphism we denote by E, the pull back m* E. For E' > M x X we write E, instead of 
Eê, 


4.4. DEFINITION 


Let S bea set of isomorphism classes of G-bundles on X. Let FS be the sheaf associated 
to the functor FS: (Sch) > (Sets) which associates to a scheme T the set of isomorphism 
classes of families of G-bundles in S parametrized by T. On morphisms F? is defined to 
be pulling back. Let M be a scheme and H an algebraic group acting on M by 
a:H x M^ M. Let H\M be the sheaf associated to the presheaf H\M(T)= the 
quotient set Hom(T, H) Hom(T, M). We call M a universal space with group H for the 
set 5 if there is an isomorphism of sheaves Ф: FS > H\M. 


45. PROPOSITION 


Let S* be the set of isomorphism classes of semistable G-bundles of topological type т. 
Suppose there is a universal space M with group Н for the set S and b: Е = HAM is the 
isomorphism of sheaves. Then a good quotient of M modulo H, if it exists, gives a coarse 
moduli scheme for the functor RS (see Definitions 3.2 and 3.9 : in Part I) ina natural way. 


Proof. Suppose л: M ¬ Y is a good quotient of М modulo Н. 

Clearly Е = Е: (see Definition 3.1). Therefore we have a morphism Ф: Fj, > Н\М. 
Let h,,, Бе the functors represented by M, Y respectively. The morphism Л: >My 
induced by z:M >Y gives rise to a morphism V: H\M >h, because of the H- 
invariance of л. We claim that the morphism 7 = V «o: F:. > hy, goes down to a mor- 
phism jj: F;, — hy making Y the coarse moduli scheme for F:.. 

Suppose the family 2 >S x X іп $: has an admissible reduction of structure group 
to P= M-U. Then by Proposition 3.5 we have a family 7’ —(C x S) x X in 5° such that 
P§(Fyleexsxx X F leexsxxs Where p; Cx S x XoSx X is the projection and 
FoS x X is isomorphic to Z[P. M](G) S x X. Therefore (#7): C x 5^ Y 
coincides with 1,(p(F)) on C* x 5 and hence on the whole of C x 5. In particular 
Ns(F) = ng(7 o): S Y. It follows that у goes down to a morphism 77: Fi hy. 

That j:Fi(SpecC)— Hom(SpecC, Y) is surjective follows from the fact that 
1: M ¬ Y is surjective. To check injectivity we only have to show that if E, and E; are 
two semistable G-bundles of type т on X (considered as a family parametrized by 
SpecC) such that (E) = 1(Е,) then E, and E, are equivalent. Let the point m,e M 
represent O.(E;). Then by the property (iii) in the definition of a good quotient 

(Definition 4.1), C, and C,, the closures of the H-orbits C, and C, of m, and 
m, respectively, intersect in M. Let meC, o C,. We take the canonical reduced scheme 
structures on €; and C,, i— 1,2. Let [id,,]¢H\M(M) be the class of the identity 
morphism of M. The element Фуу ([id,, ]) eF:.(M) then gives for some neighbourhood 
U of meM a faithfully flat morphism f: U' О of schemes and a family of G-bundles 
F U' x X in $*. Let C; = f '(C;) and C; — f - (C,). Since f is faithfully flat, C; is 

dense open in C;. Since Ф is a morphism it follows easily that for the family 

Z|Ci9 C; x X, F „ж E, VxeC,. Therefore by Proposition 3:24(1) F „ is equivalent to 

E. vVn'eC., and in particular for m'eC; such that f(m')- m. This proves that E, and 
1 


Е, аге equivalent. 
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To verify the condition (ii) for coarse moduli scheme (Definition 3.2) suppose Z is 
т неше and y: :.—h, a morphism. Then it is easy to see that corresponding to 

Фу ([id,,]) the morphism у gives a morphism g: M >Z which is H-invariant. Then 
Y being the categorical quotient of M modulo H(Remark 3.2), g induces 4: Y > Z such 
that g = дол. If h,:hy +h, is the corresponding morphism of functors it follows that 
h, is the unique morphism which satisfies y = Л„о]. 

his proposition reduces the problem of constructing coarse moduli schemes for 
F: to one of constructing suitable universal spaces and then proving the existence of 
quotients. To construct universal spaces for G-bundles we will start with the universal 
spaces for vector bundles provided by the Quot schemes ([19], $6). These spaces have 
à stronger universal property (which we have formulated as a definition; see Definition 
4-6 below) which is essential for our construction. By taking an embedding of G in some 
GL(n, C) we will consider a G-bundle as a vector bundle (or GL(n, C)-bundle) with 
a reduction of structure group to G and thus will construct universal spaces for 
G-bundles as schemes over the universal spaces for GL(n, C)-bundles. 


4.6. DEFINITION 


Let Y be a set of isomorphism classes of G-bundles on X. Let £ > T x X bea family of 
G-bundles in /. Suppose an algebraic group Н acts on T by a: H x T T and also on 
& as a group of G-bundle isomorphisms compatible with а, we have the commutative 


diagram 
a ) 
Hx& + &*(4) 


7 


HxTxX 


where @ = g x id, (cf. 4.3). We call £ > T x Xa universal family with group H for the set 
Sf if the following conditions hold. 


i) Given any family of G-bundles F > S x X in апда point s,eS there exists an open 
neighbourhood U of s, in S and a morphism t: U > T such that F |y, x 2 €, (cf. $4.3 for 


notation). 
ii) Given two morphisms (,,t,:$— T and an isomorphism ф:6, ~ 6, there exists 


a unique morphism h:S  H such that t, = h[t, ] and ¢ = (л x t,)* (a) (noting that 
(h x е) (Н x 4) = ё, and, since t; —h[t, ], (h x t,)* (2*4) = &,.). 


4.7. Remark. The condition (ii) in particular implies that the isotropy group H, at xe Т 4 
is precisely the automorphism group of @,. 


4.7.1. Remark. 106 — T x X isa universal family with group Н for ^ it is clear that Tis 
a universal space with group H for 5. 


4.8. Let A, A’ be two algebraic groups and р: А” > A a homomorphism. Let f > T x X 
be a family of A bundles. Let I'(p,6):(Sch/T)—(Sets) be the functor defined by _ 
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L(p,6)(t:S— T) = the set of isomorphism classes of pairs (', ф) where &’ > S x X isan 
A’ bundle and 9: p, 6' ¬» 6, is an isomorphism of A bundles. The pair (61, 9,) is 


isomorphic to the pair (65, ф„) if there is an A’ bundle isomorphism и: 5 @, such 
that the diagram 


py 
по СА 


S 


commutes. Note that if p is injective such a y, if it exists, is unique for, since A’ acts 
faithfully on A p, V = 9; ‘og, uniquely determines y. On morphisms T (p, £) is defined 
as pulling back. 

Let т be a topological A’ bundle on X. Let V'(p, £) be the subfunctor of F(p, 8) 
defined by 


Фс is logically 
FANS - [eT бб) оова | 


isomorphic to тУѕє5. | 


We then have the following lemma (cf. [17], Proposition 9, $ 3-5, p. 18). 


4.8.1. Lemma. If p: A' ¬ A is injective the functor V (p, &) is representable by a T-scheme 
T" — T of locally finite type and a universal pair (U. u)e Y (p, &)(Т”). The functor Y (p. £) 
is representable by an algebraic subscheme T' of T" and the restriction of (t, u) to Т. 


Proof. Since p is injective we identify A’ with its image in A. Let Г = Г(р,&). ' 

_ Let I’:(Sch/T)—(Sets) be the functor such that F'(f:S— T) = Homg, x(S х X, 
(ЈА) = Hom,,,(S x X, &/A’). We define a morphism of functors Ф:Г'- Г as 
follows. ; 

Let ael (S) = Homs «x(S x X, &,/А'). Define Ф„(о) = (o* £ p, 9) where ф„:р„с*ё&,— 
ê, is induced by ((S x X), , < &,) x A> £, (sx, e, a)—e.a where seS, xeX, eeó, and 
aeA. 

We can also define an inverse morphism VT + I". Let (4, 9)eT (f: $ > T). Then the 
fiber bundle associated to p, &’ with fiber A/A’ is canonically isomorphic to the fiber 
bundle associated to & with fiber A/A’. Since A’ leaves the coset (A’) of A/A’ invariant we 
have a canonical section o of (p, 6’)/A’. Using ¢ this gives a section, again denoted by c; 
of &,/A’. Define Vs((£", ф)) = c. ; 

It is easy to check that Фо\Р = id, and Yo = id v. Thus the functors Г and T" are 
isomorphic. We shall show that the functor T" is representable using the results of 
([TDTE, IV]). : 

By Chevalley's semi-invariants theorem ([2], Theorem 5.1, p. 161) there is a represen- 
tation of A ona vector space V with a line! c V such that A' is the stabilizer of / in A. Let 

y Бе the character by which A’ acts on l. Then the line bundle Lon A/A’ associated to 
the A’-bundle A А/А' is the ample line bundle corresponding to the embedding S 
АЈА in P( V). Then the line bundle on &/A' associated to the A -bundle @ > 6/A' by 
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the character у is relatively ample for the morphism &/А' Т x X, forit corresponds to 

ша the embedding 6/A' c P(&(V)) induced by A/A’ < P(V). Therefore, we see that &/A' is 
quasi-projective over T x X and hence 4/A' — T is also quasi-projective. Therefore it 
follows from ((TDTE, IV] $4, C. pp. 19-20) that I’ is representable by a scheme Т” 
(= П r«xirT( 6 /A')/T x Х, іп the notation of ([TDTE, II], C. n? 2, pp. 12, 13)) of locally 
finite type. In fact T" is an open subscheme of Hilb,,,4,4 whose closed points 
correspond to subschemes of &/A’ which map isomorphically onto t x X, for some 
LX T, under the projection &/A’>T x X (loc. cit.) Therefore if a section 
сих X —^6/A' in Г'(ї © T) is such that the A’-bundle c*(4,) on t x X Х is of 
topological type т then the Hilbert polynomial of the subscheme o(X) = X of &,/A' 
corresponding to the section с (with respect to the ample line bundle Y, on &,/A’) is 
determined by т since the restriction of L to a(X) = X is topologically isomorphic to 
X(T) so that its degree depends only on т. Since subschemes with a fixed Hilbert 
polynomial are represented by an algebraic subscheme of Hilb ([TDTE, IV] pp. 17, 20) 
it follows that Г" is represented by an algebraic subscheme Т” of T”. 


4.8.2. Remark. If A’ and A are reductive groups then A/A’ is affine and we can take 
a representation of A in V such that the character y is trivial, so that A/A’ is embedded 
in V itself. In this case, therefore, it follows that T” is itself already algebraic. 


4.8.3. Remark. If P is a parabolic subgroup of G and & > Y is a G-bundle on a scheme 
Y then &/P > Y is a projective morphism. Since С/Р is projective, this follows as in the 
proof of the lemma above (taking А = G and A' — P). 


4.9 If pis notan injection the functor I (p, 6) may not bea sheaf. Let I (p, £) be the sheaf 
associated to the functor I (p, £). The following lemma shows that we can construct 
a universal space for A'-bundles starting from a universal family & of A-bundles when 
I'(p,&) is representable and’ if T (p, &) itself is representable, then we can actually 
construct a universal family for A'-bundles. So taking an embedding G S GL(n, C) and 
starting with a universal family for vector bundles we can construct a universal family 
for G-bundles. But then to prove the existence of coarse moduli scheme for F:. we have 
to prove the existence of a good quotient of the parameter scheme. For this it is 
; convenient to take the adjoint representation. The existence of a good quotient reduces 
to proving that a certain morphism is proper and if we take the adjoint representation 
this follows from the (local) rigidity of the Lie algebra structure of a semisimple Lie 
algebra (see $5 below). But the adjoint representation is not faithful and hence we 
construct universal families in two steps, first from vector bundles to G/Z-bundles and 
then from G/Z-bundles to G-bundles. This involves the representability of the functor 
L'(o, £) where (essentially) p is the projection С > G/Z. But this functor is not a sheaf 
(e.g. C* ^ 1 = C*/C*, cf. ((TDTE, У, $1])) and we are forced to take the associated 
sheaf Г(р, £) which we can prove to be representable by identifying it with a suitable 
Picard functor (Lemma 4.15.1) If F (p, 4) alone is representable we can construct only 
a universal space for G-bundles even starting from a universal family for G/Z-bundles. 
But by Proposition 4.5 this is enough to prove the existence of a coarse moduli scheme 


for Ft. 


4.10. Lemma. Suppose the family & > T x X isa universal family with group H for a set 
S of A-bundles. Also suppose that the sheaf Y (p, &) is representable by a scheme M. 
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(i) The group H can be made to act on M in a natural way and M with this action of 
H then becomes a universal space with group H for the set S’ of A'-bundles which give 
A-bundles in / on extending the structure group by p: A' > А. 

(ii) Moreover if р: A' — A is an injection so that T (p, €) itself is representable and we 
have a universal pair (9, u)eT (p, & (M) (Lemma 4.8.1.) the group H can be made to act in 
a natural way, on % as a group of A'-bundle isomorphisms compatible with its action on 


M ((i) above). With this action of H, % then becomes a universal family with group Н for 
e. 


Proof..(i) To give the action of H on M we describe the action of Hom(S, Н) on 
Hom(S, M) for any scheme S. Let heHom(S, Н) and meHom(S, M). Let t: M T be 
the structural morphism and t = лот. Since M represents the sheaf T (p, €) correspond- 
ing to the morphism m we have an open covering {U,} of S, faithfully flat morphisms 
J;:U; ә U;, A'-bundles 4; U; x X and A-bundles isomorphisms ф;:р, 6, (tof;)*6. 
We define h[m] to be the morphism from S to M corresponding to the element (65, 
&, .,99,) in Ñ (p, &)(S) where à, ., = (Л x t)*(@ and &: H x & — 3*4 gives the action of 
Н on 6 (Definition 4.6). Then it is easy to see that we have indeed an action of H on 
M and that h[t] = roh [m]. To prove that M is a universal space let 6’ 5 x XEF” (5) 
i.e. a family of A’-bundles in ^. By extending the structure group by p we get a family of 
A-bundles p, 6’ in ^. Since T is universal this gives an open covering (U;j of S and 
morphisms /:0, T such that &, 5 Px lu,xx- This then gives morphisms 
f 1: U;— M. Using condition (ii) of Definition 4.6 satisfied by f — Т x X these f; are seen 
to define an element of H\M(S). It is easy to check that by associating this element of 
H\M(S) to &'eF^ (S) we have an isomorphism of sheaves F^ Н\М (see proof of (ii) 
below, locally, in the faithfully flat topology, the arguments run on the same lines). 


(ii) In this case we can define h[m] as the morphisms from S to M corresponding to 
the pair (Y m» à, ou, ). Therefore by definition the pair (Y m, &, „ , 0 Um) is isomorphic to 
(U ии) and hence there is an isomorphism (which is unique since p is injective, cf. 
$4.8) f, Um U rim making the diagram 


р. fees 


Po Ln 3 р. Lim) 


им ит) 


(ita a FOR 
Op xt 


commutative. Taking $ = Н x M and h,m to be the projections py:H x M >H, 
py:H x M M respectively, in the above we get the action py [py] = B:H x Мә M of 
Н on M and f, xp, = D: H x = [*4/ which gives the action of H оп. 

The condition (i) of Definition 4.6 for 4/ follows immediately from the universal 
properties of M and 4. To check condition (ii) of Definition 4.6, let m,, m;:S М апа 
QA, Um an isomorphism be given. Let t; = лот, and t? = zom?. Define ф' by the 


1 5 . б 
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p-o 
Poln, A 
Um) Un, 
(ж) 
E д4 


, 


9 


By the universal property of f there is a unique morphism A:$ > H such that t, = h[t, J 
and ф'= 3,,,. Now m, is defined by the pair (4, ,u,,) and h[m;] by the pair 
Uo Ei, ^u, ) But from the diagram (ж) and the observation above, it follows 
that Q:4/, > W „, gives an isomorphism of the pairs (Ym ,&,x, ou, ) and (Ym ,u,, ). 
Therefore m, = h[m, ], as required to be shown. | | i 


4.11. We shall now construct universal families for semistable vector bundles. This is 
essentially contained in ([19], § 6; [20], $ 3). We have made it a little more explicit to suit 
Our purposes. 

Let #74 be the set of isomorphism classes of semistable vector bundles of rank r and 
degree d. Let L be an ample line bundle on X of degree d,. Since 2" is bounded i.e. there is 
a family of vector bundles on X parametrized by an algebraic scheme in which every 
element оГ." occurs ([19], Proposition 3.2, p. 307), we can find an integer m, such that for 
any m > m, and every Ve." ^, r <r, H'(X. VG) L") =0 for i> 0 and H9?(X,V GL") 
generates V & L”. Then H9(X, И L”) has same rank, say n, for all Ve“. 


4:11.1. Let P c GL(n,C) be the parabolic subgroup defined as the stabilizer of the 
subspace C"^"'c C". The decomposition C" — C" "@® C” gives a homomorphism 
P — GL(r, C). Given a P-bundle on a scheme Y the representations PG GL(n, C) and 
P — GL(r, C) give rise to vector bundles V, and V, (of ranks n and r respectively) on 
Y and there is a surjective homomorphism V, ¬ V, induced by the P-equivariant 
projection C"— С”. Conversely given two vector bundles V; and V, of rank n and 
r respectively and a surjective homomorphism И, > V; —0 we can construct a P- 
bundle as follows. For any open set U c Y and a faithfully flat morphism f: U’ > U 


associate the set of all vector bundle isomorphisms 9,, 9; making the diagram 


UxC" — — U xC ——— 0 


Ф Ф 


РИ —— р, — 0 


commutative. Thus we get a sheaf 2 for the faithfully flat topology and the trivial 
group scheme Y x P over Y given by P acts on 2 by (01, P2)P = (019p, фор), рєР. 
Then F is a principal homogeneous space under Y x P and by descent ([SGA, 3] 
exposé XXIV) it is representable by a P-bundle over Y. Thus we can consider a P-bundle as 
a surjective homomorphism V, — V, —0 of vector bundles. Then an isomorphism of the 
P-bundles V, > V, >0 and V + V^ ¬0 is given by a commutative diagram 
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И ——— № — 0 


x 
а 


V — ү. — 0 


Since GL(n, C) GL(n, C)/P is locally trivial ([3], Theorem 4.13, p. 90) any P-bundleis 
in fact locally trivial ([17], Theorem 2, $4.3, p. 1-24). 


4.11.2. The trivial bundle I, = X x С" X thought of as a family of vector bundles on 
X parametrized by a point, with the group GL(n,C) acting in the natural way on I, gives 
a universal family with group GL(n, C) for the singleton set (1, }. (Condition (ii) of 
Definition 4.6 is obviously satisfied and condition (i) follows from ([11], Lecture 7, p. 
51, (ii) and (iii)).) So applying Lemma 4.8.1 with A’ = P c GL(n, C) = A and fixing the 
topological type of the P-bundle such that we get by the extension of structure group 
P — GL(r, C) vector bundles of degree d (since the topological type of a vector bundle on 
X is determined by its degree and rank and any extension splits topologically this 
condition fixes the topological type of the P-bundle; cf. 4.11.1), we get a universal family 
of P-bundles 4/ > M x X with group GL(n, C) for the set of P-bundles of the fixed 
topological type which give І, on extending the structure group by P GL(n, C), 
parametrized by an algebraic scheme M. Let ( be the GL(r, C)-bundle obtained from 
U by the extension of structure group P — GL(r, C). 


4.11.3. By our constructions in 84.8 it follows that M is an open subscheme of the 
locally finite type scheme Hom(X, G,,) which represents the functor Г, 
I'(S)— Hom(S x X,G, ,) where G,, = GL(n, С/Р is the Grassmannian of r-dimen- 
sional quotients of C". Then % is the pull back of the P-bundle GL(n, C) > GL(n, C)/P 
by the universal section in Hom(M x X, G, ,) and O is the pull back of the GL(r, C} 
bundle* Q> G, , obtained from GL(n, C)G, , by the extension of structure group 
P — GL(r, C). The P-bundle % corresponds to the surjection І, > O — 0 which is the pull 
back of the surjection G, x C" 5 Q — 0 induced by C" > С”. (Note that GL(n, C) ^ GT 
_ becomes trivial when we extend the structure group by Рс GL(n, C).) 


4.11.4. Let 


к= [aen 


O, is semistable and the canonical map 
I, Н(Х,0,) is an isomorphism 


It follows from the semi-continuity theorem and the fact that the points corresponding 
to semistable bundles form an open subset of the parameter scheme in any family of 
vector bundles ([19], Corollary 7.2, p. 332) that R is an open subset of M. We take 
R with the open subscheme structure induced from M. Clearly R is stable under the 
action of GL(n,C). We denote the restriction of O to Rx X also by O. Let 
@(— m) — 0 & p (L^") where py:R x X — X is the projection. Let GL(n, C) act on 
@(— m) by its action on © and the trivial action on p%(L "). 


*Editor's Note: For the definition of Q see Introduction, in part I. It is the principal GL(r) bundle associated 


i ient bundle on С. 
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4.11.5. PROPOSITION 


The family €(— т) > R x X with this action of GL(n, C) gives a universal family with 
group GL(n, C) for the set 74 of semistable vector bundles of rank r and degree d. 


Proof. Let F +S x X be a family in "^ and 5,є5. The direct image ps (F (m)) is 
locally free ([11], Lecture 7, р. 51). Choose a trivialization Ps (F (m))ly = UxC"in 
a neighbourhood U of sọ. Then we have a surjection p£(U x €") = I, > 4 (m)ly , x 30. 
This gives a reduction of structure group of the trivial GL(n, C) bundle I, to P(cf. 4.11.1). 
Then by the universal property of the P-bundle # on R x X we get a morphism 
f:U' К, sseU' c U, inducing the P-bundle I" > F (т)[,. —0. Extending the structure 
group by P GLí(r, C) and tensoring by L " we get f(O(—m)) z F ly. x- 

To check condition (ii) of Definition 4.6, let r,, ғ,:5 К and 9:0, (—m)-6, (— т) 
be given. Let q': ,, > 0, be the isomorphism induced by o. 


Then o' induces an isomorphism ф” :ps (€, ) =: Ds. (Ó,.). But by commutativity under 


base change (since H ' (X, ( a) = 0Vqe R([11], Lecture 7, p. 51)), Ds (6. is canonically 
isomorphic to r*(p, ©), i = 1,2. Since pg O is canonically isomorphic to the trivial 
bundle we have the commutative diagram 


rt) ———> 4, ———50 


LIBRARY 


Фф” g Gurukul Kang? Vist 27777] 


PIA DW RA 
Them: 15 77M 


20) —— 6, ا‎ 
Now use the universal property for the P-bundle (cf, 4.11.1). 


4.11.6. Remark. If% is any universal family of vector bundles with group H for a BA 
4 of vector bundles then # @ L, is a universal family with group H(H acting trivia А 
оп L,) for the set FO L = (V& L,|Ve4^), L being any line bundle. The К 
follows from Proposition 4.11.5 that (4) is a universal family for frat 74074 the set o 
isomorphism classes of semistable vector bundles of rank r and degree d + rdo(m + 4). 
qeZ. 


. ss 
4.11.7. Remark. It is easy to see that the scheme R above is the same as scheme R 
which Seshadri constructs in ([20], § 3; [19], $6). 


4.12. PROPOSITION 


The set of isomorphism classes of semistable G-bundl | 
bounded, i.e. there exists a family & — M x X of G-bundles such that given at 
G-bundle E of type т there is an me M such that E X Ê m: 


es of a fixed topological type т is 
ry semistable 


Proof. Let p:G —^ GL(V) bea faithful representation. Let V=V,®-® К, чн 
position into irreducible subspaces. Let r; be the rank of V; and d; be the AE LM 


vector bundle p; (x) where р: б — GL(V,) gives the action of G on Vj. Let u; 
CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


430 A Ramanathan 


the universal family for the set "^^ and U = U, Ceux U, (M, x- x M,) x X.Let 


>M x X represent the functor Г(р’, U) (8$ 4.8, 4.8.1), where р'= ру ХЕ ОЕ 
G— GL(V,) x --- x GL(V,); use Proposition 3.17 to see that this p satisfies what we 
require. 


4.13. Let Aut 4' be the group of Lie algebra automorphisms of $’. Let dim 4' =r. The 
group Aut Y’ may not be connected and Ad G = G/Z is the connected component of 
identity of Aut 9’. Let p:C* x Aut 4' с, GL(Y’) be the natural inclusion. Note that, in 
GL(9'), C* n Aut 4' is trivial. Applying Lemma 4.8.1. for this p and the universal family 
0—R x X for #"""® to get a universal family 6’ > R' x X with group GL(n, C) for 
C* x AutY’-bundles which under the extension of structure group p give semistable 
vector bundles of degree rmd,. Since any Aut 4"-bundle gives a vector bundle of degree 
zero on extension of structure group by Aut 4' c, GL(4') (Aut 4' is contained in the 
orthogonal group corresponding to the Killing form) it follows that for the extension of 
structure group C* x AutY’ С*, 6’ gives a family of line bundles &'(C*) of degree md, 
on X. Let J"^ be the Jacobian of X of line bundles of degree mdo. Then by the universal 
property of J"^ we have a morphism К, > J” corresponding to 4'(C*) > К’ x X. Let 
R, be the fiber over L"eJ"^ under this morphism. Restricting &' to R, x X and 
extending the structure group by C* х Aut£'— Аш we get an Aut Z'-bundle 
&, >R, x X. The action of GL(n, C) on &' К, x X gives an action of GL(n, C) on 
é >R, xX. 


4.13.1. PROPOSITION 


The AutY'-bundle 6 , > R, x X, with the natural action of GL(n, C), constructed above is 
a universal family with group GL(n,C) for the set of isomorphism classes of Aut - 
bundles which give semistable vector bundles of degree zero on extension of structure 
group by the inclusion Aut4' с, GL(4'). Moreover the parametrizing scheme К, is 
non-singular. 


Proof. The universal property of 6, is clear from the above discussion. The non 
singularity of R, is proved in the following two lemmas (4.13.3 and 4.13.4). 


4.13.2. Remark. The elements of the tensor space KH =G*©G*@Y = Нот 
(@' 69 4 , 4") give algebra structures on 4'. Those elements of # which give algebra 
structures which satisfy the Jacobi identity and skew symmetry form a closed sub- 
variety of Ж and give Lie algebra structures on 4'. The points of the variety 
Y =GL(Y)/C* x AutY c P(f^) then give Lie algebra structures on 4’, determined up 
to ascalar and isomorphic to the original Lie algebra structure of 4". If 0 = he # is such 
that (Ah) € Y and the Lie algebra structure of 4' given by h is semisimple then {h\eY 
([16], Corollary 4.3, p. 514). This fact will be crucial for us in proving the existence of 
quotient space in the next section (cf. proof of Lemma 5.6) and is the reason why we 
have chosen the adjoint representation for constructing universal families. — 

Let r,eR, = Ri and reR its image. Then the C* x Aut4'-bundle &, gives the 
vector bundle O, under the extension of structure group C* x Аше > СФ) and 
the AutY-bundle &, gives the vector bundle 0,(— т) under Aut о GL(Y ). If we 
take the embedding Yc P()), r, gives a section ri: X ^ Q,(Y) c Р(@* & @* 8 O,) 


" " . * 
h that r*(A)= 7" where A is the tautological line bundle on P(0* & @* ® 0,) 
suc a CO Fuk Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


„тт = —— | 


a> 


Moduli for principal bundles over algebraic curves: 11 431 


corresponding to the vector bundle @* @ @* & €. Since P(O* ® O* @ O,) = Р(0 (= m)* 
& 0, (— m)* ® €,( — m)), r, also gives a section r,:X —PP(0* G 0* & €, OL"), and 
(А) = L^"GL" = 1, where A’ = A ® pX L”. Therefore r, gives a section s, determined up 
(о 2 scalar, in H°(X, € Co m)* & €,(— m)* ® 6,(— m)) such that s(x) #0 Vxe X and s(x) is 
a Lie algebra structure on the fiber of C ,( — m) over x, isomorphic to the natural Lie algebra 
Structure of Ф.К. 

Since Y is embedded in the projective space P(#) it is easy to see that the scalars in 
GL(n, C) act trivially on R,.Thisisa reason why we have constructed a universal family 
for Aut Y’-bundles first working with C* x Aut instead of directly using the inclu- 


sion Aut 4' c, GL(4'). 


4.1 3.3. Lemma. The schemes R and К’ are nonsingular and dim R = n? + r^(g — 1) and 
dim К, =n? + (r + 1)(g — 1). 


Proof. We use the notation of $4.11.3. Let Y = GL(Y’)/C* x Aut g" and Q(Y) be the 
fiber bundle with fiber Y associated to Q considered as a GL(Y’)(= GL(r, C))-bundle. 
The scheme R is an open subscheme of Hom(X, G, ,) and К, is an open subscheme of 
Hom(X, Q(Y)). The morphism R, >R is induced by q:Q(Y)— G,,,. By associating 


 amorphism f: X — Q(Y)toits graph, in X x Q(Y), Hom(X, Q(Y)) becomes an open 


subscheme of Hilb( X x Q(Y))([TDTE, IV], $4, pp. 19, 20). The graphI,z X of f eR, 
is a nonsingular complete subvariety of the non-singular variety X x Q( Y). Therefore 
the obstruction to the smoothness of the Hilbert scheme at Г, is an element of 
H'(T,, Nr.) where N, is the normal bundle of T гіп X х Q(Y)([TDTE, IV], $5; cf. also 
[9]). Identifying Г, with X by the projection X x Q(Y) X, Nr, ~ f * (1) where T, is 
the tangent bundle of Q(Y). We shall show that H' (X, f *(T;)) = 0 from which it will 


follow that К’ is nonsingular. eri i d 
We have the following diagram of vector bundles on X, which is commutative an 


exact (in the obvious sense) 


0 
у 


0> К (ф/)* (AdO) и = 0 
1 


+ o 


0—K-— (gf*(M) ج‎ f(T) > 0 


(g* (T) —> (T) > 0 
i i 
0 0 
where T, (respectively T,) is the tangent bundle of O( Y) (resp. G, ,) and T; is the tangent 


bundle along fibers of ф:О(Ү) G, ,, the canonical map. 
The first column is the pull back by gf of the Atiyah exact sequence of Q > G, ,. The 


horizontal arrows from the first to the second column are induced by the differential of 


the projection Q  Q(Y) = Q/C* x Aut 4". 
Let of € R correspond to the quotient 


02 H,—I,—F,-—0, (2) 
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ie. F*(Q) = F,. Then (of)(T;) = H7 OF, ((TDTE] IV, $5). 
Itis easy to check the following identifications: 


0> (of)* (Ad Q) —9 (of)*(M) —9 (of)* (Tz) > 0 


zc x x 
Ac ~ x 


(3) 
02 F*,G Fy c 1,6 Fy — HOF, 0 


where the second row is obtained from (2) by dualizing and tensoring by F,. 

‘Also, K is the adjoint bundle of the C* x Aut 4' bundle obtained from the reduction 
of structure group of F , to C* x Aut 4' corresponding to f. 

From the cohomology exact sequence of the bottom row of (3) we get H'(X, 
(of)*M) = H1(X,1,@F,)=n-copies of H'(X,F,) But Fre /™™“™ and hence 
H'(X, F;) = 0. Therefore H’ (X,(of)* M) = 0. Also H' (X, H? © F ,) = 0 and therefore 
H'(X,(of)*(1,)) = 0. This proves that К is nonsingular (for the same reason that 
H'(X,f*(1;)) = 0 proves К’ is nonsingular). 

From diagram (1), taking cohomology, we have 


H'((of)* M)» H (f* T) +0. 


(All cohomologies over X). This proves that H' (X, f * T,) = 0 as claimed. 

By ([TDTE, IV], 5) the Zariski tangent space to R (resp. К',) at of (resp. f) can be 
canonically identified with H?(X, H* © F ,) (resp. H°(X, f * T,)). From the bottom row 
of (3) we get that deg H£ GF, = паев Е, —nrmdo. Applying Riemann-Roch: 
dim H°(X,H*@F,)=n-rmd,+r(n—r)(1—g). Since n=dimH®(X,F,)= rmdo + 
r(1 —g) we have dim R = dim H°(X, HF ФЕ) = n? 4 r^(g — 1). 

From the exact sequence 


05 H*(f*T.) H*(f*T) Н°(/* T,)> H'(f* EXE) 
(all cohomologies over X) we get 
dim H^(f* T.) = dim H?(f* T;) + dim H°(f* Т) — dim H' (/* T). 


We apply Riemann-Roch to f* T; , noting that deg f * Т, = 0 (since in the first row of 
(1) both К and (ф/)*Аа Q being adjoint bundles have degree zero) and rk f/* T; = 
1 —r— 1(= dim Y), to get dim R; = dim H°(X,f*T,) = n? + r?(g — 1) + (^ =7 —1) 
(1— g) =n? + (r + 1)(g — 1). 


4.13.4. Lemma. The scheme R, is nonsingular and dim R, = n? + (r + 1)(g — 1) — 9 


Proof. Since R and J™ are non-singular and К, is the fiber over L"e J”, it is enough to 
check that the differential of J:R,—J"^ is surjective at any point reR;. Let 
t:Spec C[e] > J" be a tangent to J"^ at І". We have to show that we can lift this 
morphism to R such that the unique closed point of Spec C [e] goes to г. For this we use 
the universal properties of R and Rj. Let reR' correspond to the C* x Aut 2 bundis 
M x E where M is a line bundle on X and E — X is an Aut 4"-bundle. Let P > J"? x X 
be the Poincaré bundle. Consider the C* x Aut 4"-bundle г*@ x Е, > Spec C[e] x X 
where Ju, — Spec C[e] x E. Then H'(X, (1*(2) ®@ Е,(@'))„) = Н! (Х, TE QE Das 
where o denotes the closed point of SpecC[e]. Therefore the direct ! 
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Pa (2 x E(G')) —.7 on Spec C [e] is locally free and hence free and the natural map 


PRA) t*(2)e E,(%') is surjective ([11], pp. 51—52). If we choose a trivialization of 
У we get a morphism Spec C [e] А by the universal property of R, and a lift of this to 
Кү by the universal property of Rj. It is easy to see that for a suitably chosen 
trivialization of I the latter gives the required lift of Spec C[e] = J^ to Кү. Since 
dim R, = dim К, — dim J"^ we get, by lemma 4.13.3, dim R, = n^ + (r + 1)(g — 1) — g. 


4.14. PROPOSITION 


Let 6,— R,x X be the AdG-bundle representing the functor Y(g,6,) where 
p:Ad G 5 Aut 4' is the inclusion and &, > R, x X is the universal Aut $ bundle con- 
structed in the preceding article. Then f, is a universal family with group GL(n, C) (for 
the action of GL(n,C) provided by Lemma 4.10) for the set of all isomorphism саза 
semistable Ad G-bundles. ; i 

The natural morphism T:R, > R, is étale and finite and hence R, is nonsingular. 


Proof. Since AdG is semisimple there are only finitely many isomorphism Ass a 
topological Ad G-bundles (x, (Ad G) is finite, cf. [14], $ 5). Therefore, by Lemma à о 
R, is a scheme of finite type. The universal property for 4; follows frome mma 3 18 
We note that &, is universal for all semistable Ad G-bundles because by Corollary б : 
for any Ad G-bundle E, E(G’) is semistable if and only if E is semistable. (No 
E(*") is semistable if and only if E(4) is semistable.) Ў | 
m AdG is the кие И "e of identity of Aut Е WU 
GL(9'/Ad G > GL(')/Aut4' is an étale covering. Therefore it Her p | 
&,/Аа G5 К, x X is an étale covering. Taking Y ZR > X,Y = EAA ; i 
in the following lemma we see that л,:К, > К, is étale and finite. 


2 Y "morphism 
4.14.1. Lemma. Let Y — T and Y — T be schemes over a scheme T and а E 2 2 
: e 
which is an étale (surjective) covering. Suppose Y is flat and р кле ШЕ (Sets) defined 
quasi-projective over T so that the functor n:(locally noetherian schemes, 


by 


n(f:5 > 7) = Homs xy (S ¥,S x ¥)=Hom,(S x Y, Y) 


). е also 24 
isrepresentable by a locally finite type T-scheme т: ^ T([TDTE, IV], § 4). Assum x 


that Y > T is faithfully flat. Then п is étale and finite. 
Proof. To prove л:П > T is étale, let А be a scheme, Ao a subscheme of A defined by A ж 
a nilpotent ideal and 


Ао ае 


A ————T Ве, 
а commutative diagram. We only have to show that the morphism correspondin Bt 
the broken arrow exists uniquely ([EGA IV], Definitions 17.1.1, 17.3.1). Со; 


commutative diagram f 
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{Б а 
2) 


hs — d 


where the morphism A, x Y -> Y is induced by 4, — П. Since А, x Yin A x Y is also 
defined by a nilpotent ideal and Y— Y is étale the broken arrow in the diagram can be 
realized uniquely and hence by the universal property of I1 the broken arrow in the 
preceding diagram can also be realized. 

It follows from ([SGA I], Exposé I, § 5, Corollary 5.3) that zx: П — T is quasi finite (Le. 
has finite fibers). Since a proper and quasi finite morphism is finite ([EGA Ш), 
Corollary 4.4.11) it now suffices to show that z is proper. We use the valuation criterion 
for this. 

Let A be a discrete valuation ring over C with residue field C and quotient field К. 
Suppose we are given morphisms 


Spec К — — >y 
a 


Y 


Spec A ——— —— T 
Again by the universal property of II this gives 


Spec Kx Y — Її 
a 


Spec Ax Y ———— Y 


By taking the base change of the étale covering Y Y by Spec A X Y 5 Y we get an étale 
covering over Spec A xY which, by the above diagram, has a section over the open subset 
Spec K x Y which is dense (Y — T being faithfully flat) and hence is trivial. This proves that 
the broken arrow in this diagram, and hence in the preceding diagram, can be realized. 


4.15. Let G' be the commutator subgroup [G, G] of G. Let т be a topological G-bundle 
on X. The group G/G' is a torus isomorphic to C**. Therefore fixing an isomorphism 
G/G' ~ C*,a G/G'-bundlecan be considered as a q-tuple of line bundles. Let d; , 9 4, x 
the degrees of the topological line bundles L,,..., L, corresponding to the Gi G E 5 
obtained from т by the extension of structure group С > С/С". Let J, zs OUS А 
where J^ is the Jacobian of X of line bundles of degree d;. Let U; J^ x X EL. 
Poincaré bundle and U,>J,xX be (id, х Ax) (U, x... x ÛU,) m . 
AXX x- XX 15 the diagonal embedding and U, x --- x U, >J, x X X 
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the external product of U; > J, x X. Then U, isa G/G'-bundle and making G/G' act trivially 
on J. and in the natural way on U, (since G/G' is abelian this action gives G/G'-bundle 
‚ automorphisms) it is easy to see, using the universal property of the Jacobian, that U, is 

а universa] family with group G/G' for the set of isomorphism classes of G/G'-bundles of the 
topological type determined by the degrees d, ruso. GO x G/Z-bundle 
CEU, X é> =J, x R, x X is then a universal family with group G/G' x GL(n, C) for 


semistable G/G' x G/Z- bundles of suitable topological type, in the obvious way. 


4.15.1. Lemma. The sheaf Гр, 6^) corresponding to the natural projection 
0:65 G/G' x G/Z and the family &', > К x X, К, = J, x К,,($$4.8, 49) is representa- 


ble by a scheme R з, étale and finite over R5. 


diagram which is commutative and exact. 


1 1 
4 У p 
l > Z' —> G —> G/IGG/Z + 1 
4 + pg "{ 
l > A —>H—>G/G«G/Z > | 
av i (1) 
AIZ.——HIG 
4 4 
1 1 
Note that both А and 4/2' are isomorphic to C*' since Z is a finite subgroup of A and 
we can choose isomorphisms such that we have the commutative diagram 


] — Z7 —> A —> AZ —> 1 


(2) 


П —›@ —> 65 — ا"‎ 
xn 


where n = (n,,...,nj), nEN, 
1 
С„= {(2,,--.,2)EC* |27 = 1, Vis 


and х nis the homomorphism (2,...,21)— (21'.::,21). 
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Let B be a Borel subgroup of G containing Z:T. The characters y;,...,y 
extend to B and give a homomorphism B A x (C*' x Z')/F by sending beB to 
(7, (b),....%,(b), 0-Е. Clearly H is a connected reductive algebraic group and 
Bj = (CF! x B)/F isa Borel sub- group of H. Again the characters 7,,..., y, extend to By 
by defining y((z,,...,z,, b) F)  z,-y,(b) and we have a homomorphism В А 
defined by (z,,..., Zp b) F  (z, y, (b)... , zi x,(b), 1): F. We then have the commutative 


diagram 
DA. E. 


By ——— >A 


HIG — — ——94AIZ 


c 
AR 


The image B= B/Z of G = G/Z is a Borel subgroup of G and G/B > G/B is an 
isomorphism. The projection C*! x G> G induces an isomorphism H/B,, > G/B which 
is the inverse of the isomorphism G/B > H/B,, induced by the inclusion G о Н. We then 
have the commutative diagram 


H «—>G—» G 


| aa : 


HIBg = GIB = G/B 


Let M > G/B be the A-bundle obtained from the B-bundle С > G/B by the extension 
of structure group В— А. Note that M is also the A-bundle obtained from the 
B,,-bundle H> H/B by the extension of structure group By > А as follows from the 
diagrams (3) and (4). The group Н operates on G/G' (by left multiplication through p’) 
and on G/B ~ H/B,,. Since M + G/B = H/B,, is a bundle associated to H > H/By, H 
operates on M also, compatibly with its action on H/B,,. Further H is precisely the 
automorphism group of the ‘structure’ consisting of G/G' x G/B and M, i.e., to put it 
more precisely, given an isomorphism q:G/G' x G/B G/G' x G/B induced by an 
element of Gand an A-bundle isomorphism фм: M > M over p2, where ф:6/В > G/B 
is given by Ф, then there exists an unique heH whose action gives o and фу. The 
existence of such an h is clear and for uniqueness note that since т gBg ^ = Z, only 
Z' acts trivially on G/G' x G/B and the action of Z’ on M is faithful since it is given by 
the characters ¥... 7i 

Let P, be the sheaf associated to the functor P,,:(Sch/R’,) > (Sets) which associates 
to f:S—R% the set of isomorphism classes of A-bundles on /*(/В), where 
f=f xidy:S x X — Ri, x X, such that for every point (s,x)eS x X, and for any 


trivialization i96 24s9/B ^ G/B there exists an isomorphism Ф|, у) of A-bundles 
OVET Pe, x): 
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& P (s, x) 
(x) و‎ M 


Vv 
6205, x)/B —_____, G/B 
Ys, x) 


Ите Р on morphisms to be pull back. We shall show that F, &,) is isomorphic 
м. 

Let AePy(f:S — К’). Consider the functor F:(Sch/S x X)— (Sets) which associ- 

ates tofi SS S x X the set of pairs (~, фу) where ф is an isomorphism of the trivial 

с 8 G/Z)-bundle on S’ with f'*(f*(&,)) and фу is an isomorphism of A-bundles 

such that i e 


Фм 
См ————= у) 


Vv 
S'xG/B —— f'*( f * (4,/В)) 


Ф 


commutes. On morphisms Е is defined to be pull back. Let H=S x X x H be the 
constant group scheme over S x X (considered as a functor) defined by Н. Since H isthe 
automorphism group of the structure consisting of G/G' x G/B and M G/B, as 
explained above, it is easy to see that F is a principal homogeneous space under H. 
Since H is an affine algebraic group scheme over $ x X it follows by descent ([SGA 3], 
exposé XXIV) that F is representable. Thus we get an H-bundle л on 5' x X and, from 
the construction, there is a natural isomorphism 9:9, 64 2 * (62). We define the 
morphism o: P,, — Ѓ(р’, &,) by setting ,(A) = (64, Ф). T 
We now construct an inverse W:I(p,42)— Pu for Ф. Let (4,4) (0565) 
(/:$ — К). Thus £ >S x X is an H-bundle and q:p, 6 > f *(6;) is an isomorphism. 
Now ф induces an isomorphism 6/By = f*(& ,(G/B)) (see diagrams (3) and (4)). Note 
that 4,(G/B) = 4, /B. Define A ¬» 7(4,/В) to be the A-bundle obtained from the 
B,-bundle f  4/B,, by the extension of structure group By — A (see diagram (3)). Define 
Ys((6, ф)) = A. Then it is straightforward to check that ¥ is a morphism inverse to Ф. 
Let P be the sheaf associated to the functor P:(Sch/R;)— (Sets) which associates to 
f:S—>R;, the set of isomorphism classes of A-bundles on f *(65(G/B)). Since А x c* 
(diagram (2)) an A-bundle is just an /-tuple of line bundles and hence P = Pic x ... x Pic 
the l-fold product of the relative Picard functor of 45(G/B)/R5 ([TDTE. V]. $1). Since 
the morphism £% (G/B) = &„/В > R; is projective (Remark 4.8.3), flat and smooth with 
irreducible fibers, Pic is representable by a locally finite type scheme P over R, ([TDTE V], 
Theorem 3.1; [TDTE VI], Theorem 4.1, Corollary 4.2) and hence so is P. Clearly P, is 
a subfunctor of P. 
Let F, (resp. F,) be the sheaf associated to the functor F, (resp. F,):(Sch Къ) (Sets) 
which associates to /:$—› К, the set of isomorphism classes of H G-bundles on 
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S x X (resp. on /*(45(6/В))). The morphism 63(G/B)— К, x X induces a morphism 
FE, >F,. Since 6,(G/B) — К, x X is projective and flat with irreducible fibers by 
({TDTE, У], Proposition 2.1 and [EGA, III], Corollary 7.8.8) it follows that F, >F, is 
a monomorphism. 

The exact sequence 1 > G> H > Н/С — 1 gives morphisms F (p, 65) ^ Y (p', 65) Е, 
and an exact sequence (part of which is) 


H*(S x X, HIG)5 H' (8 x X,G)O H'(S x X, H) H'(S x X, Н/С) 


([17], 83.6, Propositions 11 and 12; see also [SGA I], exposé XI, $4). Since Н = Z[H]:G 
it follows that H°(S x X, Н/С) operates trivially on H'(S х X,G). Therefore 
H'(S x X, G)— H'(S x X,H) is an injection. This means that l'(p. ,) —^T(p', 6) is 
a monomorphism. 

We use the isomorphism Н/С x A/Z' of diagram (1) and the isomorphism 
A/Z' ~ €*' of diagram (2) to get an isomorphism of F, with P. We have the com- 
mutative diagram 


Е, 
{ 


Io, $2)€— Г(0, 62) — F2 


P4— P — P 


where P >P is induced by x n: of diagram (2). 

It follows from ([TDTE VI], Theorem 2.5) that the morphism P — P corresponding 
to P ^ P is étale. Corresponding to the trivial H/G-bundle on R x X we get a mor- 
phism К, P. Let R} be the fiber product 


R3 — — >P 


Rx, P 


Then it follows from ((TDTE VI], Corollary 4.2 and [EGA II], Corollary 5.4.3) that 
R3 is proper over К. Also R, is étale over К^. 

Using the fact that an H-bundle f comes from a G-bundle if and only if (Н/С) is 
trivial, it is straight forward to check that К’, represents the sheaf Г(р. ^). Let R, be the 
subscheme of R; corresponding to G-bundles of type т. Then clearly R, > R; is again 
étale and finite (since topological type is a discrete invariant). 


4.15.2. PROPOSITION 


The scheme R, with the action of GL(n, C) c G/G' x GL(n, C) (given by Lemma 4.10) is 
a universal space with group GL(n, С) for semistable G-bundles of topological type T 
The GL(n, C)-equivariant morphism Ку» К, is étale and finite and hence R, is 


nonsingular. 
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roof. This follows immediately from the preceding lemma and Lemma 4.10 noting 


that G/G' E 
at G/G' acts trivially on R and hence trivially on R,. 


5. Existence of a quotient space 


5.1. Len 

1. T o 

p mo Suppose a reductive algebraic group H acts on the schemes Y and Z. If 
Hithen 3 an affine H-equivariant morphism and Z has a good quotient p: Z > Z modulo 
diam 1а a good quotient q: Y > Y modulo Н and the induced morphism f : Y> Z is 
If moreover f is би; =. Р = ; 
f moreover f is finite then f is also finite. When f is finite and p:Z > Z is a geometric 


quotie 2 ‚ү S. 
1 nt the H q: Y — Y IS also a geometric quotient. 


uio Let (U,j bea covering of 2 by affine open sets. Let U; = (pof) (U;). Then {U;} 
covering of Y by affine H-invariant open sets. Since U; is affine there exists a good 
quotient q;: U; > U; of U; modulo H, with 0; affine ([22], Theorem 1.1(A)). We shall 
m EC Я patching up data for { U; }. Let f;;U; > U; be the morphism induced by f. Let 

у= f; (U, Uj). Then q; (U;) = (pef) (Ui; Uj) = Yin Uj. Since, being a good 
quotient is local with respect to the base ([20], $3, Property 1, p. 356)q::U; nU; 0118 


а good quotient of О; т О, modulo Н. Interchanging i and j, qj: 0:00; > U, is also 
а good quotient of О; ^ U’, modulo Н. A good quotient, being a categorical quotient, is 
unique. Therefore we have natural isomorphisms hj: U; Uj. The As satisfy the 
cocycle condition and we can patch up the U: by h;; along Uj, to веѓа prescheme Y. The 
q; patch up to give a morphism q: Y ¬ Yand the f; a morphism f Y 2. Clearly f is 
affine and Z being a (separated) scheme Y is also a (separated) scheme ([EGA II], 


Proposition 1.2.4). Again since being a good quotient is local with respect to the base 


q: Y > Y is a good quotient. 
To show that f is finite if f is finite we can assume that Y and Z are affine. So let 
hism f:B— A making 


Y — Spec A and Z — Spec B and f be given by the homomorp 


A into a finite B-module. Then 2 = Spec B" and Y= Spec A" ([22], Theorem 1.1(A)) 
are the rings of invariants 


and f is given by B" — A" the restriction of f (where JE 

under H). We have to show that A” is a finite B"-module. Since A is a finite B-module 
there exists a,,...,a,€ A" such that any ac A" can be written as а = Ej Sf (b))a; with 
bıeB. Applying Reynold’s operator P on both sides we get а= Xf(P(b;))a; by 
Reynold's identity and functoriality (cf. [10], Chapter 1, Theorem 1.19). Since P(b;)e B" 
this proves that A" is a finite B'-module. The last assertion of the lemma is easily 
verified. 

5.2. It follows immediately from the preceding lemma and the results of section 4 that to 
modulo GL(n, C) it is enough to prove the 


prove the existence of a good quotient for R3 
(or equivalently, modulo SL(n, C) 


existence of a good quotient of R, modulo GL(n, C) | 
since the scalars act trivially on R,. See Remark 4.13.2). We shall prove this by using 


Mumford's theory of stable and semistable points for actions of reductive groups ([10]). 


d/'. 4) = Ж be the tensor which gives the Lie 
[x. у]. For the natural action 0614) 


d) generated by ad is C* x Аш %', 
Therefore 


5.3. Let ade 4'* &) 4'* &) 4' = Hom($' ® 
algebra structure of 4", i.e. for x, ye @', ad(x, y) = 


on the tensor space .% the stabilizer of the line (a 
where Aut’ is the group of Lie algebra automorphisms of 4. 
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GL(9')/C* x Aut £' = Y gets embedded as a locally closed subscheme of P(#). Let Y be 
the closure of Y in P(#). We take on Y the canonical reduced subscheme structure. | 
Now by our constructions we have the ‘universal morphisms’ f: R x X > G, , and 


fi: R, x X 2 Q(Y) such that 
Л 


RixX — ——9 0) 


RxX — — —9 Gn: 
if 
commutes. 

Now the morphisms YC YcP(#) give rise to the morphisms Q(Y)c 
Q(Y) c O(P(#)). Since Y c Y is an open immersion Q(Y) c Q(Y) is an open immer- 
sion and since Y c P(#/) is a closed immersion Q(Y) c Р(О(.#)) is also a closed 
immersion ($2.4). Let R= 0(0) = Q* & Q* ® О. Let A be the relatively ample line 
bundle Op «, (1) on P(R). Let A denote also its restriction to O( Y). Consider the functor 
I':(Sch/R) ¬ (Sets) defined by 


I(S > К) = (сєНот, (S x X, Q(Y))o*(A)l,. x L", seS}. 


This is representable by an algebraic scheme S, over R. Let g,:S, x X — Q(Y) be the 
universal section. It is easy to see that the functor represented by R, is a subfunctor of 
Г (Remark 4.13.2). Since Q(Y) is open in Q(Y) it follows that R, c S, is an open 
immersion. We have the commutative diagram 
Л 
RixX —— Q Y) 
81 
s of 
RxX ——> О», 


5.3.1. Lemma. The morphism S, >R is proper. 


Proof. We make use of the valuative criterion for properness. Let А be a discrete 
valuation ring over € with residue field C and quotient field K. Suppose we have 


morphisms 


9x 


Spec K ur С? $i 


(1) 
Spec 4 — YR 
? 1 
By the universal properties of R and R, (recall that R and R, represent the j 


corresponding functors of sections over the category of locally noetherian schemes 


V1)). We have 
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Spec KxX — — > ОИС PR) 
„7 
(2) 


Spec AxX ——— G T 
Ф 


On Spec К x X, we have the exact sequence 
0¬ ФЕ(Л) > G£(R) ¬ GE(R/ A) = Vy 0. 


йс сап р the quotient vector bundle V, to Spec A x X as a quotient coherent 
Eit ot ф m flat over Spec A(cf. [EGA IV], Proposition 2.8.1). Let Vo be the 
th ОГ to Spec C x X ~ X corresponding to the closed point of Spec A. We 

ЫП һауе the surjection ф#(&)—› V, — 0 of coherent sheaves on X. Note that Ф (R) is 
a semistable vector bundle (by Proposition 3.17 since ф#(0) is semistable) of degree 
— "та and therefore u( 9$ (R)) = — та. From the definition of S, and the flatness of 
4 over Spec A it follows that deg V, = — r md, — md,. Since X is a curve we сап write 
Vo 3 Vo ФТ where V, is locally free and T is torsion. Since @x(R) is semistable, 
Vo being a quotient (V4) > — md. Therefore deg V; > — (r° + 1)md,. On the other 
hand T being a torsion sheaf deg T >0 and since deg Vo = — (r3 + 1)md, we have 
deg V, < — (r° + 1)md,. This shows that deg Vg = — (r^ + 1): mds. Therefore T =0 
and V, = Vo. Hence V, is locally free. Then V isa vector bundle on Spec A x X (cf. [19], 
Lemma 6.17) By the universal property of P(R) И determines а morphism 
Spec A x X > P(R) (cf. [EGA II], Theorem 4.2.4; note that in our notation P stands for 
the dual of what P stands for in this reference). But since Q(Y) is closed in P(R) this 
morphism goes into Q(Y) proving that the broken arrow in diagram (2) can be realized. 
This immediately implies that the broken arrow in diagram (1) can be realized. 


5.4. We now recall briefly some definitions and results from Mumford's ‘geometric 
tive group H act on a projective 


invariant theory’ ([10]; see also [22]). Let a reduc 
algebraic scheme Y Let A > Y be an ample line bundle on Y and H act on A also as 
a group of line bundle isomorphisms compatible with its action on Y ie. A has 
a H-linearization ([10], Chapter I, § 3). Then a point ye T is called semistable if for some 
m > 0 there is a H-invariant section se H?(Y, A") such that s(y) #0. If moreover every 
orbit of H in Y, = (xe Y |s(x) © 0} is closed and of the same dimension as H, y is called 
a (properly) stable point ([10], Chapter I, $4). 
5.4.1. The set Y, (resp. М) of semistable (resp. stable) points is open in Y and there exists = 
a good quotient p: Y,, > Y, modulo H such that Y, is projective. = 
There is an open subscheme Y, c Y, such that p:p ^ 1(Y.) > Y,isa ‘geometric quotient’ = 
([10], Chapter I, Theorem 1.10 and the remark on p. 40; [22], Theorem 1.1(B)). E 
Then = 


5.4.2. Let 4:C*—G be a 1-PS (ie. l-parameter subgroup) and yeY 

lim, , 97 (t) y = уо exists (since Y is projective) and y, is fixed by 4 . Let tit be the 
character by which 2 operates оп Л, . Then we define p(y, A) = — r. (In this definition 
A сап bean arbitrary line bundle not necessarily ample.) Then a point ye Y is semistable 
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(resp. stable) if and only if u(y, A) > 0 (resp. > 0) for every 1-PS 7 of G ([10], Chapter 2, 
$1, Theorem 2.1). 


5.4.3. Let Н act on the projective algebraic scheme Y' and f: Y' — Yan H-equivariant 


* morphism. Then p(y’, 4) = u^( f (y), 2), y e Y' ((10], p.49). 


5.4.4. Given a 1-PS 2 of G there is a parabolic subgroup P(/) 4 such that 
1^ y, 2) = u^(y, gAg ^!) for every ge P(A). This P(A) depends only on 2 and not on the 
scheme Yor A ([10], Chapter 2, § 2, [22]. Lemma 3.1, Proposition 3.1). 


5.5. Now by the usual ‘diagonal argument’ we can choose an N-tuple (x,,...,: xy) of 
points in X for N sufficiently large such that the morphism R; —^Q(Y)" = Q(Y) x x 

Q(Y). N factors, given by evaluating f, at the points x; ie. R эг (7, (ғ, х;),..., 
J, (т, Xy)), is an injection ([19], p. 326). It is proved in ([20], $3, Lemma 2) that we can 
choose the N-tuple (x, ,.... xy) such that under the morphism R > GF, = Z (defined by 
R3r (f (r, x4)... f(r, ху))) R goes into the open subscheme of semistable points Z, of 
Z for the action of SL(n, C) (and the natural polarization of the Grassmannian) and 
moreover such that the morphism R > Z,, is proper. 

We have the commutative diagram 


R ———> o" 


$1 Q(Y J c P(R)N 
4 4 
ی‎ 


We shall give a suitable ample line bundle on Q(Y)" and prove that R, goes into the 
semistable points of Q(Y)" for the natural action of SL(n. С) on Q(Y)". К 

Let M be the very ample line bundle on the Grassmannian С, , corresponding to the 

natural embedding of б,, іп P(A"^'C"). There is a natural SL(n, C) linearization of 
M given by the action of SL(n, C) on A" "C". As defined in $ 5.3, let A be the tautological 
line bundle on P (R) corresponding to the vector bundle R. Then A is relatively ample 
for the morphism p:Q(Y)>G,,,. Therefore the line bundle p*(M)* @ A? is ample on 
Q(Y) for a» b ([EGA IT] $4.6, [22], $ 5). 

The action of SL(n, C) on G, , has a natural lift to an action on the bundle О and hence 
on the associated bundle R = Q* ® Q* @ О. This gives an SL(n, C)-linearization of A. 
By ([22], Proposition 5.1) we can choose the positive integers a, b with b/a sufficiently 
small such that p(Q(Y)N) = Z,, where Q(Y)" is the set of semistable points of Q(Y)" for 
the action of SL(n, C) and the ample line bundle on Q(Y)" which is the product of the 
line bundles p*(M)' Л? on each factor Q(Y). 


5.5.1. Lemma. The point (ad)e P(4'* @ 4'* QG) (cf. $ 5.3) is semistable for the natural 
action of SL(G’) and the line bundle O(1) on P(G* @G* G9 4"). 


Proof. Let ф:(@* @9* @Y) = Hom(', End Я) TM 0 = (@' @ @')* be defined 
by ф(/)(х @ у) = trace(f (x)e f (y), feHom(#, End’) and x, ye'. Then ф is an 
SL(4')-e uivariant morphism. Choose an arbitrary linear space isomorphism of 4 
CC-0. Gurukul Kangri University Haridwar Collection. Digitized by S3 Foundation USA 


Moduli for principal bundles over algebraic curves: 11 445 


with Z'. Then we get an isomorphism 2'* &) 2'* x End(Y). Let det:-G*GF* = 
Епа(&') > C be the determinant map. Then det? q is an SL(4')-invariant polynomial 
on 4'* G9 @'* OY and (dete o)(ad) is the determinant of the Killing form of Y and 
hence is non-zero, @' being semisimple. 


5.5.2. Lemma. The point (x,,...,xy)eQ(Y)' = О(Ү)“ is semistable if and only if 
(D(56; ), ..., p(x4)) is semistable in С^ 


n.r 


roof, Let (р(х), 3 р(ху)) = (yp. Vy). М (x4,....xy) is semistable then by our 
choice of р*(М) & AP, (y,,..., yx) is semistable ([22] Proposition 5.1). 

Suppose (y,..... vy) is semistable. Let 2 be a 1-PS of SL(n, C). Let P(2) be the 
canonical parabolic subgroup associated to 7 (§ 5.4.4). Let xeQ(Y) and y = p(x)eG, , 
Then yis an r-dimensional quotient of C". Let P, be the maximal parabolic subgroup of 
SL(n.C) which is the stabilizer of yeG,,. By Bruhat's lemma Р, P(/) contains 
a maximal torus T of SL(n, С). Since å c P(A) there is a ge P(Z) such that g/g * c T. 
Then 


ux, А) = u(x. g29 *), (1) 


where и stands for up*'^*9^' (§ 5.4.4). Since T c P, we can choose a basis e,,....e;, 
€, 1,...,€, for C” such that the images é,, ofe;in y, i = 1,...,r form a basis for y and such 
that T becomes the group of diagonal matices with respect to e;,...,e,. Now 


u(x, 2) = apM (y. 2) + bu (x, 4) = au (у,9497 1) + bu^(x, 92g" *). (2) 
We shall first calculate U(x. 7) = u^ (x, 4,) where 4, = gig !. Note that 

p^(x, AL) S ru ^ (42) (3) 
([22]. Proposition 2.1). ES (cd zeC*, se. 1,...,r. Define the 1-PS 7' of the 
center of GL(y) bv 4'(z)e; = Ze; zeC*, s=s, F °: +5,. 


“Since 4, leaves y invariant it follows cosy from definitions (cf. $5.4.3) that for 
calculating HA. 2 we can restrict our attention to y ог equivalently the subspace 


generated by ,...,@,. For the action on the quotient space y we have 77 = 2^7" where 
A (z)e; = z^ Se; E i=1,...,r. Note that 2” c SL(y). Since £ is in the center of GL(y) 
it Is easy to see SN 

U(x, 47) = u^ (x, A^) + GAD) (4) 
and that 

u^ (x, 4^) = s. (5) 


Moreover we get from ([10], Chap. 4, $4, eq.(x). р. 67) that 
[t os) 


Therefore 
eee iM (y, Ag) + Ах, AD} 
r 


1 ^ "n 
= AOA) + iA 27)] 
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with 2” a 1-PS of SL(y), by (1), (4), (5) and (6). This gives 
(x, A) = ap (y, 2) + bu^(x, 2) 


b Pace iD 
= (« + : uM (y, A) + I^ (x, 2"). (7) 
Writing x; for x in (7) and summing through i we get 


А Ь 2 
Ох) А = (« + Э ДИ (ЕЛУМ), А) 


Ь N 
dr » u^ 63,4). (8) 
ї= 1 
Since (y,,..., yy) Was assumed to be semistable и ((y, ,..., Ук), 4) > 0. Since x,eQ(Y) it 
follows from Lemma 5.5.1 that u^(x;, 47) > 0 Vi (cf. 5.4.3). Therefore u((x; .....: хк), 2) >0 


which proves (x,,...,Xy) is semistable ($ 5.4.2). 


5.53. Lemma. Under the morphism R, + О(Ү) c Q(Y)" R, maps into the open sub- 
scheme Q(Y)N and hence R, > Q(Y)" factors as К, > Q(Y)5 © Q(Y)". 


Proof. Since under the morphism R > G, , = Z, R maps into Z,, this follows immediately 
from the preceding lemma. 


5.6. Lemma. The injective morphism R, > Q(Y) is proper. 
Proof. We use the valuation criterion. Let A be a discrete valuation ring over C with 
residue field C and quotient field K. Suppose we are given 


Spec K CURE Ri 


Spec 4 > O(N) va 


We have to complete the broken arrow. 

` From (1) and the diagram in $5.5, using the facts that p(Q(Y)%)< Z,, and the 
morphism R > 7, and $, >R are proper ( [20], $3, Lemma 2 and Lemma 5.3.1) it follows 
that we can get a lift Spec A > S, giving the commutative diagram 


Spec K —————_> Ri 
7 
ANT 


Spec A —— — —9 Q(Y Dis 


= 


We will be through if we show that the closed point of Spec А maps into К, under this 


morphism Spec A >S, > Кү. | 
Let V = 0,(— т) be the vector bundle (semistable of degree zero) corresponding to the 


image of the closed point of Spec A in R under the composite Spec A > S, > R. The image 
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of the closed point of Spec A in S, then gives a section of Q(Y)c P(V* GV* V) X 
which actually comes from a section seH°(X, V* &V* QV) with s(x) 0 xe X. This 
section s, since its image is in Qo(Y), gives a Lie algebra structure on the fibers of V (cf. 
Remark 4.13.2). Let se H° (X, V* @ V*) correspond to the Killing form of the Lie algebra 
structure given by s. We shall show that $ is nondegenerate on all fibers. 

Suppose $ is not nondegenerate on all fibers. Then the homomorphism V — V* 
induced by s has a non-trivial kernel sheaf. Since both V and V* are semistable vector 
bundles of degree zero the kernel is actually a subbundle V,, semistable and of degree 
zero ([19], Proposition 3.1). Then V, is a solvable ideal in V, i.e. the fibers of V, are 
solvable ideals in the fibers of V ((18], Chapter VI, proof of Theorem 2.1). Again since 
V, ® V, and V, are semistable vector bundles of degree zero the image [V,, V, | of the 
morphism V, & V, > V4, x & ye [x y], given by the Lie bracket operation, is a subbundle 
V, of V, of degree zero and semistable. Similarly V; = [V,, V, ] etc. are all semistable vector 
bundles of degree zero. Since V, is solvable we arrive after a certain stage at a non-zero 
subbundle V’, of degree zero and semistable, which is an abelian ideal in V. 

The inclusion V' & L” c V & L" induces W = H*(X,V' & L")co H9(X,V& L7) = 
I,. Let W’ bea supplement for W in I, so that I, = W & W'. Let 4 be the 1-PS of SE(n, C) 
which acts on W by the character A(z) = z'*" and on W' by the character A(z) = z 


—kW 
zeC*. Let (x,,...,Xy) be the image of the closed point of Spec A in Q(Y)Y and 
(sees) = (P(X h- p(xy)). We shall now compute p((X,,--.,Xy); 2) and show that 


it is <0 contradicting semistability of (x,,...,Xy)- 

It follows from ([10], Chapter 4, $4, equation (ж ж x),, р. 88; cf. also (19], p. 309) that 
uM (у... Yy) 2) = m DN, rk(W,) — r N(kW) where W, is the image of W in y; (In [10] 
the calculation is made for the Grassmannian of subspaces. It is easy to translate it to the 
Grassmannian of quotient spaces which we need here) Since W = H*(X,V'& L”) 
generates V' (by our choice of m, cf. $3.11), rk W; = rk(V’)Vi. Therefore 


(y... ух), 2) = m N(tkV’) — r- N(tkW). (1) 
Applying Riemann- Roch we get 


rk W = rk H9(X,V' & L") = (rk V')(md, + 1 9) 
and 


n = rk H°(X,V@L") = r-(mdg + 1— g). 
Therefore (rk W)/n — (rk V')/r. Hence from (1) we have 
pM (y: 5- «+> Yy) A) = 0: (2) 


To calculate u^((x;,--- Xn) 2) let х= х; and у= у; and let geP(4) such that 
1, gg <Р, (cf. Proof of Lemma 5.5.2). Then p(x, 2) = u^ (x, д4). It follows from 
([10] Chapter 2, $2, pp. 55-56) that P(A) = Ру, the stabilizer of W in SEM 
Therefore I, = gW  gW' = W® gW’ and 4, acts on W by the character 2,(z) = 2% 
and on gW’ by A,(z) =z ‘*”, zeC*. Since 4, c P,,A, leaves invariant ker(/,, > y) and 
hence we can find a set of linearly independent elements e,,...,€,,@,41>---»@, Such that 


€,,...,€,€ W and €+ 15 6,S9W' and e,,..., €, the images of e,,...,e, under I, y 


form a basis for the fiber V^. c y of V’ over x' eX (where y is ће fiber of V over x') and 
8,,..., 6,0, 1. 6, form a basis for у. Then 


zma for 1<i<q 
1(2) 6i = 


—r(rkW')5 <i<r 
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For the action of 2, on y we then have A, = 2^" where Z'(z)e; = z'&j; t = q(rkW) — 
(r — q)rkW' and 
ПРЕ Gz e 1<г<‹ 
Д), E CS А 
ЕИ Ее = те, а+1<ї<!. 


As in Lemma 5.5.2, eq. (6) 
u^ (x, 4") = uM (y, 44) = п Cy, 2). 


To calculate д^(х, 2”) we shall use ([10] Proposition 2.3; cf. also [22], 82). Let X be 
a point in y* ® y* Q y which lies above xeQ,(Y) c P(v* ® y* ® y). Let 


r 
xc X Xp ef гё @e,, 
ijk-1 


where 2* form the dual basis to e;. If we think of X as a Lie algebra structure on y then 
the x; are the ‘structure constants’ and we have 


r 
Ге xr 6, 
k=1 


From the fact that @,,...,@, span an abelian ideal in y we get that x;;, = © whenever 
i,j,k satisfy any one of the following three conditions: (1) both i and j are € q and 
k arbitrary (abelian) (2) i < q,j arbitrary and k > q + 1 (ideal) (3) i arbitrary, j <q and 
К > q + 1 (symmetric to (2)). Therefore X; may not be zero only in the following 
Cases: 


Casei. iXq,jZq-4 1 and k € q. 

Case її. i>q+1,j<qandk <q. 

Case iiia. i> q +1,j > q + | and k € q. 
Case iiib. i>q +1,jz>q +1 and k >q +1. 


Let 
A"(z)(&t @ e @ ё) = z^-et @ EF Q E, dij EZ. 

Then it is easy to see that a;;, = д in cases (1), (ii), and (iiib) and a;;, =q +r in case (iila). 
Therefore in every case when x; 50, 4" (z) acts by a strictly positive power, viz. q or 
q+r, ofz. It follows by ([10], Proposition 2.3) that p(x, 2”) < 0. Now using eq. (8) of 
Lemma 5.5.2 and (2) above, we get u((x,,..., xy), A) < Ô contradicting the semistability 
of(x,,...,x,). Therefore we conclude that the Killing form ё must be nondegenerate on 
all fibers. Then the Lie algebra structure of all fibers is semisimple. But the Lie algebra 
structure of a semisimple Lie algebra is (locally) rigid, i.e., interpreting Y as Lie algebra 
structures on y, if xe Y gives a semisimple Lie algebra structure on y then xe Y ([16], 
883,4, Corollary 4.3, pp. 413-415). This shows that the image of s lies in Qo(Y). 
Therefore the image of the closed point of Spec A under Spec A — S, lies in. R, as was to 


be shown. 


5.7. Lemma. Let t: R4 Q(Y)S be the composite R, SJ X RR, =й, O(n 
Then for r,&€Rs, T(r) is a stable point of О(Ү)" if and only if the G-bundle E >X 


rresponding to r, is stable. 
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Proof. Let z4(r4)-—(j,r;) Then the Ad G-bundle Е corresponding to r,¢R, is 
obtained from ite G- snl E by the extension of structure group G> Ad G = G/Z. 
Therefore £' is stable if and only if E is stable ([14], Proposition 7.1, р. 146). 

Then point z(r4) in О(У) is stable if and only if the orbit of r4) under SL(n, C) is 
closed and the isotropy of z(r4) in SL(n, C) is finite ([10], Amplification 1.11; [12], 82. 
Theorem 2(а), p. 193). 

The morphism R, > Q(Y)N is an SL(n, C)-equivariant finite morphism. Moreover it 
is easy to see that if two Ad G- bundles Е' and Е, give rise to isomorphic Aut Y-bundles 
under the extension of structure group Ad G c, Aut then Ej is stable if and only if E; 
is stable. It then follows that it is enough to show that the Ad G- bundle E' is stable ed 
only if the 5 L(n, C) orbit of r, in R, is closed and the isotropy of r, in SL(n, C) is finite. 

Suppose £' is a stable Ad G- bundle. Then gr E' = E' (Proposition 3.12) and it follows 
from Proposition 3.24(1) that the SL(n, C) orbit of r, is closed (cf. proof of Proposition 
4.5). Since ше group Aut E' of Ad G-bundle automorphisms of Е: is finite ([14], 
Proposition 3.2, p. 136) it follows from Remark 4.7 that the isotropy of r, in SL(n, C) is 
finite. 

Conversely suppose that the S L(n, C) orbit ofr, is closed and the isotropy ofr; finite. 
From Proposition 3.24(ii) it follows that the closure of the orbit of r, always contains 
a point r which is isomorphic to gr E'(cf. proof of Proposition 3.5). Therefore if the 
orbit оѓ; is closed then E' x gr E'. By Proposition 3.15 this implies that E' is a unitary 
bundle E, corresponding to a unitary representation p:n, (X) K, where K is a maxi- 
mal compact subgroup of Ad G. If p is not irreducible ten there is a subgroup S c К, 
with dim S > 0, which commutes with p ([14], Definition 1.2, cf. also $2, p. 131). Then 
the group $ gives rise to a group of automorphisms of E, = E' of dimension > 0. This 
contradicts the finiteness of the isotropy at r; onn 4. 7). Therefore p is irreducible. 
Then E' = E, is stable by ([14], Proposition 2.2, p. 133). 


5.8. PROPOSITION 


Let € >S x X be an arbitrary family of G-bundles on X parametrized by a scheme S. 
Then the set $, (resp. S,) of points seS such that & is semistable (resp. stable) is an open 
subset of S. 


Proof. Since a G-bundle E is semistable (resp. stable) if and only if the Ad G-bundle E' 
obtained from E by the extension of structure group G > Ad G is so ([14], Proposition 
7.1, p. 147), we can assume that G = Ad G. Let &(@) be the vector bundle associated to 
é by the adjoint representation G œ GL(¥). Since the question is local on $ we can 
assume that for m>0, &(4)G pt(L") is a quotient of J, for a suitable 
n, I, > &(GY) @ pt(L") > 0. This then gives a morphism f:S х хб, the Grassman- 
nian of r dimensional quotients of І, and the G-bundle 4 +S x X gives a morphism 


J:S x X 2 Q(Y) c Q(Y) in the obvious way. By choosing an N-tuple (x,,...,xy) of 
points of X we get 


ОХОО y 
7) 
/ ү 
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We can choose the N-tuple (x;,..., xy), N » 0, such that f(s) is a semistable (resp. 
stable) point of Gy. if and only if £ (f) is a semistable (resp. stable) vector bundle ([19], 
Theorem 7.1(3), also Corollary 7.2). It follows then from Corollary 3.18 and Lemma 
5.52 that the set 5, is f -  (Q(Y)N). Since Q(Y)N is open in Q(Y)" this proves that S,, is 
open 15 5. 

Again making S smaller if necessary we can assume that the family &|S,. is induced 
by a morphism S,, > R,. It follows from Lemma 5.7 that the points in R, corresponding 
to stable bundles is open since it is the inverse image of the open subset Q(Y)" of Q(Y)N 


under the morphism R, > Q(Y)%. Therefore 5, is open in 5. 


5.9. Theorem. The functor Ft, (Definition 3.9) has a coarse moduli scheme М“. The 
scheme M' is irreducible, projective, normal and Cohen- Macaulay. The dimension of M* 
isdim Z + (g — 1):dim С. The set ME of points іп М" corresponding to stable G-bundles is 


an open (and hence dense) subset of М". 


Proof. By Propositions 4.5 and 4.15.2 it follows that to prove the existence of a coarse 
moduli scheme for Е: it is enough to prove that a good quotient of К, modulo GL(n, C) 
exists. Since R >J, x R;, Ra >R, and R, > Q(¥) are all finite GL(n, C)-equivariant 
morphisms it follows from Lemma 5.1 that a good quotient of К, modulo GL(n, C) 
exists if a good quotient of Q(Y)N modulo GL(n, C) (or SL(n, C), since the scalars act 
trivially on Q(Y)N) exists. We know that а good quotient of Q(Y)Y exists and is 
projective ([10], Theorem 1.10; [22], Theorem 1.1(B)) Therefore Ft, has a coarse 
moduli scheme М" Moreover since R} >J, x R, etc. are finite morphisms it follows 
from Lemma 5.1 that M“ is projective (noting that a scheme finite over a projective 
scheme is projective). 

-Since M“ is a categorical quotient of the non-singular (and hence normal) scheme R, 
it follows that М“ is normal ([10], Chapter 0, $2, р. 5). Since q: R4 — М" is a good 
quotient R, can be covered by G-invariant affine open subsets Spec A; such that the 
corresponding quotients Spec Af form an affine open covering for М". : 

Since R, is nonsingular the C-algebras A; are regular and hence by ([8], Main 
theorem) it follows that A? are Cohen-Macaulay. Therefore М" is Cohen-Macaulay. 

It follows easily from $ 5.4.1 and Lemmas 5.7 and 5.1 that M: is open іп М" and 
q:R$ =q ! (MI) M: is a geometric quotient. 

Since R$ > M; is a geometric quotient modulo SL(n, С) we have dim M“ = dim R, — 
dim SL(n, C). Since К, >J, x R, and R, > К, are étale and finite dim К; = dim J, + 
dim Кү. Therefore using Lemma 4.13.4, dim M“ = (g:dim Z) + (n? + (r + 1)(g — 1) — 
9)— (n? — 1). Noting that r = dim G — dim Z, we get dim M‘ = dim Z + (g — 1)dim G. 

We need the following lemma to complete the proof of the theorem. 


5.9.1. Lemma. Let S be a complex analytic space and & —^S x X be a complex analytic 
family of semistable G-bundles of topological type т parametrized by S. T'hen there is an 
analytic morphism f,:S > М“ such that for any seS, f,(s) is the equivalence class of 6;. 


Proof. This follows easily from the fact that the functors Ріс and I (p, &) etc. used in 
our construction of universal families are representable in the analytic category also 
and are represented by the same universal spaces as in the algebraic category (cf. [5] ). 
We will now continue with the proof of Theorem 5.9. Since we have shown that M" 1s 
normal, to show that it is irreducible it is enough to show that it is connected. Let 
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m, ,m;€ M' and let E, , E; be semistable G-bundles belonging to the equivalence classes 

m, ,m; respectively. Then by ([14], Proposition 4.2 p. 142) there is a complex analytic 
family of semistable G-bundles f — S x X parametrized by an open connected subspace — 
S of the complex plane C such that for some ѕ,,5,є$ we have 6,— Eji- 1,2. (In Qu] 
Proposition 4.2 this is stated only for stable bundles but the same proof gon through 

for semistable bundles also, noting that the proof of ([14], Proposition 4.1, p. 138) with 

a little modification gives that for a complex analytic family 4 $ x X the set of seS 


such that 2, is semistable is an analytic open subset of $.) Now applying Lemma 5.9.1 
we get that М" is connected and hence irreducible. 


Editor's Note: An acknowledgement by Professor Ramanathan was included at the Е 
end of Part І. Б 
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